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Problem Set 4

Due 4pm, Friday, Oct. 20th
Collaboration is allowed on this homework. You must hand in homework assignments individ-

ually. List the names of the people you worked with:

Homework must be submitted by 4pm in MI646 or electronically to comp-bio@cs.cmu.edu.
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1. Consider two DNA sequences, σ and τ , that are diverging from a common ancestor that lived
t million years ago. In a pairwise alignment of σ and τ , you observe that the base in σ at site
i in the alignment is an A. The nucleotide at the same site in sequence τ is also an A. Suppose
that σ and τ diverged from a common ancestor 25 million years ago and that the sequences
are evolving according to the Jukes Cantor model with rate α = 0.01 substitutions per site
per million years.

(a) What is the probability of observing A aligned with A at site i, if the nucleotide at site
i in the ancestral sequence was a C? Show your work, including any equations you used
to solve this problem.

(b) What is the probability of observing A aligned with A at site i, if the nucleotide at site i
in the ancestral sequence was also an A? Show your work, including any equations you
used to solve this problem.
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(c) Suppose that the divergence rate is ten-fold slower; i.e., α = 0.001 substitutions per site
per million years. As before, assume that σ and τ diverged from a common ancestor
25 million years ago and are evolving according to the Jukes Cantor model. What is
the probability of observing A aligned with A at site i, if the nucleotide at site i in the
ancestral sequence was a C?

(d) At this slower rate, what is the probability of observing A aligned with A at site i, if the
nucleotide at site i in the ancestral sequence was also an A?
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2. Consider a pair of DNA sequences that are evolving according to the Jukes-Cantor model.
The residues in these sequences are changing at two different rates: Half the sites change at
α1 = 8 · 10−4 substitutions per site per million years, while the other half of the sites are
changing five times as fast (α2 = 5α1).

(a) In this sequence pair, the frequency of mismatches, P̂m, is the average of the frequency
of mismatches at the fast sites and the frequency of mismatches at the slow sites. Give
an expression for P̂m as a function of α1 and t.

(b) Suppose we incorrectly assume that all sites are following a Jukes-Cantor model of change
with the same parameter α = (α1 + α2)/2. Give an expression for Pm, the frequency of
mismatches under this assumption, as a function of α1 and t.
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(c) Use your favorite plotting program to plot P̂m and Pm as a function of t, where t, given
in units of millions of years, varies from 0 to 600.

(d) Plot the ratio P̂m/Pm as a function of t, where t varies from 0 to 600.
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(e) What are the consequences of ignoring rate variation and using the average rate instead?
How does this effect vary with t? Why is the impact higher at some values of t than at
others?
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3. Your goal is to devise a scoring system for ungapped alignments that will allow you to dis-
tinguish between pairs of sequences that are related and pairs of sequences that have chance
similarities. You propose to derive a scoring scheme that is parameterized by evolutionary
divergence, using the likelihood ratio framework we discussed in class. Given values for α and
t, your scoring system will have one score, M(α, t), for all matches and one score, m(α, t), for
all mismatches.

Given DNA sequences σ and τ of length n, your alternate hypothesis, HA, is that σ and τ
diverged from a common ancestor t million years ago and are evolving according to the Jukes
Cantor model with parameter α. According to your null hypothesis, H0, the probability of
observing x aligned with y is the product of their background frequencies, px · py.

(a) Give an expression in terms of α and t for P (M |HA), the likelihood of observing a match
in a pair of related sequences.

(b) Give an expression in terms of α and t for P (m|HA), the likelihood of observing a
mismatch in a pair of related sequences.



8

(c) Give an expression for P (M|H0), the likelihood of observing a match by chance, in terms
of the background frequencies pA, pC , pG, and pT .

(d) Calculate the numerical value of P (M|H0) under the assumption that the nucleotide fre-
quencies in the genomes of interest correspond to the stationary distribution of the Jukes
Cantor model. What is the numerical value of P (m|H0), the probability of observing a
mismatch by chance under this assumption?
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(e) You define your match score, M(α, t), to be the log of the ratio of the probabilities of
a match under the alternate and null hypotheses. Give an expression for M(α, t) under
the assumption that the nucleotide frequencies in the genomes of interest correspond to
the stationary distribution of the Jukes Cantor model. Use log base 2.

(f) You define your mismatch score, m(α, t), to be the log of the ratio of the probabilities of a
mismatch under the alternate and null hypotheses. Give an expression for m(α, t) under
the assumption that the nucleotide frequencies in the genomes of interest correspond to
the stationary distribution of the Jukes Cantor model. Use log base 2.
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(g) Suppose that the ungapped alignment of σ and τ is 100 nucleotides long and contains
55 mismatches. Give an expression for the score of this ungapped alignment in terms of
α, and t.

(h) What is the score of this ungapped alignment if α = 0.002 per site per million years
and the sequences diverged 30 million years ago? Based on this score, do you think the
similarity of the sequences indicates common ancestry or chance similarity? Why?
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(i) What is the score of this ungapped alignment if α = 0.002 per site per million years
and the sequences diverged 60 million years ago? Based on this score, do you think the
similarity of the sequences indicates common ancestry or chance similarity? Why?


