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Abstract

We proposea new approacho recover epipolargeometryfrom a pair of uncalibratedm-
ages. By minimizing a proposedcost function, our approachmatcheshe detectedfeature
pointsfrom animage pair, discardsthe outliersand recoversthe epipolargeometrysimuta-
neously Experimenton realimagesshawv thatthis approachs effective andfast.

1 Intr oduction

Recwering epipolargeometrybetweenuncalibratedviews is an importanttaskwith a lot of ap-
plications,suchasdeterminingthe underlying3D motion, reconstructinghe 3D structureof the
sceneandmatchingheviewsasa 1D searchalongtheepipoladines[7, 8, 11]. However, suchtask
is difficult becauset usuallyrequiresmatchingthe featurepointsbasedon the epipolarequation,
which is basicallya searchproblemin avery large space andis sensitve to outliers. Traditional
approacheto this problemarerelaxationandrobustestimation9, 1], andclustering[11, 1]. Both
approachediowever, requireexpensve computation.

In this paper we proposea new approachthe Reactve Talu Searchapproachto solwe this
problem. Taku Searchis a metaheuristicsearchtechniquethat guidesa local heuristicsearch
procedureo explorethesolutionspaceéeyondlocal optimality, andhasbeenprovento beeffective
in mary optimizationproblemg?2].

We will first briefly describethe epipolargeometryunderaffine projections,andrestatethe
problemof recorering epipolargeometryasa problemof matchingfeaturepointsfrom animage
pair in suchaway thata costfunctionis minimized. The costfunctionis a measuremeraf how



well the matchedpointssatisfya commonepipolarequation.We will thendescribehow to apply
theReactve Talu Searchto this particularproblemandshav the experimentakesults.

2 Formulating Epipolar Geometry Recovery as Cost Function
Minimization

2.1 Determining Epipolar Equation under Affine Projections from Point

Correspondences

In generalthe epipolargeometryis describedy the following equation:
XTFX' =0 1)

whereF is the3 x 3 fundamentamatrix, x = [z, y, 1] andxX’ = [2/,y', 1] aretheaugmented
vectorsfor the correspondingpointsin the two images.

In the caseof affine camerasthe 4 upperleft componentsn F arezeros.Thusexpanding(1)
givesalinearequationn theimagecoordinates,

frsz + fasy + far' + fooy' + fos = 7P + fos =0 (2)

wherep = [z,y,2',y']T andf = [fis, fa3, f31, f32] . This equationcanbe understoodyeometri-
cally asepipolarlineson eachimage.

Recweryingthe epipolargeometrymeansdeterminingthe above epipolarequation.All point
matchesnustsatisfythesameepipolarequation Givenr pairsof pointmatcheswe candetermine
theepipolarequatiorby minimizing squaredlistancegrom eachpointto theepipolarline in each
image,takeninto accountthe scalechangebetweenthe two images. This is proven to be the
sameasminimizing the squareddistancedrom eachpair of point matchesasa 4D point, to the
hyperplanen the4D spacedeterminedy the epipolarequation1],

n T 2
Z (p f + fs3) 3)

By minimizing this costfuntion, f is determinecasthe eigenvectorassociatedvith the smallest
eigenvalueof W = " (pi — po)(pi — po)T and fs3 is determinedas fs3 = —po’f, where



Po = -5y Pi = S0 @ Yy Vi Yoy @k, Yoy vl ]T. Theresidualof this minimizationis
exactly thesmallestigenvalueof W [1, 10].

Sincethe pointmatchesarenot givena priori, we needto find the correspondencesichthat
they satisfythesameepipolarequation.Theproblemcannow berestatedistrying to find asmary
pairsof pointsaspossiblesuchthatthe smallesteigenvalueof W is assmallaspossible.

2.2 Formulating the CostFunction

Supposene have detected:, pointsin the first imageandn, pointsin the secondimage. Our
algorithmis to find the global minimum of a costfunction, which correspondgo the stateof
correctpoint correspondencesBefore we give the costfunction, we first introducethe matd
matrix. We assumdhatwe aregiventwo 2D pointsets,X; andX;, thenthe matd matrix {m;;}

is definedas:
{ 1 if pointz; correspondso point z’
m;; =

0 otherwise,

It is obviousthatthe matrix W canbe completelydeterminedrom {m;;}. Sincesomepoints
may not have correspondences the otherimage,we addanextrarow R = [ry,rs,...,7,,] and
anextracolumnC = [¢y, ¢z, . . ., ¢y, | to thematd matrix. Thatis, if thesumof arow or acolin
{mi;} equalsto zero,thenthe correspondinglementn theextrarow R or column(' is setto 1.
Otherelementdn the extra row or columnaresetto zero. In fact, the extra row andcolumnare
calledslacks.Now our costfunctioncanbedefinedas:

B(m) = § ¥ 25 my St
— AT YR myj (4)
= V(W) — A ?21 mg;

where V(W) is the smallesteigervalue of W. The A termis addedto include all correct
matcheswhile rejectingoutliers(pointsthatdo nothave matchesyimultaneouslyFor agivenpair

(xiFx;)?

(xi,%;), if A > 524, thenthis pair will not beregardedasoutlier (i.e. will notbediscarded)

sincemakingm;; = 1 will leadto alesscost.
Ourtaskis to minimizetheabove costfunctionto find the correctpoint matchesthatis, to find
thecorrectmatd matrix Theoptimizationtechniquausedhereis Reactve Talu Search.



2.3 Determining Epipolar Equation under Full Perspective Projection

Our approachcanalsobe appliedto the full perspectie projectioncase.Underfull perspectie
projection,from Eq.(1)we have::

PTf + faz =0 %)

where
p = [za/,ya, 2 2y, yy Y 2, y)t
f = [f117f127f137f217f227f237f317f32]T

Eq. (6) is identicalin form to Eq.(2) if we subtitutep,f with Eq.(6). Therefore,f is the

(6)

eigen vector associatedvith the smallesteigenvalueof W = Y7 (p; — po)(pi — po)’ and
f33 = —pOTf, Where

pO = % Z?:l pZ

1
= _[Z?:l $i$;, ?:1 yzxiv ?:1 $;-, Z?:l xzyzla (7)

n

Z'?:l y2y2/7 Z?:l y'{? Z'L’(L:l Ly, Z'L’(L:l yl]T

The formulation of costfunction for full perspectie caseis the sameasthat for the affine
camerasn Equation(4). Thereforepurapproacltanbeappliedto bothaffine andfull perspectie
projections.

3 Applying Reactive Tabu Search

3.1 Intr oduction to Reactive Tabu Search

In thissectionwe give ageneratdescriptioron Talu SearcrandReactve Talu SearchPleaseefer
to[2] for moredetails. Taku searchhasbeenproven effective for mary optimizationproblems.lIt

is a metaheuristianethodthat guidesa local heuristicsearchprocedureo explore the solution
spacebeyond local optimality[2]. It is differentfrom the well-known hill-climbing local search
techniquesn thatthetabu searchmay move to a worsesoultionin the hopethatit will eventually
achieve abettersolution. It isalsodifferentfrom thestimulatecannealing4] andgeneticalgorithm
[5] becausehetalu searchincludesa memorymechanismAccordingto Glover’'sidea,in order
to solve a problemusingtalu searchthefollowing componentsnustbe defined[2 3].

Configuration: Configuationis asolutionor anassignmenof valuesto variables.
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Move: A movecharacterizeshe processof generatinga feasiblesolutionto the problemthat
is relatedto the currentsolution (i.e. a move is a procedureby which a new solutionis
generatedrom the currentone).

Neighbourhood: A neighbourhooaf the solutionis the collectionsetof all possiblemovesout
of a currentconfiguration.Note thatthe actualdefinitionsof the neighbourhoodlependon
the particularimplementatiorandthe natureof problem.

Tabu Conditions: In orderto avoid ablind searchtalu searchiechniquaisesaprescribegroblem-
specificsetof constraintsknown astabu conditions moveghatviolatethe tabu conditions
areknown astabu movesA tabu list is maintainedo recordtheseforbiddenmoves.

Aspiration Condition: Thesearerulesthatoverridetalu restrictionsthatis, if a certainmoveis
forbiddenby sometalu restriction,thenthe aspirationcriterion, when satisfied,can make
this move allowable.

With the abore basiccomponentsthetalu searchalgorithmcanbedescribedasfollows.

(i) Startwith a certain(current)configuratiorandevaluatethe criterionfunctionfor thatconfigu-
ration.

(i) Generatea neighbourof the currentconfigurationthatis, a setof candidatanoves.If thebest
of thesemovesis notatabu move, or if the bestis atalu move but it satisfieghe aspiration
criterion,thenpick thatmove andconsideiit to bethe new currentconfigurationptherwise
pick thebestmove thatis notatabu move andconsideit to bethenew currentconfiguration.

(i) Repeali) and(ii) until someterminationcriteriaaresatisfied.

Thebestsolutionin thefinal loopis the solutionobtainedoy thealgorithm.Notethatthemove
pickedat a certainiterationis put in the taku list sothatit is not allowed to be reversedin the
next iterations. So Taku Searchis a memorysearchmethod. The size of the talu list represents
its memoryability. The largerthe size,the strongerthe memory However, with afixed list size,
it is possiblethatthe searchingrajectorymayform alimit cycle (endlessepeatf asequencef
states)whichcanbeavoidedby increasinghelist size.Butlonglist sizewill causdow efficiency
andmostof time a smalllist sizeis enough. Basedon the aborve discussionsomeresearchers
proposeheReactve Talu Search RTS) method[6].



The RTS methodmaintainsthe basicstepsof Talu Searchgxceptthatthe sizeof talu list is
adaptve to the problemandcurrentevolution of the search.By storingthe configurationsvisited
duringthe searchandits correspondingterationnumberswe cancalculatethe interval between
two visits when configurationrepetitionhappens.Thelist sizeis increasedvhenconfigurations
arerepeatedotherwisethesizeis reducedn regionsof thesearchspacenherelargesizeof list is
notneeded.

3.2 RTSfor Finding Point MatchesUnder Epipolar Geometry

In this section,we will shav how to useRTS to find point correspondencetjatis, how to solve
the optimizationproblemof Eq.(4)with RTS. We first give the maincomponent®f RTS in the
context of this specificproblem.

Configuration: Hereit is thematd matrix.

Move: Therearethreekindsof moves: exchangeawo rows in the extendedmatd matrix; discard
amatchedpair asaoutlier; or addamatchedpair (x;, x;) in thecaseof r; = ¢; = 1.

Neighbourhood: At acurrentsolution(configuration)all kindsof possiblemove areconsidered
asits neighbours.

Tabu List: Containghemovesthatviolatethetalu conditions.Thecurrentchosermoveis added
to thelist, whosesizeis adaptve.

Aspiration Condition: If amove leadsto abettersolution,thismoveis choserevenif it isin the
Talu List.

Let /., I, and [, denotethe current,trial and bestconfigurationgmatd matrix), and f., f;
and f, denotethe correspondingcurrent,trial and bestobjectve function values,respectrely.
As describedin the previous subsectionwe startwith a configurationwhich is knowvn asthe
currentsolution /. andthenthroughmoves as explainedabove, we generatdrial solutions/;.
As the algorithmproceedsywe also save the bestsolutionfound so far which is denotedby 7.
Correspondindo theseconfigurationswe alsorecordthe objectve functionvaluesf., f; and f;,
respectrely. We denoteM T'L S asthe currenttalu list sizeand?' L L asthe numberof elements
in thetalu list.

For thepoint correspondencgeroblem,the RTS algorithmcanbe describeds:



Stepl Initialization: Let /. beanarbitrarysolution,and f. bethe correspondingbjective func-
tion value computedusing equationEq.(4). Let I, = I. and f, = f.. Selectvaluesfor
the following parametersM 7' LS = 1 (initial taku list size),let /M AX bethe maximum
numberof iterations.Let k£ = 1, wherek is theiterationstepindex.

Step2 Geneating Neighbourhood Using I. to generateNT'S trial solution 7}, 12, ... INTS
(NT'S is the numberof all possiblemoves), evaluatetheir correspondingbjectie func-
tionvaluesf}!, f2,---, fNT5, andgoto step3.

Step3 Orderf}, f2,-- -, fNT5 in anascendingrder anddenotethemby £, #121 ... fINTS]
fMis notatatu, orif it is ataku but £ < £, (i.e., theaspiratiorconditionis satisfied)then
let . = 1M andf. = /", andgoto Step4; otherwiseJet I, = '™ and f. = £, where
£ is the bestobjective functionof £Z, - .. V7% thatis notataku andgoto Step4. If all
A NTS] gretaly, decreasehe sizeof talu list andselect’!” asthechosermove
in spiteof theirtalhu statusthengo to step5.

step4 Executethechosermove It[l] andcheckfor repetition.If arepetionof a previouslyencoun-
teredconfigurationoccurs,increasehetalu list sizeto discouragehe additonalrepetitions.
However, if thelist sizeis becomingioo large, it is slonvly reduced Go to step5.

Step5 Insertthe currentmove /. at the bottom of the talu list andlet 7LL = TLL + 1 (if
TLL = MTLS + 1, deletethefirst elementn thetaku list andlet 7L = TLL — 1). If
o> fo,letl,=1.andf, = f.. If k = IMAX, stop([, is thebestsolutionfoundand f; is
thecorrespondingbjective functionvalue);otherwiselet £ = k£ + 1 andgoto Step2.

The resultof the above algorithmis the matchmatrix that maximizethe numberof matches
andminimizethecostasin (3).

4 Experimental Resultsand Discussion

We have testedthe above algorithmon realimages.Fig.1(a)andFig.1(b)area pair of indoorim-
ages.Theabove algorithmis appliedto thedetecteaornerdn this pair of images.Thefundmental
matrixis obtainedatthesametime asthe pointsarecorrectlymatched Usingtherecoveredepipo-
lar equationwe canrectify theimaged1, 8] sothattheepipolarlinesbecomenorizontal.Fig.1(c)
shavs theresult,wherethe matchedointsarelinked by horizontallines.
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Figurel: Findingpoint correspondencandepipolarequationvia RTS. (a) and(b): Realindoor
imagepair. (c): therectifiedimageswith horizontallineslinking the matchedoints.



TheRTS hasbeenfoundto beableto find the correctmatchpointsvery quickly in the caseof
lessthan50 featurepoints. For example,in the caseof Fig.1(a)andFig.1(b),thereare36 and41
featurepoints. Thecomputatiortime is about20 second®n a SunSparcl0 machine.

If the numberof cornersin theimageis large, e.g., several hundredsor thousandsye need
othermechanismgo breakthe “large problem”into sereral small onesfirst andthen dealwith
eachsmall problem. For example,we canusegroupingtechniquedirst. At eachtime we only
dealwith onesmallgroupof featuredrom eachimage. Thiswill greatlyreducethe computation
cost. Anothertechniques usingcorrelationtechinqueto reducethe matchcandidates.The im-
possibleconfigurationscanbe obtainedfrom the initial matchresultsandcanbe regardedasthe
talu configurationsWe canthenrefinethe initial matchresultswith RTS. This refiningprocesss
computationallyeffective.

5 Summary and Conclusions

We have proposedusing Reactve Taku Searchto find point matchesbetweentwo uncalibrated
views suchthatthey satisfythe identicalepipolarequation.The preliminaryexperimentakesults
shav thatthis approachs very effective andefficient. The authorsbelieve thatthe RTS canbe

appliedto mary othercomputervision problems,andhopethatthis papercanstimulateinterest
amongCV researcherm this approach.
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