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Abstract

We proposea new approachto recover epipolargeometryfrom a pair of uncalibratedim-

ages. By minimizing a proposedcost function, our approachmatchesthe detectedfeature

pointsfrom an imagepair, discardsthe outliersandrecovers the epipolargeometrysimuta-

neously. Experimentson realimagesshow thatthisapproachis effectiveandfast.

1 Intr oduction

Recovering epipolargeometrybetweenuncalibratedviews is an importanttaskwith a lot of ap-

plications,suchasdeterminingtheunderlying3D motion,reconstructingthe3D structureof the

scene,andmatchingtheviewsasa1Dsearchalongtheepipolarlines[7, 8,11]. However, suchtask

is difficult becauseit usuallyrequiresmatchingthefeaturepointsbasedon theepipolarequation,

which is basicallya searchproblemin a very largespace,andis sensitive to outliers.Traditional

approachesto thisproblemarerelaxationandrobustestimation[9, 1], andclustering[11, 1]. Both

approaches,however, requireexpensive computation.

In this paper, we proposea new approach,the Reactive Tabu Searchapproach,to solve this

problem. Tabu Searchis a metaheuristicsearchtechniquethat guidesa local heuristicsearch

procedureto explorethesolutionspacebeyondlocaloptimality, andhasbeenprovento beeffective

in many optimizationproblems[2].

We will first briefly describethe epipolargeometryunderaffine projections,andrestatethe

problemof recoveringepipolargeometryasa problemof matchingfeaturepointsfrom animage

pair in sucha way thata costfunctionis minimized. Thecostfunction is a measurementof how



well thematchedpointssatisfya commonepipolarequation.We will thendescribehow to apply

theReactive Tabu Searchto this particularproblemandshow theexperimentalresults.

2 Formulating Epipolar GeometryRecovery asCost Function

Minimization

2.1 Determining Epipolar Equation under Affine Projections fr om Point

Corr espondences

In general,theepipolargeometryis describedby thefollowing equation:

������ ������	� (1)

where � is the 
��

 fundamentalmatrix,
��	��������������� � and

�� � ����� � ��� � ����� � aretheaugmented

vectorsfor thecorrespondingpointsin thetwo images.

In thecaseof affine cameras,the4 upperleft componentsin � arezeros.Thusexpanding(1)

givesa linearequationin theimagecoordinates,

���! �#" �%$& �'" �( �� � � " �) *$ � � " �) + �-, �/. " �) + �0� (2)

where . �1����������� � ��� � � � and ,2�3� � �4 � � $5 � �  6� � �  *$ � � . This equationcanbeunderstoodgeometri-

cally asepipolarlineson eachimage.

Recoveryingtheepipolargeometrymeansdeterminingtheabove epipolarequation.All point

matchesmustsatisfythesameepipolarequation.Given 7 pairsof pointmatches,wecandetermine

theepipolarequationby minimizingsquareddistancesfrom eachpoint to theepipolarline in each

image,takeninto accountthe scalechangebetweenthe two images. This is proven to be the

sameasminimizing thesquareddistancesfrom eachpair of point matches,asa 4D point, to the

hyperplanein the4D spacedeterminedby theepipolarequation[1],

8 � �9 :; < = �
> . � ,?" �( @ �A $, � , (3)

By minimizing this costfuntion, , is determinedastheeigenvectorassociatedwith thesmallest

eigenvalueof B �DC :< = � > .�E�FG.�H A > .�E�FG.�H A � and
�) + 

is determinedas
�) + � FI.�H � , , where
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. H
� �: C :< = � . < � �: � C :< = � � < � C :< = � � < � C :< = � � �< � C :< = � � �< �J� � . The residualof this minimizationis

exactly thesmallesteigenvalueof B [1, 10].

Sincethepoint matchesarenot givena priori , we needto find thecorrespondencessuchthat

they satisfythesameepipolarequation.Theproblemcannow berestatedastrying to find asmany

pairsof pointsaspossiblesuchthatthesmallesteigenvalueof B is assmallaspossible.

2.2 Formulating the CostFunction

Supposewe have detected7 � pointsin the first imageand 7 $ points in the secondimage. Our

algorithm is to find the global minimum of a cost function, which correspondsto the stateof

correctpoint correspondences.Before we give the cost function, we first introducethe match

matrix. We assumethatwe aregiventwo 2D point sets,K < and K �L , thenthematch matrix M%N < L�O
is definedas:

N < L � PQ R � if point � < correspondsto point � �L� otherwise,

It is obviousthatthematrix B canbecompletelydeterminedfrom M%N < L O . Sincesomepoints

maynot have correspondencesin theotherimage,we addanextra row S �1��T � ��T $ ��U�U�U���T :�V � and

anextra column
8 �W��X � ��X $ ��U�U�U���X :)Y � to thematch matrix. That is, if thesumof a row or a col inM%N < L�O equalsto zero,thenthecorrespondingelementin theextra row S or column

8
is setto � .

Otherelementsin theextra row or columnaresetto zero. In fact, theextra row andcolumnare

calledslacks.Now ourcostfunctioncanbedefinedas:

Z > N A � �$ C :)Y< = � C :�VL = � N < L\[ �]�^`_ �]+acb Vd&efdFhg C :)Y< = � C :�VL = � N < L� i > B A Fjg C :)Y< = � C :�VL = � N < L (4)

where i > B A
is the smallesteigenvalue of B . The g term is addedto includeall correct

matcheswhile rejectingoutliers(pointsthatdonothavematches)simultaneously. For agivenpair> ��E4�J�lk A , if gnm �$ [ �]�^o_ �]+a4b Vd e d , thenthis pair will not beregardedasoutlier (i.e. will not bediscarded)

sincemaking N < L �p� will leadto a lesscost.

Our taskis to minimizetheabovecostfunctionto find thecorrectpointmatches,thatis, to find

thecorrectmatch matrix. Theoptimizationtechniqueusedhereis Reactive Tabu Search.
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2.3 Determining Epipolar Equation under Full PerspectiveProjection

Our approachcanalsobe appliedto the full perspective projectioncase.Underfull perspective

projection,from Eq.(1)wehave::

.�q ,?" �  + �0� (5)

where . � ����� � ���r� � �s� � ����� � ���r� � ��� � �������t� �, � � �t�+� � ���c$ � ���! � �u$J� � �u$+$ � �%$& � �) �� � �) *$ � � (6)

Eq. (6) is identical in form to Eq.(2) if we subtitute . �@, with Eq.(6). Therefore,, is the

eigenvector associatedwith the smallesteigenvalue of B � C :< = � > . E Fv. H A > . E Fw. H A � and�  + � Fx. H � , , where

.yH � �: C :< = � . <� �: � C :< = � � < � �< � C :< = � � < � �< � C :< = � � �< � C :< = � � < � �< �C :< = � � < � �< ��C :< = � � �< ��C :< = � � < ��C :< = � � < � � (7)

The formulationof cost function for full perspective caseis the sameas that for the affine

camerasin Equation(4). Therefore,ourapproachcanbeappliedto bothaffineandfull perspective

projections.

3 Applying ReactiveTabu Search

3.1 Intr oduction to ReactiveTabu Search

In thissectionwegiveageneraldescriptiononTabu SearchandReactiveTabu Search.Pleaserefer

to[2] for moredetails.Tabu searchhasbeenproveneffective for many optimizationproblems.It

is a metaheuristicmethodthat guidesa local heuristicsearchprocedureto explore the solution

spacebeyond local optimality[2]. It is differentfrom the well-known hill-climbing local search

techniquesin thatthetabu searchmaymove to a worsesoultionin thehopethatit will eventually

achieveabettersolution.It isalsodifferentfrom thestimulatedannealing[4] andgeneticalgorithm

[5] becausethetabu searchincludesa memorymechanism.Accordingto Glover’s idea,in order

to solve a problemusingtabu search,thefollowing componentsmustbedefined[2, 3].

Configuration: Configuration is asolutionor anassignmentof valuesto variables.
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Move: A movecharacterizesthe processof generatinga feasiblesolution to the problemthat

is relatedto the currentsolution (i.e. a move is a procedureby which a new solution is

generatedfrom thecurrentone).

Neighbourhood: A neighbourhoodof thesolutionis thecollectionsetof all possiblemovesout

of a currentconfiguration.Notethattheactualdefinitionsof theneighbourhooddependon

theparticularimplementationandthenatureof problem.

Tabu Conditions: In orderto avoidablindsearch,tabusearchtechniqueusesaprescribedproblem-

specificsetof constraints,known astabu conditions. movesthatviolatethe tabu conditions

areknown astabu moves. A tabu list is maintainedto recordtheseforbiddenmoves.

Aspiration Condition: Thesearerulesthatoverridetabu restrictions,that is, if a certainmove is

forbiddenby sometabu restriction,thenthe aspirationcriterion, whensatisfied,canmake

thismove allowable.

With theabovebasiccomponents,thetabu searchalgorithmcanbedescribedasfollows.

(i) Startwith a certain(current)configurationandevaluatethecriterionfunctionfor thatconfigu-

ration.

(ii) Generateaneighbourof thecurrentconfiguration,thatis, asetof candidatemoves.If thebest

of thesemovesis not a tabu move,or if thebestis a tabu move but it satisfiestheaspiration

criterion,thenpick thatmove andconsiderit to bethenew currentconfiguration;otherwise

pick thebestmovethatis notatabu moveandconsiderit to bethenew currentconfiguration.

(iii) Repeat(i) and(ii) until someterminationcriteriaaresatisfied.

Thebestsolutionin thefinal loopis thesolutionobtainedby thealgorithm.Notethatthemove

pickedat a certainiteration is put in the tabu list so that it is not allowed to be reversedin the

next iterations.SoTabu Searchis a memorysearchmethod.Thesizeof the tabu list represents

its memoryability. The larger thesize,thestrongerthememory. However, with a fixed list size,

it is possiblethatthesearchingtrajectorymayform a limit cycle (endlessrepeatsof asequenceof

states),whichcanbeavoidedby increasingthelist size.But longlist sizewill causelow efficiency

andmostof time a small list size is enough. Basedon the above discussion,someresearchers

proposetheReactive Tabu Search(RTS)method[6].
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TheRTS methodmaintainsthebasicstepsof Tabu Search,exceptthat thesizeof tabu list is

adaptive to theproblemandcurrentevolution of thesearch.By storingtheconfigurationsvisited

during thesearchandits correspondingiterationnumbers,we cancalculatethe interval between

two visits whenconfigurationrepetitionhappens.The list sizeis increasedwhenconfigurations

arerepeated;otherwisethesizeis reducedin regionsof thesearchspacewherelargesizeof list is

notneeded.

3.2 RTS for Finding Point MatchesUnder Epipolar Geometry

In this section,we will show how to useRTS to find point correspondences,that is, how to solve

the optimizationproblemof Eq.(4)with RTS. We first give the maincomponentsof RTS in the

context of this specificproblem.

Configuration: Hereit is thematch matrix.

Move: Therearethreekindsof moves:exchangetwo rows in theextendedmatch matrix; discard

a matchedpairasaoutlier; or addamatchedpair
> ��Ez�J�lk A in thecaseof T < �0X L �p� .

Neighbourhood: At a currentsolution(configuration),all kindsof possiblemove areconsidered

asits neighbours.

Tabu List: Containsthemovesthatviolatethetabu conditions.Thecurrentchosenmoveis added

to thelist, whosesizeis adaptive.

Aspiration Condition: If amove leadsto abettersolution,thismove is chosenevenif it is in the

Tabu List.

Let {�| � {s} and {�~ denotethe current,trial and bestconfigurations(match matrix), and
� | � � }

and
� ~ denotethe correspondingcurrent, trial and bestobjective function values,respectively.

As describedin the previous subsection,we start with a configurationwhich is known as the

currentsolution { | and then throughmoves, as explainedabove, we generatetrial solutions { } .
As the algorithmproceeds,we alsosave the bestsolutionfound so far which is denotedby {6~ .
Correspondingto theseconfigurations,we alsorecordtheobjective functionvalues

� | � � } and
� ~ ,

respectively. We denote�0����� asthecurrenttabu list sizeand ����� asthenumberof elements

in thetabu list.

For thepoint correspondenceproblem,theRTSalgorithmcanbedescribedas:
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Step1 Initialization: Let { | beanarbitrarysolution,and
� | bethecorrespondingobjective func-

tion valuecomputedusingequationEq.(4). Let { ~ � { | and
� ~ � � | . Selectvaluesfor

the following parameters:�0�I��� �3� (initial tabu list size),let {\�0�?K be themaximum

numberof iterations.Let � ��� , where� is theiterationstepindex.

Step2 Generating Neighbourhood: Using { | to generate�2�I� trial solution { �} � { $} ��������� {%� ���}
( ����� is the numberof all possiblemoves),evaluatetheir correspondingobjective func-

tion values
� �} � � $} �������)� � � ���} , andgo to step3.

Step3 Order
� �} � � $} ��������� � � ���} in anascendingorder, anddenotethemby

�y� �z�} � ��� $!�} ��������� �y� � ��� �} . If� � ���} is notatabu, or if it is a tabu but
� � ���}�� � ~ (i.e., theaspirationconditionis satisfied),then

let {�| � { � �z�} and
� | � � � �z�} , andgo to Step4; otherwise,let {�| � { � � �} and

� | � � � � �} , where� � � �} is thebestobjectivefunctionof
� � $!�} ��������� � � � ��� �} thatis nota tabu andgo to Step4. If all��� ���} � �y� $!�} ��������� �y� � ��� �} aretabu, decreasethesizeof tabu list andselect{ � �z�} asthechosenmove

in spiteof their tabu status,thengo to step5.

step4 Executethechosenmove { � �z�} andcheckfor repetition.If arepetionof apreviouslyencoun-

teredconfigurationoccurs,increasethetabu list sizeto discouragetheadditonalrepetitions.

However, if thelist sizeis becomingtoo large,it is slowly reduced.Go to step5.

Step5 Insert the currentmove { | at the bottom of the tabu list and let �I��� � ����� "�� (if�I��� � �0�I��� "�� , deletethefirst elementin the tabu list andlet ����� � �I��� F � ). If� ~ m � | , let {6~ � {6| and
� ~ � � | . If � � {\�0�?K , stop( {�~ is thebestsolutionfoundand

� ~ is

thecorrespondingobjective functionvalue);otherwise,let � � � "	� andgo to Step2.

The resultof the above algorithmis the matchmatrix that maximizethe numberof matches

andminimizethecostasin (3).

4 Experimental Resultsand Discussion

We have testedtheabove algorithmon real images.Fig.1(a)andFig.1(b)area pair of indoor im-

ages.Theabovealgorithmis appliedto thedetectedcornersin thispairof images.Thefundmental

matrix is obtainedat thesametimeasthepointsarecorrectlymatched.Usingtherecoveredepipo-

lar equation,wecanrectify theimages[1, 8] sothattheepipolarlinesbecomehorizontal.Fig.1(c)

shows theresult,wherethematchedpointsarelinkedby horizontallines.

7



(a) (b)

(c)

Figure1: Findingpoint correspondenceandepipolarequationvia RTS. (a) and(b): Realindoor
imagepair. (c): therectifiedimageswith horizontallineslinking thematchedpoints.
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TheRTS hasbeenfoundto beableto find thecorrectmatchpointsvery quickly in thecaseof

lessthan50 featurepoints.For example,in thecaseof Fig.1(a)andFig.1(b),thereare36 and41

featurepoints.Thecomputationtime is about20secondsona SunSparc10machine.

If the numberof cornersin the imageis large,e.g.,several hundredsor thousands,we need

othermechanismsto breakthe “large problem” into several small onesfirst andthendealwith

eachsmall problem. For example,we canusegroupingtechniquesfirst. At eachtime we only

dealwith onesmallgroupof featuresfrom eachimage.This will greatlyreducethecomputation

cost. Anothertechniqueis usingcorrelationtechinqueto reducethematchcandidates.The im-

possibleconfigurationscanbeobtainedfrom the initial matchresultsandcanberegardedasthe

tabu configurations.We canthenrefinetheinitial matchresultswith RTS.This refiningprocessis

computationallyeffective.

5 Summary and Conclusions

We have proposedusingReactive Tabu Searchto find point matchesbetweentwo uncalibrated

views suchthat they satisfythe identicalepipolarequation.Thepreliminaryexperimentalresults

show that this approachis very effective andefficient. The authorsbelieve that the RTS canbe

appliedto many othercomputervision problems,andhopethat this papercanstimulateinterest

amongCV researchersin this approach.
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