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Abstract— In the real world, noisy sensors and limited
communication make it dif�cult for robot teams to coordi-
nate in tightly coupled tasks. Team members cannot simply
apply single-robot solution techniquesfor partially observable
problems in parallel becausethey do not take into account
the recursive effect that reasoningabout the beliefs of others
has on policy generation. Instead, we must tur n to a game
theoretic approach to model the problem correctly. Partially
observable stochastic games (POSGs) provide a solution
model for decentralized robot teams, however, this model
quickly becomesintractable. In previous work we presented
an algorithm for lookaheadsearch in POSGs.Herewepresent
an extensionwhich reducescomputation during lookaheadby
clustering similar observation histories together. Weshow that
by clustering histories which have similar pro�les of predicted
reward, we can greatly reducethe computation time required
to solve a POSG while maintaining a good approximation to
the optimal policy. Wedemonstratethe power of the clustering
algorithm in a real-timerobot controller aswell asfor a simple
benchmark problem.

Index Terms— Planning. Multi-Robot Coordination. Decen-
tralized control. Partially Observable Domains.

I . INTRODUCTION

Robotic teamsand distributed multi-robot systemspro-
vide numerousadvantagesover single-robotsystems.For
example, distributed mapping and exploration allows an
areato be coveredmoreef�ciently thanby a single robot
andit is tolerantto individual robot failures.Whendesign-
ing a multi-robot team,however, a key questionis how to
assigntasksto individual robotsand bestcoordinatetheir
behaviours. In loosely coupleddomains,much successin
taskallocationhasbeenachieved with both auctionbased
approaches([1], [2]) and behaviour basedrobotics ([3],
[4]). For more tightly coupleddomainsin which robots
must coordinateon speci�c actionsin order to achieve a
goal,probabilisticframeworksprovide a modelfor optimal
control.

The frameworks of Markov decisionprocesses(MDPs)
and partially observable Markov decision processes
(POMDPs)are very powerful modelsof probabilisticdo-
mainsandhave beenappliedsuccessfullyto many single-
robot planning problems([5], [6]). Thesealgorithmscan
also be extendedto the multi-robot caseto be used for
coordinatedplanning. The most straightforward of these
extensionssimply treatsthe entire robot teamas a single
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robot with multiple actuatorsand plans in joint state
and action space.This is not necessarilyan ef�cient use
of resources:the planner must run either on a central
machineor simultaneouslyon eachrobot, with all sensor
informationfrom eachrobotbeingsentin realtime to every
othercopy of the planner. Without full communicationthe
robotscannotcoordinatetheirbeliefsaboutthecurrentjoint
state,andmay selectcon�icting actionsto implement.

In the real world, communicationbandwidthis limited,
and in some domainsnot available at all. For example,
robots that function underground or on the surface of
anotherplanetarelimited to point-to-pointcommunication.
Even in caseswhere communicationis available, such
as indoor mobile robots, limited bandwidth can lead to
latency in communicationbetweenthe robots,andcritical
informationmaynot bereceivedin time to make decisions.

Instead,robotsin teamsshouldbeableto independently
reasonabout appropriateactions to take in a decentral-
ized fashionthat takes into accountboth their individual
experiencesin the world and beliefs about the possible
experiencesof their teammates.In thecasewhereno com-
municationis available to the team,this type of reasoning
is necessaryfor the entire duration of the problem. If
communicationis availablebut with latency, this reasoning
allowsrobotsto generateoptimalpoliciesbetweensynchro-
nizationepisodes[7].

The partially observable stochasticgame (POSG) is a
game theoretic approachto multi-robot decision making
that implicitly models a distribution over other robots'
observations about the world. It is, however, intractable
to solve large POSGs.In [8] we proposedthat a viable
alternative is for robotsto interleaveplanningandexecution
by building and solving a smaller approximategame at
every time step to generateactions. In this paper we
improve theef�ciency of our algorithmthroughthecluster-
ing of observation histories.This clusteringdecreasesthe
computationalrequirementsof thealgorithm,which allows
usto applyit to largerandmorerealisticrobotapplications.
We only considerthe hardercaseof coordinatingrobots
that have no accessto communicationfor the duration
of the task. The addition of communicationcan only
improve the overall performanceof the team and reduce
the computationalcomplexity of the problem.

A. RelatedWork

There are several frameworks that have been to pro-
posed to generalizePOMDPs to distributed multi-robot



systems.DEC-POMDP[9], a model of decentralizedpar-
tially observable Markov decisionprocesses,MTDP [10],
a Markov teamdecisionproblem,and I-POMDP [11] are
all examples of these frameworks. They formalize the
requirementsof an optimal policy; however, as shown by
Bernsteinet al., solving decentralizedPOMDPsis NEXP-
complete[9]. Hansenet al. [12] have developedan exact
dynamic programmingalgorithm for POSGsthat is able
to handlelarger �nite-horizon problemsthan other exact
methodsbut is still limited to relatively small problems.

Theseresultssuggestthat locally optimal policies that
arecomputationallyef�cient to generateareessentialto the
successof applyingthePOSGframework to therealworld.
In addition to our own algorithm for �nding approximate
solutionsto POSGs[8], other algorithmsthat attemptto
�nd locally optimal solutionsincludePOIPSG[13], which
�nds locally optimal policies from a limited set of poli-
cies,andXuan et al.'s algorithmfor solving decentralized
POMDPs [14]. In [14] each robot receives only local
information about its position and robots only ever have
complementaryobservations.The issuein this systemthen
becomesthe determinationof when global information is
necessaryto make progresstoward the goal, rather than
how to resolve con�icts in beliefs or how to augment
one's own belief about the global state.Nair et al. have
looked at both a dynamic programmingstyle algorithm
for �nding locally optimal policies to the full POSG[15]
andthecomputationalsavingsgainedby enforcingperiodic
synchronizationsof observations in betweenepisodesof
gametheoreticreasoningaboutthe beliefsof others[7].

The work in this papergoesa stepbeyond thesealgo-
rithmsin that it shows a methodfor limiting thenumberof
observations historiesfor which policies must be created
while still maintaininga good approximationof the true
distribution over histories.We also demonstratehow this
clusteringallows for ouralgorithmto beusedasa real-time
robot controller in relatively large problems.

I I . BASIC ALGORITHM FOR FINDING APPROXIMATE

SOLUTIONS TO POSGS

Stochasticgames, a generalizationof both repeated
gamesand MDPs, provide a framework for decentralized
action selection [16]. POSGsare the extension of this
framework to handleuncertaintyin world state.A POSG
is de�ned asa tuple (I ; S; A; Z; T; R; O). I = f 1; :::; ng is
the set of robots,S is the set of statesand A and Z are
respectively thecross-productof theactionandobservation
spacefor eachrobot, i.e. A = A1 � � � � � An . T is the
transition function, T : S � A ! S, R is the reward
function, R : S � A ! < and O de�nes the observation
emissionprobabilities,O : S� A� Z ! [0; 1]. At eachtime
stepof a POSGthe robotssimultaneouslychooseactions
and receive a reward and observation. In this paper, we
limit ourselvesto �nite POSGswith commonpayoffs (each
robot hasan identical reward function R).

Think of the POSG as a large tree. The robots are
assignedstartingstatesand, as they progressthroughthe
tree,differentobservationsoccuranddifferentactionscan
be taken. Solving the problem requires�nding the best

Full POSG
One-Step 
Lookahead
Game at time t

Fig. 1. A high level representationof our algorithm for approximating
POSGs.Pleaserefer to [8] for full details.

policy throughthis tree:an optimal setof actionsfor each
possiblehistory of observationsandstates.Unlike a game
of chessor backgammon,however, the robotsdo not have
full observability of the world and each other's actions.
Instead,different parts of the tree will appearsimilar to
differentrobots.A robot'spolicy mustbethesamefor all of
the nodesof the treebetweenwhich it cannotdistinguish.

In [8] we proposedan algorithmfor �nding an approxi-
matesolutionto a POSGwith commonpayoffs. Our algo-
rithm transformsthe original probleminto a sequenceof
smallerBayesiangamesthatarecomputationallytractable.
Bayesiangamesmodelsingle-stateproblemsin which each
robot hasprivate information aboutsomethingrelevant to
the decisionmaking process[16]. In our algorithm, this
private information is the speci�c history of observations
andactionstaken by eachrobot.

Our algorithm uses information common to the team
(e.g. problem dynamics)to approximatethe policy of a
POSGasa concatenationof a seriesof policiesfor smaller,
related Bayesiangames(Fig. 1). In turn, each of these
Bayesiangamesusesheuristic functions to evaluate the
utility of future statesin order to keeppolicy computation
tractable.Theoretically, this approachallows us to handle
�nite horizonproblemsof inde�nite lengthby interleaving
planningandexecution.

This transformationis similar to the classic one-step
lookaheadstrategy for fully-observable games [17]: the
robots perform full, game-theoreticreasoningabout their
currentknowledgeand�rst actionchoicebut useaheuristic
function to evaluatethe quality of the resultingoutcomes.
The resulting policies are always coordinated;and, if
the heuristic function is fairly accurate,perform well in
practice.A similar approachis usedto �nd near-optimal
solutionsfor ascaleddown versionof TexasHold'Em [18].

Thekey partof our algorithmis thetransformationfrom
a time slice of the full POSG to a Bayesiangame. If
the private information in the Bayesiangame is the true
history of a robot, then the solution to the Bayesiangame
is a set of policies that de�nes an action for eachrobot r
to take for eachof its possiblehistorieshr

i .1 The action
taken for history hr

i shouldbe the action that maximizes
expectedreward, given the robot's knowledge (from hr

i )
of the previous observationsandactionsof its teammates,
and given the robot's inferencesabout the actionswhich
its teammateswill take at the current step. In order to
properly coordinateon actions,i.e., to computethe same

1In gametheorya solutionto a gameis a setof policiesfor eachrobot
that are all best responsesto eachother. Therefore,if one robot solves
a game it also knows the policies of all of the other robots.For more
informationon Nashequilibria andbestresponsestrategiessee[16].



set of policies for all robots, each robot must maintain
the samedistribution over joint histories.Our algorithm
enforcesthis in two ways.First, it synchronizestherandom
numbergeneratorsof the robots in the team in order to
ensurethat any randomizationin policy generationoccurs
in the sameway for eachrobot, and second,it usesonly
commonknowledge(includingthegeneratedpoliciesfrom
the currenttime step)to propagateforward the setof joint
historiesandits correspondingprobabilitydistribution from
onetime stepto the next.

I I I . IMPROVING ALGORITHM EFFICIENCY

The bene�t of using our Bayesiangameapproximation
over thefull POSGfor robotcontrollersis that it calculates
a good approximationof the optimal policy in tractable
time. The overall desirability of our approximation is
thereforeclosely tied to how fast it can constructthese
policies. The requiredcomputationtime, however, is di-
rectly relatedto thenumberof individual andjoint histories
that are maintained.Limiting the algorithm to useonly a
representative fraction of the total numberof historiesis
key to applying this approachto real robot problems.

In thissectionwewill comparedifferentwaysof limiting
the numberof historiesmaintainedby the algorithm. For
this purpose,we will use a problem (the Lady and the
Tiger) which is smallenoughthatwe canmaintainall pos-
sible joint histories,in order to compareeachalgorithm's
results to the best possibleperformancefor the domain.
In contrast,for the RobotTag problempresentedlater in
this paper, it is not possibleto computeall or even a large
fraction of the possiblejoint historiesdueto both memory
andcomputationlimitations.

TheLadyandTheTiger problemis a multi-robotversion
of theclassictiger problem[19] createdby Nair et al. [15].
In this two-state,�nite-horizon problem, two robots are
facedwith the problemof openingone of two doors,one
of which has a tiger behind it and the other a treasure.
Whenever a door is opened,thestateis resetandthegame
continuesuntil the �x ed time has passed.The crux of
the Lady and the Tiger is that neither robot can seethe
actionsor observationsmadeby their teammate,nor can
they observe the reward signal and therebydeducethem.
It is, however, necessaryfor therobotsto reasonaboutthis
information in order to coordinatewith eachother.

A. Low Probability Pruning
In the original implementationof our Bayesiangame

approximation,the numberof historiesthat we maintained
per robot waskept manageableby pruningout low proba-
bility joint histories.If theprobabilityof a joint historywas
below somethreshold,it wascut andtheprobabilityof the
remainingjoint historieswasrenormalized.The allowable
individual historiesfor eachrobot were then taken to be
thosethat existed in the setof remainingjoint histories.

At run time, a robot's true individual historymaybeone
of theoneswhich we have pruned.In this case,we �nd the
bestmatchto thetruehistoryamongthehistorieswhich we
retained,andact asif we hadseenthe bestmatchinstead.
Therearemany possiblewaysto de�ne thebestmatch,but
a simpleonewhich workedwell in our experimentswasto

look at reward pro�les: therewardpro�le for an individual
history h is the vector r h whoseelementsare

r h
a = E(R(s;a) j h) (1)

That is, r h
a is the robot's belief abouthow muchreward it

will receive for performingactiona given its belief (based
on h) aboutthe stateof the world.

Given the reward pro�les for the true history h and
somecandidatematchh0, we cancomparethemusingtheir
worst-casereward difference

max
a2 A

jr h
a � r h0

a j

and select the match which has the smallestworst-case
reward differencefrom the true history.

B. Clustering
Low-probability pruning can be effective in small do-

mains like the Lady and the Tiger where relatively few
joint historieshave to be pruned.However, it is a crude
approximationto pretendthat a history's importancefor
planningis proportionalto its probability: when thereare
a large numberof similar historiesthat eachhave a low
probability of occurringbut togetherrepresenta substan-
tial fraction of the total probability mass,low-probability
pruning can remove all of them and causea signi�cant
changein the predictedoutcomeof the game.

Instead,we needto make surethateachhistorywe prune
canbeadequatelyrepresentedby someothersimilarhistory
which we retain.That is, we needto clusterhistoriesinto
groupswhich have similar predictedoutcomes,and retain
a representative history from eachgroup.If doneproperly,
the probability distribution over theseclustersshould be
an accuraterepresentationof the true distribution over the
original histories.As our experimentalresultswill show,
making sure to retain a representative history from each
clustercan yield a substantialimprovementin the reward
achieved by our team.In fact,we canseean improvement
evenin runswherewe arelucky enoughnot to have pruned
therobots' truehistories:our performancedependsnot just
on what we have seenbut how well we reasonaboutwhat
we might have seen.

At each time step t, we start from the representative
joint histories at time t � 1 and construct all one-step
extensionsby appendingeach possible joint action and
observation. From thesejoint histories we then identify
all possibleindividual historiesfor eachrobot and cluster
them, using the algorithms describedbelow to �nd the
representative individual historiesfor stept. The represen-
tative joint historiesarethenthecrossproductof all of the
representative individual histories.(Unlike low probability
pruning, we prune individual histories rather than joint
histories;a joint history is prunedif any of its individual
historiesare pruned.This way eachrobot can determine,
without communication,to which clusterits currenthistory
belongs.)Finally we constructa reducedBayesiangame
usingonly therepresentative histories,andsolve it to �nd a
policy for eachrobotwhich assignsanactionto eachof its
representative individualhistories.As before,at runtimewe
useworst-casereward differenceto matchthe true history
to its closestretainedhistory andselectan action.



There are many different types of clustering algo-
rithms [20], but in this paperwe usea type of agglomera-
tive clustering.In our algorithms,eachhistory startsoff in
its own clusterandthensimilarclustersaremergedtogether
until astoppingcriterionis met.Similarity betweenclusters
is determinedby comparingthe reward pro�les either of
representative elementsfrom eachclusteror of theclusters
asa whole.The rewardpro�le for a clusterc is de�ned by
a straightforward generalizationof equation1: it is

r c
a = E(r h

a j h 2 c) = E(R(s;a) j c)

We could use worst-casereward difference as de�ned
above to compare reward pro�les, but since we have
extra information not available at runtime (namely the
prior probability of both clusters)we will useworst-case
expectedloss instead.Worst-caseexpectedloss between
two historiesh andh0 is de�ned to be

max
a2 A

h
P(h)jr h

a � r c
a j + P(h0)jr h0

a � r c
a j

i
=P(c)

wherec is the cluster that would result if h and h0 were
merged.Worst-caseexpectedloss betweentwo clustersis
de�ned analogouslyin termsof r c[ c0

a . Worst-caseexpected
loss is a good measureof the similarity of the reward
pro�les for two clusters.It is important to determineif
two clustershave similar reward pro�les becauserobots
will end up performingthe sameaction for eachelement
of the cluster.

We looked at two different algorithmswhich differ in
how they selectpairs of clustersto merge and how they
decide when to stop. These algorithms are called low
probability clustering and minimum distanceclustering.
Low-probability clusteringwas designedto be similar to
the low-probability pruning algorithm describedabove,
while minimum-distanceclusteringis designedto produce
a betterclusteringat a highercomputationalcost.

1) Low Probability Clustering: In this approach,we
initially order the single-historyclustersat random.Then,
we make a single passthrough the list of clusters.For
each cluster, we test whether its probability is below a
threshold; if so, we remove it from the list and merge
it with its nearestremainingneighboras determinedby
the worst-caseexpectedloss betweentheir representative
histories.The neighbor's representative history stays the
same,andits probability is incrementedby the probability
of the clusterbeingmerged in.

This clusteringmethodrelies on randomizationand so
the synchronizationof the randomnumbergeneratorsof
the robotsis crucial to ensurethat eachrobot performsthe
sameseriesof clusteringoperations.

Low-probability clusteringhassomesimilaritiesto low-
probabilitypruning:we clusterhistoriesthatarelesslikely
to occur and therefore a robot's true history is much
more likely to match one of the representative histories
at execution time. Like low-probability pruning, it has
the drawback that all low probability histories must be
matchedto anotherhistory even if they are far away from
all availablecandidates.Unlike pruning,however, it main-
tains a distribution over joint histories that more closely
matchestheoriginal distribution.By randomlyorderingthe

candidateclustersit is alsopossiblethatindividualhistories
which on their own have too low probability to keepwill
have otherlow probabilityhistoriesmatchedwith themand
so survive to the �nal setof histories.

2) MinimumDistanceClustering: In minimum-distance
clustering we repeatedly�nd the most similar pair of
clusters(accordingto worst-caseexpectedlossbetweenthe
clusters' reward pro�les) and merge them.We stop when
the closestpair of clustersis too far apart, or when we
reacha minimum numberof clusters.

The representative elementfor a cluster is simply the
highest-probabilityindividual history in that cluster. This
representative element is only used for generatingthe
joint historiesat the next time step; cluster merging and
matching of the observed history to a cluster are both
governedby the cluster's reward pro�le.

C. BenchmarkResults
TheLadyandTheTiger problemis simpleyet still large

enoughto presenta challengeto exact and approximate
methodsfor solvingPOSGs.TableI shows theperformance
of thebasicBayesiangameapproximationof thefull POSG
for a 10-stephorizonandcomparesit to usingpruningor
clusteringto keepthe numberof historieslow. 2

In the caseof low probability pruning,the performance
resultsin TableI for thresholdsof 0.000001and0.000005
show that even for casesin which the actualobservations
of the robotsalways matchexactly to one of the retained
histories,removing too many joint historiesfrom consid-
eration negatively impactsperformance.If low probabil-
ity clustering is applied instead,we can maintain many
fewer historieswithout compromisingperformance.If the
probability thresholdis settoo high, however, performance
startsto degrade.The distribution over joint historiesis no
longer being approximatedwell becausehistoriesthat are
too differentarebeingaliasedtogether. Minimum distance
clustering,however, is ableto avoid this problemat higher
levels of clusteringandlets the systemclustermorehisto-
riestogetherwhile still representingthejoint historyspace.
An additional advantageof minimum distanceclustering
is that its parameteris maximumallowableexpectedloss,
which is easierto interpret than the probability threshold
usedin low probability clustering.

A drawback of the minimum clusteringapproachover
low probability clustering is that it is a more expensive
algorithmbecauseit iteratesover the setof possibleclus-
ters until the terminationcriteria is met. In contrast,low
probability clusteringperformsonly a singlepassthrough
thesetof possibleclusters.However, theminimumdistance
clusteringapproachis able to maintaina fewer numberof
overall historieswith no loss in performance.

IV. ROBOT TAG

In this sectionwe presenta morerealisticversionof the
Robotic Tag 2 problem discussedin [8]. In this problem
two robotsaretrying to coordinateon �nding andtagging
an opponentthat is moving with Brownian motion within

2Unlike the resultsin [8], a simpler utility function was usedas our
focus is the relationshipbetweenperformanceandretainedhistories.



TABLE I

RESULTS FOR 10-STEP Lady and TheTiger AVERAGED OVER 100000 TRIALS WITH 95% CONFIDENCE INTERVALS. TOTAL NUMBER OF JOINT

HISTORIES IS THE SUM OF ALL THE JOINT HISTORIES MAINTAINED OVER THE 10 STEPS. POLICY COMPUTATION TIME IS THE PERCENTAGE OF

TIME TAKEN RELATIVE TO THE FIRST CONDITION IN WHICH ALL HISTORIES ARE MAINTAINED (A RUNNING TIME OF 199018ms). THE PERCENT

TRUE HISTORY RETAINED IS THE PERCENTAGE OF STEPS IN WHICH THE TRUE ROBOT HISTORY IS PRESENT IN THE SET OF RETAINED HISTORIES.

PERFORMANCE IS NOT DEPENDENT ON THIS VALUE BUT RATHER ON HOW WELL THE ENTIRE SET OF POSSIBLE HISTORIES IS APPROXIMATED.

Condition Average Reward Total # Joint Histories Computation Time % True History Retained
All possiblejoint historiesmaintained 10.68� 0.10 231205 100% 100%

Low probability pruningwith cutoff of 0.000001 10.66� 0.10 74893 56.28% 100%
Low probability pruningwith cutoff of 0.000005 9.89 � 0.13 34600 51.98% 100%

Low probability pruningwith cutoff of 0.001 5.32 � 0.26 1093 1.54% 93.8%
Low probability clusteringwith threshold0.01 10.69� 0.09 7715 4.81% 91.3%
Low probability clusteringwith threshold0.05 10.68� 0.10 563 0.25% 71.2%
Low probability clusteringwith threshold0.1 6.38 � 0.21 201 < 0.10% 63.3%

Minimum distanceclusteringwith max. loss0.01 10.58� 0.10 335 < 0.10% 56.4%
Minimum distanceclusteringwith max. loss0.1 10.72� 0.09 177 < 0.10% 56.1%
Minimum distanceclusteringwith max. loss0.5 10.69� 0.10 109 < 0.10% 55.1%

a portion of StanfordUniversity's GatesHall. It requires
only one robot to tag the opponent,but the robots must
coordinateto searchthe environment ef�ciently . We �rst
solve the problem in a grid-world version of GatesHall
by converting the environmentinto a seriesof cells which
are roughly 1:0m � 3:5m. Then we executethe resulting
policy on real robots by using lower-level behaviors to
move betweencells while avoiding obstacles.

In the original RoboticTag 2 problem,the stateof the
robots and their observations are highly abstracted.Each
robot's state consistsof its current cell and it can only
observe the opponentif they are in the samecell. Actions
and observationsare noise free and eachrobot knows its
teammate's positionexactly. This problemhasa branching
factor of at most 3: that is, the numberof possiblejoint
typesat time t + 1 is at most3 times that at time t.

In this paper, we introduce the more-realisticRobot
Tag A and RobotTag B problems.In thesetwo variants,
we model the fact that the robots can seesomedistance
forward but not at all backward; this changeresultsin a
larger state spaceand a much larger observation space.
The robot's statenow includesboth its cell locationanda
discreteheading.The headingcan facein either direction
alongacorridoror in all cardinaldirectionsat intersections;
this additional state variable increasesthe size of the
problemfrom the 18252statesof RoboticTag 2 to 93600
states.Eachrobotcansenseits currentcell locationandthe
cell immediatelyin front of it. This correspondsto robots
thathave a sensingrangeof about5m. Motion actionscan
now fail to executewith a known probability.

In the �rst variation of this problem, Robot Tag A,
observationsare noisy. The robotsstill know the stateof
their teammate,but they may not sensethe opponenteven
if it is within their visible range.Positive detectionsof the
opponent,however, arealwayscorrect.In RobotTag A, the
branchingfactor for joint historiescan be up to 7, more
than twice what it was in RoboticTag 2.

Robot Tag B looks at the effects of not knowing the
location of one's teammate.The robots' sensorsare not
noisy, but the robots do not know the location of their
teammateunlessthey senseit. This resultsin a branching
factorof up to 20, makingRobotTag B substantiallylarge.

A. Grid-World Results

A fully observablepolicy wascalculatedfor a robotteam
that could always observe the opponentand each other
usingdynamicprogrammingfor anin�nite horizonversion
of theproblemwith a discountfactorof 0.95.TheQ-values
generatedfor this policy were usedas a QM D P heuristic
for calculatingutility in theBayesiangameapproximation.

For both variants,performancestatisticswerefound for
two commonheuristicsfor partially observable problems
aswell as for our Bayesiangameapproximation.In these
two heuristicseach robot maintainsan individual belief
statebasedonly upon its own observations(as thereis no
communication)and usesthat belief stateto make action
selections.In the Most Likely State(MLS) heuristic, the
robotselectsthemostlikely opponentstateandthenapplies
its half of the best joint action for that stateas given by
the fully observable policy. In the QM D P heuristic, the
robot implementsits half of thejoint actionthatmaximizes
its expectedreward given its current belief state. In the
case where the teammateis not visible, each heuristic
assumesthat its teammatedid execute the other half of
the selectedjoint action and updatesits believed position
of its teammateusing this action.Positive observationsof
theteammatearealsousedto updatethis believedposition.

1) RobotTag A: For this variation of the problemwe
applied all three approachesto maintaininga reasonable
number of individual histories as describedin Section
III. Table II shows a comparisonof these approaches
with respectto performance,the total numberof histories
maintained for each robot and the average number of
true observation histories that were not maintained in
the set of tracked histories.Theseresultswere gathered
using random starting positions for both robots and the
opponent.Our Bayesiangameapproximationallowed the
robotsto �nd the opponentabout2 to 3 time stepsfaster
on average.Minimum distanceclusteringresultedin the
mostcomputationallyef�cient robot controllers.

2) RobotTag B: This variation of the problemis well
tuned to the use of minimum distanceclustering. The
largenumberof possiblejoint historiesresultedin memory
problemswhenavery low thresholdwasusedfor low prob-
ability pruning or clustering,while raising the threshold
causedpoor performancedueto over aliasingof histories.



TABLE II

RobotTag RESULTS WITH 95% CONFINDENCE INTERVALS. RESULTS ARE AVERAGED OVER 10000 TRIALS EXCEPT FOR MINIMUM DISTANCE

CLUSTERING IN RobotTag B WHICH IS OVER 100 TRIALS. AVERAGE ITERATIONS IS THE NUMBER OF STEPS IT TAKES TO CAPTURE THE

OPPONENT. TOTAL NUMBER OF HISTORIES PER ROBOT IS THE AVERAGE NUMBER OF HISTORIES MAINTAINED PER ROBOT, AND NUMBER OF TRUE

HISTORIES NOT RETAINED IS THE AVERAGE NUMBER OF TIMES A ROBOT' S TRUE HISTORY WAS NOT IN THE MAINTAINED SET.

Algorithm Average Reward Average Iterations Total # Histories Per Robot # True Histories Not Retained
Robot Tag A: Know TeammatePosition, Noisy Observations, Random Starting Positions

MLS Heuristic -7.99 � 0.21 15.91� 0.25 n.a. n.a
QM D P Heuristic -7.02 � 0.21 15.44� 0.29 n.a. n.a

Low Prob. Pruningwith cutoff 0.00025 -6.02 � 0.18 13.10� 0.21 166.73� 4.17 0.31 � 0.05
Low Prob. Clusteringwith threshold0.0025 -6.06 � 0.19 13.24� 0.22 118.68� 2.71 0.32 � 0.03

Min.Dist.Clusteringwith max. loss0.05 -5.99 � 0.18 13.10� 0.21 50.45� 0.87 1.54 � 0.08
Robot Tag B: Do Not Know TeammatePosition, Noise-free Observations, Fixed Starting Positions A

MLS Heuristic -22.12� 0.18 30.63� 0.17 n.a. n.a
QM D P Heuristic -9.91 � 0.15 16.38� 0.25 n.a. n.a

Min.Dist.Clusteringwith max. loss0.01 -7.95 � 1.45 13.41� 1.94 434.22� 204.62 6.88 � 3.53
Robot Tag B: Do Not Know TeammatePosition, Noise-free Observations, Fixed Starting Positions B

MLS Heuristic -12.57� 0.20 15.89� 0.17 n.a. n.a
QM D P Heuristic -14.71� 0.14 21.58� 0.18 n.a. n.a

Min.Dist.Clusteringwith max. loss0.01 -10.07� 0.90 14.7 � 0.97 318.75� 26.34 12.75� 3.54

Minimum distanceclustering,however, was successful
in solving the problem as can be seen in Table II. It
generatedpoliciesthatwereableto beimplementedin real-
time.Theseresultsweregeneratedusingtwo different�x ed
startinglocations,A andB, for therobotsandtheopponent.
In the �rst scenario(A) the two robotsstartat the baseof
the middle corridor (seeFig. 4), while the opponentstarts
in the far right sideof the loop. In thesecondscenario(B)
thetwo robotsstartat thefar left of thetop corridorandthe
opponentstartsat the far left of the bottom corridor. The
�rst startingconditionprovedproblematicfor MLS andthe
secondfor QM D P yet our Bayesiangameapproximation
was able to perform well in both conditions.The average
numberof total individual historiesretainedfor eachrobot
is muchgreaterthanthat for RobotTag A, yet the number
of times the robot's true history is not in the retainedset
of histories is larger which is a re�ection of the greater
branchingfactorof this problem.

B. RobotResults
The grid-world versionsof RobotTag A andRobotTag

B were mappedto the real GatesHall and Pioneer-class
robots(Fig. 2) using the CARMEN software packagefor
low-level control [21]. In thesemappings,observationsand
actionsremaindiscreteandthereis anadditionallayer that
convertsbetweenthecontinuousworld andthegrid-world.
Localizedpositionsof therobotsareusedto calculatetheir
speci�c grid-cell positionsand headings.Robotsnavigate
by converting the actionsselectedby the Bayesiangame
approximationinto goal locations.CARMEN allows us to
use the sameinterface run our algorithm in both a high
�delity simulatoraswell ason the real robots.

Simulation and real robot runs were conductedboth
with and without an opponent.If no opponentis present
then the robots continueto searchthe environment until
stoppedby a humanoperator. This gives the observer a
better idea of how well the robots coordinateon their
coverageof the environment. We implementedthe MLS
andQM D P heuristicsandtheminimumdistanceclustering
version of our Bayesian game approximation for both
variations of Robot Tag. This version of our controller
waschosenbecauseit is themostcomputationallyef�cient

Fig. 2. Oneof the robotsusedfor experiments.

andthereforemostappropriatefor real-timerobot control.
Similar pathswere generatedin the simulatorand by the
physical robotsfor the sameinitial conditions.

For the RobotTag A trials the two robotswere started
in a similar location. With this startingcon�guration, the
MLS heuristic resultedin the two robots following each
other around the environment and therefore not taking
advantageof the distributed natureof the problem. This
is becausewith MLS, if the two robots have similar
observations, then they will believe the opponentto be
in the samelocation and so will both move there.In the
QM D P heuristic,however, similar sensorreadingscanstill
lead to different actions being selectedbecauseQM D P

selectsactionsthat maximize reward with respectto the
currentbelief of wherethe opponentis, not just the most
likely state.If the belief of the opponent's position is bi-
modal,a joint actionwill be selectedthat sendsonerobot
to eachof the possiblelocations.However, if robotshave
differentbeliefsabouttheopponentlocation,they canstart
to duplicatetheir efforts by selectingactionsthat are no
longer complementary. The robots' beliefs start to drift
apartandcoordinationfails asthe robotsmove away from
eachother in the environment.Any observed cooperation
is thereforean artifact of having similar sensorreadings.

As the Bayesiangame approximationusesthe QM D P

heuristicfor theutility of futureactions,it is not surprising
that the policiesgeneratedby it appearsimilar to thoseof
QM D P at the beginning of a trial (e.g.both exhibit guard-
ing behaviours where one robot waits at an intersection
while the other travels arounda loop or down a hallway).
Unlike QM D P , however, the robotsarecoordinatingtheir
action selectionand so are able to continueto do a good



Fig. 3. RobotTag A: An exampleof the pathtaken by the robotsusing
our controller. Whencontrolledwith the MLS heuristicthe robotsfollow
eachother aroundand when controlled with the QM D P heuristic the
robotsstartout with similar pathsbut do not travel down the bottomleft
corridor. Yellow circles representthe robots' currentgoal locations.

job of coveringtheenvironmentevenastheir positionsand
sensorreadingsmove away from eachother (Fig. 3).

In RobotTag B, the robotsno longerknow the position
of their teammatewhich has subtle effects on how they
coordinate.In MLS the robots continue to follow each
otherbecausethey receive similar sensorreadings.Robots
runningQM D P startto follow asimilarpathto theonethey
would follow in RobotTag A, but asthey losetrackof their
teammate's position they stop covering the environment
as well and can get trappedin guarding locations for a
teammatethat is also guardinga different location. The
Bayesiangame approximation,however, still covers the
environment in a similar fashion as to when teammate
positionsare known (Fig. 4). This is becausethroughthe
retainedhistoriesthey are able to maintain a probability
distribution over the true locationof their teammate.

V. DISCUSSION AND FUTURE WORK

Clusteringis an effective way to reducethe numberof
maintainedhistoryis a principledway. This resultsin faster
computationmaking our algorithm more appropriateas a
controller for real-world problems.While low probability
clustering is computationally faster, minimum distance
clustering is able to �nd a more natural set of histories
that bestrepresentthe overall history spaceof eachrobot.

Anothereffective way to reducethe numberof histories
is to permit communicationbetweenrobotson the team.If
donein a sensiblemanner, robotswould only needto com-
municateinfrequentlyandthereforenot exceedbandwidth
limitations. We are currently investigating communication
within the framework of our algorithm.
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