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Getting Real

This is nice from the perspective of abstract computation, but it leavesout one
major developmentof the last half century: actual physicalcomputers.
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Turing versusPhysics

Our register and Turing machinesignore physics,though everyone would agree
that it is easyto implement a Turing machineor register machineas a real,
physicalmachine.

A closelook at the construction of the universalregister machinerevealsthat
we can also simulate the latest Intel quadcore chip on a register machine: the
argument is essentiallythe sameas for the simulation of arbitrary register
machines.

So there is a closeconnection,but there are a few sticky points.
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PhysicalConstraints

In the physicalworld we have to worry about physicaland eventechnical
constraints rather than just logical ones.

So what does it mean that a computation is practically feasible?It

must not take too long,

must not usetoo much memory, and

must not consumetoo much energy.

So we are concernedwith time, spaceand energy.
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Time, Spaceand Energy

We will focus on time and space.

Energy is increasinglyimportant: data centersaccount for 1.5% of total energy
consumptionin the US, will double by 2011 (and require an additional 10
power plants).

Alas, reducingenergyconsumptionis at this point mostly a technology
problem, a questionof having chips generatelessheat.

Amazingly, though, there is also a logical component: to compute a an energy
e�cient way one has to compute reversibly: reversiblecomputation doesnot
dissipateenergy, at least not in principle, more later.
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FormalizingTime Complexity

Physical running time is a bit hard to pin down, sinceit dependson too many
elusivefactors such as processor speed,bus speed, memory speed,optimization
level and so forth.

So we will deal with logical time complexity instead,which comesfor free from
our models of computation: we measurethe length of a computation: just
count the stepsfrom the input con�guration to the output con�guration:

Cx M
t Cy

Experienceshows that, for reasonablemodels, there is a very good correlation
betweenthe logical number of stepsand the physicalrunning time.



Time 10

ReferenceModel: Turing Machines

Turing machinesare particularly attractive when it comesto measuring
resourcesneededin a computation sincethe de�nitions are so very simple.

Givena Turing machineM one writes

TM (x)

for the number of stepsM takes to halt on input x 2 � ? .

Note that in generalTM (x) may be in�nite: the computation may diverge. For
feasiblecomputations this is not an issue.
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Worst CaseComplexity

Counting stepsfor individual inputs is often too cumbersome,one usually
lumps together all inputs of the samesize:

TM (n) = max
�

TM (x) j x has sizen
�

Note that this is worst casecomplexity, averagecasecomplexity is more
interesting in many ways but typically much harder to determine.

To measurethe sizeof an input we count the number of tape cells neededto
write it down (equivalently, the number of bits).
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LanguageRecognition

As alreadymentioned,we focus on decisionproblemssincecomparisonsare a
bit easierthere than for function and search problems.

SinceTuring machinesnaturally operate on strings (rather than integersin
register machines),one often describes decisionproblem in terms of languages.
The instancesare all strings over somealphabet �.

The Yes-instancesare a set of words, a languageL � � ? .

We may safelyassumethat � = f 0; 1g but it is often easierto describe special
caseswith larger alphabets.
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LanguageRecognition

A decisionproblem now takes the following form:

Problem: Recognition Problem (for L)
Instance: A �xed languageL � � ? and a word w 2 � ? .
Question: Is w in L?

Note the quali�er \�xed": there is a uniform versionof the problem whereL is
part of the input. SinceL usually is an in�nite set of strings this requiresa bit
of work: we haveto �nd a �nita ry way to representL, more on this later.
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AcceptanceLanguages

For simplicity, one de�nes a Turing machineM acceptor to be a modi�ed TM
that

halts on all inputs, and

always halts in one of two special states qY and qN , indicating \accept" or
\reject".

So everyacceptor de�nes a language,the collection of all acceptedinputs:

L (M ) = f x 2 � ? j M acceptsx g

So to solvea recognition problem we needto construct a machineM that
acceptspreciselythe Yes-instancesof the problem. Of course,exactly the
decidablelanguagesare recognizablein this sense.
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Input/Output/W orktape

M

10100
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Charge only for the work tape, not for input.
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Examples

Example

There is a Turing machineM with acceptancelanguage\all strings over f a; bg
with an evennumber of a's and and evennumber of b's" with running time
O(n).

Example

There is a one-tape Turing machineM with acceptancelanguage\all
palindromesover f a; bg" with running time O(n2).

Example

There is a two-tape Turing machineM with acceptancelanguage\all
palindromesover f a; bg" with running time O(n).
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MeasuringWork Space

To obtain the analogueof time complexity for spaceone has to be a bit careful
about the underlying Turing machinemodel. The most useful arrangement is
this:

The machinehas a read-only input tape.

The machinehas a write-only output tape (not neededfor acceptors).

In addition, the machinehas a work tape { it is only the spaceusedon the
work tape that is accountedfor when we measurespacecomplexity.

To measurememory consumptionwe count the number of tape cells usedon
the work tape only { in particular we do not charge for the input.

Nor do we charge for the output: somecomputations produce huge output but
require little spacefor computation (e.g., we could write 1; 2; 3; : : : ; n on the
output tape).
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SpaceComplexity

More precisely, let (Ci ) i < N the computation of TM M on input x. Write jCj for
the number of tape cells usedon the work tape in con�guration C. Then the
spacecomplexity of M on x is de�ned as

SM (x) = max
�

jCi j j 0 � i < N
�

Again, in the generalcasethe computation may be in�nite (N = ! ) but the
interesting caseis when the computation is halting.

In this setting it makesperfect senseto study logarithmic spacecomplexity: we
can run a counter to n using only O(log n) bits storage. By contrast, a
logarithmic time bound would imply that we cannot evenread all the input.
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Worst CaseSpaceComplexity

As before with time let

SM (n) = max
�

SM (x) j x has sizen
�

Again, this is worst case,averagecasespacecomplexity can be de�ned
similarly. As it turns out, averagetime complexity is very interesting, but
averagespacecomplexity is lessso (considerquick sort).

This is really a topic for an algorithms course(15-451).
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How SmallCan It Get?

We may safelyassumethat a Turing machinereadsall its input before halting
(though there are sometrivial problemsthat don't require this). So we may
safelyassume

n � TM (n)

But for spacethis is not true, it makesperfect senseto talk about sub-linear
spacecomplexities. As a matter of fact, evenspacecomplexity 0 makessense
(or, if you like, constant space),much more about this soon.

Example

One can compute the maximum degreeof a graph in logarithmic space.The
input here is given as an adjacencymatrix (
attened into row-major order).
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Time Complexity Classes

We can usetime-boundsto organizedecisionproblemsinto groups.

De�nition

Let f : N ! N be a function.

TIME (f ) = f L (M ) j M a TM ; TM (n) = O(f (n)) g

A (deterministic) time complexity classis a class

TIME (F ) =
[

f 2F

TIME (f ):

for somecollection of functions F .

We will mostly ignore technical di�culties, and always assumethe F is
reasonable(it actually takessomee�o rt to construct unreasonableclassesof
running time functions).
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SomeImportant Classes

Here are sometypical examplesfor deterministic time complexity classes.

P = TIME (polynomials), the classof problemssolvablein polynomial
time.

EXPk =
S

TIME (2c nk �
� c > 0), kth order exponential time.

EXP =
S

EXPk , full exponential time.

Warning: Somemisguidedauthors de�ne EXP as TIME (2c n
�
� c > 0).

We could considermuch faster growing functions but they are usuallynot as
important.

Polynomial time is particularly important in the study of \p ractically solvable"
problems.
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Our World
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Why Big-Oh?

Note that we require
TM (n) = O(f (n))

rather than TM (n) � f (n) as one might expect.

This is the sametrick usedin asymptotic analysisof algorithms to avoid
cumbersomespecial casesfor small n.

Also, it turns out that in the Turing machinemodel multiplicative constantsare
meaningless:if TM (n) � f (n) then we can build an equivalentmachineM 0

such that TM 0 (n) � c � f (n) for any constant c > 0.

This is an exampleof a simple speed-uptheorem. Alas, the theorem has no
bearing on physicalcomputation.
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SpaceComplexity Classes

De�nition

Let f : N ! N be a function.

SPACE(f ) = f L (M ) j M a TM ; SM (n) = O(f (n)) g

A (deterministic) spacecomplexity classis a class

SPACE(F ) =
[

f 2F

SPACE(f ):

for somecollection of functions F .

Again, occasionallysomemild technical requirementsare neededfor the
functions in question; we'll ignore the details.
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SomeImportant Classes

Here are sometypical examplesfor deterministic spacecomplexity classes.

SPACE(1), constant space.

SPACE(log n), logarithmic space.

SPACE(n), linear space.

PSPACE = SPACE(polynomials), polynomial space.

Note that unlike with polynomial time, polynomial spaceis alreadypushingthe
envelope of feasiblecomputation quite a bit: a cubic memory requirementis
much worse than just cubic running time.

Linear spaceis a more reasonablespacerequest for feasiblecomputation.
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Falling o� a Cli�

It is clear that sub-linear time complexity is not interesting: at least we should
be able to read all the input.

But where is the threshold for a reasonablespacebound?

As well seeshortly, SPACE(1) is the classof regular languages:a �xed
constant amount of memory can be folded into the �nite state control.

Surprisingly, small non-constantamounts of memory still do not conveymore
computational power than constant space.

Theorem

Let f = o(log logn). Then SPACE(f ) is the sameas constant space.

Note that little-oh, there are languagesrecognizablein spacelog logn that are
not recognizablein constant space.
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Spacevs. Time

It is clear from the de�nitions that

TIME (f ) � SPACE(f ):

For the opposite direction we can count the number of instantaneous
descriptionsof a Turing machineof given spacecomplexity to obtain a bound
on the length of any acceptingcomputation of sucha machine.

Theorem

Let f (n) � logn. Then

SPACE(f ) � TIME (2O(f (n)) ):
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Separation Results

It is intuitively clear that TIME (f ) will be larger than TIME (g) provided that
f is su�ciently much \la rger" than g. But as the exampleof log-log space
boundsshows, one has to be a bit careful.

We ignore somemild technical constraints on the functions (constructibility) in
the following separation theorems.

Theorem (Time Hierarchy)

Let g(n) logg(n) = o(f (n)) wheren � f (n).

Then TIME (g(n)) ( TIME (f (n)) .

For example,linear time is strictly weaker than quadratic time.
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Separation in Space

The analogousresult for spaceis a bit easierto state.

Theorem (SpaceHierarchy)

Let g(n) = o(f (n)) .

Then SPACE(g(n)) ( SPACE(f (n)) .

Alas, theseresultsare proved by diagonalizationand do not produce natural
examplesof hard problems.
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FeasibleDecisionProblems

The questionariseswhether any of the spaceor time complexity classesabove
are a good match for our intuitive notion of \feasible computation".

Note that whateveranswer we give, we are in a similar situation as with the
Church-Turing thesis: sincewe deal with intuitive notions there cannot be a
formal proof { though one can collect overwhelmingevidence.

Claim

Deterministic polynomial time,

P = TIME (nO(1) ) =
[

k� 0

TIME (nk ):

corresponds to feasiblecomputation.

Exercise

Show that the classP is closedunder union, intersection and complement.
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FeasibleSearch Problems

While decisionproblemsare easiestto deal with, it's still worth while to extend
this classi�cation to function/search problems.

To deal with function/search problemswe needtransducersas in the de�nition
of spacecomplexity: there is a read-only input tape, the result appears on the
write-only output tape and the computation usesa work tape for scratch-space.

De�nition

A function is polynomial time computable if it can be computed by a
polynomial time Turing machinewith additional input/output tape.

For example,it is easy(and unimpressive)to construct a transducerthat
computesthe reverseof an input string in linear time.
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Closure

One important property of polynomial time computable functions is that one
can composethem without falling out of the class:

Lemma

Polynomial time functions are closedunder composition.

This meansthat if we can translate the instancesand solutionsof a function
problem A in polynomial time into instancesand solutionsof someanother
function problem B, and B has a polynomial time solution, then A also has a
polynomial time solution.



Tractabilit y 37

Proof

Proof. The short versionis: polynomialsare closedunder substitution.

More precisely, supposey = f (x) is computable in time at most p(n) where
n = jxj.

Then jyj � p(n) and z = g(y) is computable in time at most q(p(n)) for some
polynomial q.

Hencewe havea polynomial time bound for z = g(f (x)). 2

Note that this result is not trivial, it dependscrucially on our choiceof
polynomialsas the resourcebounds. Closurefails for, say, exponential time
EXP1 = 2O(n) ).

But similar claims do hold for for linear time (easy), and for logarithmic space
(hard).
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Two Standard Objections

The notation TM (n) = O(nk ) hidestwo constants:

9 n0; c 8 n � n0 (TM (n) � c � nk )

What if one of the constants is huge?

For example,the cut-o� value n0 might be so large that the result doesnot
hold for any input of interesting size.

Or the multiplicative fudge-factor c might be so large that the bound is
worthless.

This doesnot happen: for practical problemsit is a matter of experiencethat
the constantsare easyto determineand are always very reasonable.
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Truth in Advertising

The last claim is somewhatof a white lie. There are algorithms in graph
theory, basedon the Robertson-Seymourtheorem for graph minors wherethe
multiplicative constantsare unknown.

Graph H is a minor of graph G if H is (isomorphic to) a graph obtained from
G by

edgedeletions,

edgecontractions, and

deletion of isolated vertices.

H G
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Minor ClosedClasses

Many important classesof �nite graphsare closedunder minors: if H is a
minor of G and G is in the classthen so is H.

For example,planar graphsare closedunder minors.

Theorem (Kuratowski-Wagner)

A graph is planar if, and only if, it has no minor K5 or K3;3.



Tractabilit y 41

Wagner'sConjecture

In 1937, K. Wagnerconjecturedthat a similar theorem holds for everyclassC
of �nite graphsclosedunder minors:

Conjecture

There are �nitely many obstruction graphsH1; H2; : : : ; Hr such that G is in C
i� G doesnot haveHi as a minor for all i = 1; : : : ; r .

Note that this yieldsa decisionalgorithm: we just check if somegiven graph G
has one of the forbidden minors.
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The Robertson-SeymourTheorem

In fact, given a �xed H one can test whether it is a minor of G in O(n3) steps
(supposedlythere now is a O(n logn) algorithm). But then we can check
G 2 C in cubic time: just try all the obstruction graphsHi .

Alas, there is a glitch: the obstruction list is obtained non-constructivelyfrom
the following theorem.

Theorem (Robertson-Seymour)

Let Gi , i � 0, be an in�nite sequenceof �nite graphs. Then there exists i < j
such that Gi is a minor of Gj .

The Robertson-Seymourtheorem implies Wagner'sconjecture. Unfortunately,
we do not get a bound on r , the number of obstructions.
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ObjectionTwo

What if TM (n) = O(n1000)?

This is polynomial time, but practically useless.By the separation result, we
know that arti�cial problemsexist that can be solvedin time O(n1000) but
essentiallynot in lesstime.

Weird Empirical Fact:

If a natural problem is in P at all, then it can actually be solvedin time O(n10)
{ for somesmall value of 10. There simply are no natural problemswhere the
best known algorithm has running time O(n1000).

Alas, no one has any idea why this low-degreeprinciple appears to be true.
Note the quali�er \natural". Everyone understandsintuitively what this means,
but it seemsvery di�cult to give a formal de�nition.
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Tractablevs. Decidable

Supposesomeoneshows that the infamousBandersnatchProblem is decidable
or in time iterated exponential.

What does that mean for tractabilit y?

A priori, not much. But with a bit of luck at least somespecial casesof the
problem might have reasonablye�cient solutions.

Example

Theory of the reals.

On the other hand, if Bandersnatchturns out to be undecidable,then chances
are that evenspecial caseswill be exceedinglydi�cult to handle.

Example

Diophantine equations.
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Aside: NondeterministicComplexity

A clear understandingof the di�erence betweendecidability and tractabilit y �rst
arose in the 1960's as a result of the increasinguseof computers. Sincethen
many algorithms havebeendeveloped that solveproblemsin polynomial time.

In somecases,�nding the right algorithm may involve decadesof research. The
latest exampleis the polynomial time primality testing algorithm by Agrawal,
Kayal and Saxena.

As it turns out, there is a rather large classof problemsthat are very nearly
tractable but have resistedall e�o rts to �nd polynomial time algorithms. There
are trivial exponential time algorithms, but the step down to polynomial time
seemsexceedinglydi�cult { though no one has beenable to establish
appropriate lower bounds.

Theseproblemsform the famousclassNP , more later.
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RealComputationvs. Turing Machines

Needlessto say, are real computer can perform certain computations much
faster than a Turing machine. There are more realistic modelsof computations,
in particular random accessmachines(RAMs), but they are somewhatmore
di�cult to deal with.

Also, the di�erence is much smaller than one might think.

Claim

The speed-upon a random accessmachineversusa Turing machineis only a
low-degreepolynomial.

This may seemridiculous, but we will seepractical problemswhere it doesnot
matter much.
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The SizeIssue

Another problem is that on real computerscertain objects suchas, say, 64-bit
numbers are essentiallyatomic entities, and they can be manipulated in
constant time. For example,we can multiply two machine-sizedintegers in
\one" step.

To re
ect this basic fact, one usestwo measuresof sizeand complexity:

Logarithmic sizecomplexity: count everybit (symbol on the tape), and
everysinglebit manipulation.

Uniform sizecomplexity: count integersas sizeone, and arithmetic as one
step.

Logarithmic complexity resultsnaturally from Turing machines,for uniform
complexity one needsmodelscloserto real physicalcomputers.
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Typical Example

Supposewe want to compute a product of integers

a = a1a2 : : : an

Under the uniform measure,a list of integersof length n has sizen.
Multiplication of two numbers takesconstant time, so we can compute a
in linear time.

Under the logarithmic measure,the samelist has sizeessentiallythe sum
of the logarithms of the integers. Supposeeachai has k bits. Performing
a brute-force left-to right multiplication requiresO(n2k2) stepsand
producesan ouput of sizeO(nk).

The logarithmic measureis indispensablewhen dealingwith arbitrary precision
arithmetic: we cannot pretend that a k-bit number has size1. This is
important for examplein cryptographic schemessuchas RSA.
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Summary

The notion of resource-boundedcomputation is an attempt to capture the
intuitive notion of \e�ciently computable".

Most important are time-complexity and space-complexity.

Time and spacecomplexity classesform a natural hierarchy. Alas,
separation resultsare basedon diagonalizationand do not produce natural
examples.

Polynomial time solvableproblemsseemto be a good formalization of
tractable problems,despitethe hidden constants (multiplicative and
exponent).
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