11-711Algorithms for NLP

Intr oduction to Analysis of Algorithms

Reading:

Cormen LeisersonandRivest,
Introduction to Algorithms
Chapterd, 2,3.1.,3.2.



Analysis of Algorithms

e Analyzing analgorithm: predictingthe computationatesourceshat
thealgorithmrequires

— Mostofteninterestedn runtime of thealgorithm

— Also memory communicatiorbandwidth etc.

e ComputationamodelassumedRAM
— Instructionsareexecutedsequentially
— Eachinstructiontakesconstantime (differentconstants)
e Thebehaior of analgorithmmaybedifferentfor differentinputs.

We wantto summarizéhe behaior in general gasy-to-understand
formulas,suchasworst-caseaverage-caseetc.
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Analysis of Algorithms

e Generallywe areinterestedn computatiortime asafunctionof
Input size.
— Differentmeasuresf input sizedependingon the problem

— Examples:
Problem Input Size
Sorting List of numbergo sort  # of numberdo sort
Multiplication ~ Numbersto multiply # of bits
Graph Setof nodesandedges # of nodest # of edges

e “Running time” of analgorithm: numberof primitive “steps”
executed

— Think of each”step” asa constanhumberof instructions gachof
which takesconstantime.

e Example:Insertion-Sor{CLR, p. 8)
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Insertion Sort (A)

1. for j « 2to length[A]
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do key + Alj]
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while i > 0 andA[i] > key
do A[i+1] < A[i]

| < 1-1

Ali+1] « key

cost times

C1 n

Co n-1

Cy n-1

€5 Muwnwﬁﬁv

Ceé Mwnw@b —1)
c7 Mwnw@b. —1)
s n-1

11-711Algorithmsfor NLP



Insertion-Sort

t;: # of timesthewhile loopin line 5 is executedfor the value;

n n

T(n) =cntc2(n—1)+ca(n—1)+cs M tj+ce MASIC._.S MASIHYT@ASIC

j=2 j=2 j=2

e Inthebestcasewhenthearrayis alreadysorted therunningtimeis
alinearfunctionof n.
T(n) =an+b

e In theworstcasewhenthearrayis oppositeof sortedorder the
runningtime is a quadratidunction of n.

T(n) =an” +bn +c
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Analysis of Algorithms

e We aremostlyinterestedn worst-case performancdecause
1. It isanupperboundontherunningtime for ary input.
2. For somealgorithmsit occursfairly often.
3. Theaveragecaseis oftenroughlyasbadastheworstcase.
e \Weareinterestedn therateof growth of theruntimeastheinputsize
IncreasesThus,we only considertheleading term.

— Example:Insertion-SorhasworstcaseO (n?)
e We will normallylook for algorithmswith thelowestorderof growth

e But notalways:
— for instancealessefficient algorithmmaybe preferabldaf it'san
anytime algorithm.
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Analyzing AverageCaseof ExpectedRuntime

e Non-experimentalmethod:
1. Assumaeall inputsof lengthn areequallylikely
2. Analyzeruntimefor eachparticularinputandcalculatethe
averageover all theinputs
e EXxperimental method:
1. Selectasampleof testcaseglargeenough!)

2. Analyzeruntimefor eachtestcaseandcalculatethe averageand
standardleviation over all testcases
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Recursie Algorithms (Divide and Conguer)

e Generalstructureof recursve algorithms:
1. Divide the probleminto smallersubproblems.
2. Solve (Conquer) eachsubproblenrecursvely.
3. Merge the solutionsof the subproblemsnto a solutionfor thefull
problem.

e Analyzingarecursve algorithmusuallyinvolvessolvinga
recurrenceequation.

e Example:Merge-Sort(CLR, p. 13)
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Recursie Algorithms

e D(n) = timeto divide aproblemof sizen
e ('(n) = timeto combinesolutionsof sizen

e Assumewe divide a probleminto a mcc_oa_u_mBmmmo:W thesizeof
theoriginal problem.

e Theresultingrecurrencesquations:

O( 1fn<c

T(n) = b .
al' (%) +D(n)+C(n) otherwise
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Merge (A, p, q,r): Initialization

N1 <—qg—p+1

LMo < T —(q

. CcreatearraysL(1l..ny + 1] andR[1..n2 + 1]
for¢ < iton,

do L[i] < Alp+ 17— 1]

for j « i to ng

do R[j] + Alg + j]

.Lni 4+ 1] + o0

© © N O U A W N P

. R[n2 + 1] + o0
10.7 + 1
11.5 < 1

times
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Merge (A, p, q,r)(cont.): Actual Merge

12.fork < ptor

13.
14.
15.
16.
17.

doif L[i] < R[]
then A[k] < L]
14— 1+1
elseAlk] < R|j]
j<g+1

times

n

n

n/b

n/b

n/(n —b)
n/(n —b)
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Merge Sort (A,p,r)

l.ifp<r

2
3
4.
S)

thenq < |(p+r)/2]

Merge-Sortf,p,0)
Merge-SortA,g+1,r)

Merge(A,p,q,r)

times
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A note on Implementation

e Notethatin thepseudocodef the Merge operationthefor-loopis
always executedn times,no matterhow mary itemsarein eachof

thesubarrays.
e Thiscanbeavoidedin practicalimplementation.

e Take-homemessagedon' justblindly follow analgorithm.

12 11-711Algorithmsfor NLP



Merge-Sort

e D(n)=0(1)
e C'(n)=0(n)

e Accordingto the Merge-Sortalgorithm,we divide the probleminto 2
subproblem®f size 5.

e Theresultingrecurrenceequations:

A ifn=1

Tny = O
2T(%) +O(n) ifn>1

e By solvingtherecurrenceequationrwe get’’(n) = O(nlog, n),
muchbetterthanO(n?) for Insertion-Sort.

e Thereareseveralwaysof solvingthisrecurrenceequation.The
simplestoneusesarecurrencdree,whereeachnodein thetree
Indicateswhatthe costof solvingit is. Theninspectinghetreecan
give usthesolution.
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e Inthiscasewe getlogsn, becausave divide the problemin half in
eachrecursve step.
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Growth of Functions

e \We needto definea precisenotationandmeaningfor order of growth
of functions.

e We usuallydon' look at exactrunningtimesbecauséhey aretoo
comple to calculateandnot interestingenough.

e Insteadwe look atinputsof large enoughsizeto make only theorder
of growth relevant- asymptotic behavior.

e Generallyalgorithmsthatbehae betterasymptoticallywill bethe
bestchoice(exceptpossiblyfor very smallinputs).
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O-notation (“Theta” notation)

e Asymptotically tight bound
e |ldea: f(n) = ©(g(n)) if bothfunctionsgrow “equally” fast

e Formally:
©(g(n)) = {f(n) | thereexist positve constants:, ¢z, andnyg

suchthat0 < ci1g(n) < f(n) < cag(n) for

all n > 3@%

e O(1) meansaconstant functionor aconstant
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O-notation (“Big-O” notation)

e Asymptotic upper bound

e ldea: f(n) = O( (n))if (n) growsfasterthan f(n), possiblymuch
faster

e Formally:
O( (n)) = f(n) thereexistpositve constants andn

suchthat  f(n) (n)foralln n
e Note:f(n) = ( (n)= [f(n)=0((n)

e “Big-O” notationoftenallows usto describeruntimeby just
Inspectingthe generalstructureof the algorithm.
— Example:Thedoubleloopin Insertion-Sorteadsusto conclude
thatthe runtimeof thealgorithmis O(n ).
e Weuse“Big-O” analysidfor worst-case&omplity sincethat
guaranteeanupperboundon any case.
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-notation (“Big-Omega” notation)

Asymptotic lower bound

ldea: If grows slowerthan , possibly
much slower

Formally:
thereexist positve constants and

suchthat for all

Theorem:
For ary two functions and
Iff and
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-notation (“Little-o” notation)

Upper bound that is not asymptotically tight

ldea: If grows muchfasterthan

Formally:
for ary positve constant , thereexists
aconstant suchthat
for all

We will normallyuse“Big-O” notationsincewe won't wantto make
hardclaimsabouttightness.
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-notation (“Little-omega” notation)

Lower bound that is not asymptotically tight

ldea: If grows muchslower than

Note: If andonly if

Formally:
for ary positve constant , thereexists
aconstant suchthat
for all
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Comparison of Functions

The , , , ,and relationsaretransitve.
— Example:

The |, ,and relationsarereflexive.

— Example:

Notetheanalogyto the comparisorof two realnumbers.
e.g.
e.g.
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Comparison of Growth of Functions

Transitvity: all

Refleivity:
Symmetry:
Iff
Transpossymmetry:
Iff
Iff

Lack of Trichotomy:
Some areneither nor

22 11-711Algorithmsfor NLP



