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A
nalysis

ofA
lgorithm

s
�

A
nalyzing

an
algorithm

:predictingthe
com

putationalresourcesthat

the
algorithm

requires

–
M

ostoften
interestedin

runtim
e

ofthe
algorithm

–
A

lso
m

em
ory,com

m
unicationbandw

idth,etc.

�

C
om

putationalm
odelassum

ed:R
A

M

–
Instructionsare

executedsequentially

–
E

achinstructiontakesconstanttim
e

(differentconstants)

�

T
he

behavior
ofan

algorithm
m

ay
be

differentfor
differentinputs.

W
e

w
antto

sum
m

arizethe
behavior

in
general,easy-to-understand

form
ulas,suchasw

orst-case,average-case,etc.
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A
nalysis

ofA
lgorithm

s
�

G
enerally,w

e
are

interestedin
com

putationtim
e

asa
function

of
inputsize.

–
D

ifferentm
easuresofinputsize

dependingon
the

problem

–
E

xam
ples:

P
roblem

Input
S

ize

S
orting

Listofnum
bersto

sort
#

ofnum
bersto

sort

M
ultiplication

N
um

bersto
m

ultiply
#

ofbits

G
raph

S
etofnodesand

edges
#

ofnodes+
#

ofedges

�

“R
unning

tim
e”

ofan
algorithm

:num
berofprim

itive
“steps”

executed

–
T

hink
ofeach“step”asa

constantnum
berofinstructions,eachof

w
hich

takesconstanttim
e.

�

E
xam

ple:Insertion-S
ort(C

LR
,p.8)
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Insertion
S

ort(A
)

cost
tim

es

1.for
j�

2
to

length[A
]

��

n

2.
do

key�
A

[j]

��

n-1

3.4.
i�

j-
1

��

n-1

5.
w

hile
i�

0
and

A
[i]�

key

��
	�
��

� ���
� �

6.
do

A
[i+

1]�

A
[i]

��
	�
��

� ���
���
��

7.
i�

i-1
��
	�
��

� ���
���
��

8.
A

[i+
1]�

key
��

n-1
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Insertion-S
ort

�� :
#

oftim
esthe

w
hile

loop
in

line
5

is
executedfor

the
value�

���� "!
#$ �% #&����'
( % #)����'
( % #* +,.-& /, % #0 +,.-& � /, '
( % #1 +,.-& � /, '
( % #2����'
( 

3

In
the

bestcase,w
hen

the
arrayis

alreadysorted,the
running

tim
e

is
a

linearfunction
of4

.

���� "!
5�
% 6

3

In
the

w
orstcase,w

hen
the

arrayis
oppositeofsortedorder,the

running
tim

e
is

a
quadraticfunction

of4

.

���� "!
5� &% 6�
% #
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A
nalysis

ofA
lgorithm

s
7

W
e

are
m

ostly
interestedin

w
orst-case

perform
ancebecause

1.
It

is
an

upperboundon
the

running
tim

e
for

any
input.

2.
Forsom

ealgorithm
sit

occursfairly
often.

3.
T

he
averagecaseis

often
roughly

asbad
asthe

w
orstcase.

7

W
e

are
interestedin

the
rate

ofgrow
th

ofthe
runtim

e
asthe

inputsize

increases.Thus,w
e

only
considerthe

leading
term

.

–
E

xam
ple:Insertion-S

orthasw
orstcase89�:<;

=

7

W
e

w
ill

norm
ally

look
for

algorithm
sw

ith
the

low
estorderofgrow

th

7

B
utnotalw

ays:

>

for
instance,a

lessefficientalgorithm
m

ay
be

preferableif
it’s

an

anytim
e

algorithm
.
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A
nalyzing

A
verage

C
aseofE

xpected
R

untim
e

?
N

on-experim
entalm

ethod:

1.
A

ssum
eallinputsoflength@

are
equallylik

ely

2.
A

nalyze
runtim

e
for

eachparticularinputand
calculatethe

averageoverallthe
inputs

?

E
xperim

entalm
ethod:

1.
S

electa
sam

pleoftestcases(large
enough!)

2.
A

nalyze
runtim

e
for

eachtestcaseand
calculatethe

averageand

standarddeviation
overalltestcases
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R
ecursive

A
lgorithm

s
(D

ivide
and

C
onquer)

A
G

eneralstructureofrecursive
algorithm

s:

1.
D

ivide
the

problem
into

sm
allersubproblem

s.

2.
Solve

(C
onquer)

eachsubproblem
recursively.

3.
M

erge
the

solutionsofthe
subproblem

sinto
a

solution
for

the
full

problem
.

A

A
nalyzing

a
recursive

algorithm
usuallyinvolvessolving

a

recurrenceequation.

A

E
xam

ple:M
erge-S

ort(C
LR

,p.13)
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R
ecursive

A
lgorithm

s
BCD�EF<G

tim
e

to
divide

a
problem

ofsizeE

BHD�EF G
tim

e
to

com
binesolutionsofsizeE

B

A
ssum

ew
e

divide
a

problem
intoI

subproblem
s,each JK

the
size

of

the
originalproblem

.

B

T
he

resultingrecurrenceequationis:

LD�EF<G

MDONF

PQ E
RTS

I LDVUK FXW
CD�EFXW
HD�EF
YZ[
\]^
P_\
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M
erge`ba

cd
ce
cgf
h :

Initialization

tim
es

1.ij k
l<m
n o
p

1

2.iq k
r m
l

1

3.createarraysst puuij o
pv andwt puuiq o
pv

1

4.forxk
x toij

ij

5.
dost xv k

yt n o
x m
pv

ij

6.forz k
x toiq

i m
ij

7.
dowt zv k

yt l o
zv

i m
ij

8.st ij o
pv k
{

1

9.wt iq o
pv k
{

1

10.xk
p

1

11.z k
p

1
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M
erge|b}

~�
~�
~g�
� (cont.):A

ctualM
erge

tim
es

12.for��
�

to�
n

13.
do

if�
���� �
�� ��

n

14.
then�� �� � �

����
����

15.

��
�� �

����
16.

else�� �� �
�� ��
��� ���
��

17.

� �
� � �

��� ���
��10
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M
erge

S
ort(A

,p,r)

tim
es

1.if
p�

r

2.
then

q�
� (p+

r)/2�
3.

M
erge-S

ort(A
,p,q)

����� �¡

4.
M

erge-S
ort(A

,q+
1,r)

����� �¡

5.
M

erge(A
,p,q,r)
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A
note

on
Im

plem
entation

£
N

ote
thatin

the
pseudocodeofthe

M
erge

operation,the
for-loop

is

alw
ays

executed¤

tim
es,no

m
atterhow

m
any

item
sare

in
eachof

the
subarrays.

£

T
his

can
be

avoided
in

practicalim
plem

entation.

£

Take-hom
em

essage:don’tjustblindly
follo

w
an

algorithm
.
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M
erge-S

ort
¥¦§�¨©<ª
«§O¬©

¥­§�¨© ª
«§�¨©

¥

A
ccording

to
the

M
erge-S

ortalgorithm
,w

e
divide

the
problem

into
2

subproblem
sofsize ®¯ .

¥

T
he

resultingrecurrenceequationis:

°§�¨© ª

«§O¬©

±² ¨ ª
¬

³°§ ®¯ ©X´
«§�¨©
±² ¨
µ ¬

¥

B
y

solving
the

recurrenceequationw
e

get°§�¨© ª
«§�¨ ¶
·¸¯ ¨© ,

m
uch

betterthan«§�¨ ¯©

for
Insertion-S

ort.

¥

T
hereare

severalw
aysofsolving

this
recurrenceequation.T

he
sim

plestone
usesa

recurrencetree,w
hereeachnodein

the
tree

indicatesw
hatthe

costofsolving
it

is.T
hen

inspectingthe
tree

can
give

us
the

solution.
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¹
In

this
case,w

e
getº»¼ ½ ¾

,becausew
e

divide
the

problem
in

halfin

eachrecursive
step.
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G
row

th
ofF

unctions
¿

W
e

needto
definea

precisenotationand
m

eaningfor
order

ofgrow
th

offunctions.

¿

W
e

usuallydon’tlook
atexactrunning

tim
esbecausethey

are
too

com
plex

to
calculateand

notinterestingenough.

¿

Instead,w
e

look
atinputsoflarge

enoughsize
to

m
ake

only
the

order

ofgrow
th

relevant-
asym

ptotic
behavior.

¿

G
enerally,algorithm

sthatbehave
betterasym

ptoticallyw
ill

be
the

bestchoice(exceptpossiblyfor
very

sm
allinputs).
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À
-notation

(“T
heta”

notation)
Á

A
sym

ptotically
tight

bound

Á

Idea:ÂÃ�ÄÅ<Æ
ÇÃ ÈÃ�ÄÅÅ

if
both

functionsgrow
“equally”

fast

Á

Form
ally:

ÇÃ ÈÃ�ÄÅÅ Æ
É ÂÃ�ÄÅÊ thereexistpositive

constantsËÌ ,ËÍ ,andÄÎ

suchthatÏÐ
ËÌÈÃ�ÄÅ Ð
ÂÃ�ÄÅ Ð
ËÍÈÃ�ÄÅ

for

allÄ
Ñ ÄÎÒ

ÁÇÃOÓÅ

m
eansa

constantfunction
ora

constant
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Ô
-notation

(“B
ig-O

”
notation)

Õ
A

sym
ptotic

upper
bound

Õ

Idea:Ö×�ØÙ<Ú
Û× Ü×�ØÙÙ

ifÜ×�ØÙ

grow
s

fasterthanÖ×�ØÙ ,possiblym
uch

faster

Õ

Form
ally:

Û× Ü×�ØÙÙ Ú
Ý Ö×�ØÙÞ thereexistpositive

constantsß

andØà

suchthatáâ
Ö×�ØÙ â
ßÜ×�ØÙ

for
allØ

ã Øàä

Õ

N
ote:Ö×�ØÙ Ú

å× Ü×�ØÙÙ Ú
æ
Ö×�ØÙ Ú
Û× Ü×�ØÙÙ

Õ

“B
ig-O

”
notationoften

allow
s

us
to

describeruntim
e

by
just

inspectingthe
generalstructureofthe

algorithm
.

–
E

xam
ple:T

he
doubleloop

in
Insertion-S

ortleadsus
to

conclude
thatthe

runtim
e

ofthe
algorithm

isÛ×�Øèç
Ù .

Õ

W
e

use“B
ig-O

”
analysisfor

w
orst-casecom

plexity
sincethat

guaranteesan
upperboundon

any
case.
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é
-notation

(“B
ig-O

m
ega”

notation)
ê

A
sym

ptotic
low

er
bound

ê

Idea:ëì�íî<ï
ðì ñì�íîî

ifñì�íî

grow
s

slow
erthanëì�íî ,possibly

m
uch

slow
er

ê

Form
ally:

ðì ñì�íîî ï
ò ëì�íîó thereexistpositive

constantsô

andíõ

suchthatö÷
ôñì�íî ÷
ëì�íî

for
allí

ø íõù

ê

T
heorem

:
Forany

tw
o

functionsëì�íî

andñì�íî ,

ëì�íî ï
úì ñì�íîî

iffëì�íî ï
ûì ñì�íîî

andëì�íî ï
ðì ñì�íîî
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ü -notation
(“Little-o”

notation)
ý

U
pper

bound
that

is
notasym

ptotically
tight

ý

Idea:þÿ�����
�ÿ �ÿ����

if�ÿ���

grow
s

m
uch

fasterthanþÿ���

ý

Form
ally:

�ÿ �ÿ���� �
� þÿ���� for

any
positive

constant	

� ,thereexists

a
constant�� 

�

suchthat�

þÿ�����
	�ÿ���

for
all�

� ���

ý

W
e

w
ill

norm
ally

use“B
ig-O

”
notationsincew

e
w

on’tw
antto

m
ake

hard
claim

sabouttightness.
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�
-notation

(“Little-om
ega”

notation)
�

Lo
w

er
bound

that
is

notasym
ptotically

tight

�

Idea:�������
�� ������

if�����

grow
s

m
uch

slow
erthan�����

�

N
ote:�������

�� ������

if
and

only
if�������

�� ������

�

Form
ally:

�� ������ �
� ������ for

any
positive

constant� 
! ,thereexists
a

constant�"  
!

suchthat!#
�������$
�����

for
all�

% �"&
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C
om

parison
ofF

unctions
'

T
he(

,)
,*

,+ ,and,

relationsare
transitive.

–
E

xam
ple:

-.�/0�1
). 2.�/0043
2.�/0�1
).�5
.�/00�1
6
-.�/0�1
).�5
.�/00

'

T
he(

,)

,and*
relationsare

reflexive.

–
E

xam
ple:-.�/0�1

). -.�/00

'

N
ote

the
analogyto

the
com

parisonoftw
o

realnum
bers.

e.g.-.�/0�1
). 2.�/0087
9:<;

e.g.-.�/0�1
,. 2.�/0087
9= ;
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C
om

parison
ofG

row
th

ofF
unctions

>
T

ransitivity:
all

>

R
eflexivity:

?@�AB�C
D@ ?@�ABB

?@�AB�C
E@ ?@�ABB

?@�AB�C
F@ ?@�ABB

>

S
ym

m
etry:

?@�AB�C
D@ G@�ABB

iffG@�AB C
D@ ?@�ABB

>

T
ransposesym

m
etry:

?@�AB�C
E@ G@�ABB

iffG@�AB�C
F@ ?@�ABB

?@�AB�C
H@ G@�ABB

iffG@�AB�C
I@ ?@�ABB

>

Lack
ofT

richotom
y:

S
om

e?@�AB

are
neitherE@ ?@�ABB

norF@ ?@�ABB
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