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15.1-2
Use equations (15.8) and (15.9) and the substitution method to show that r; (j), the
number of references made to £;[;] in a recursive algorithm, equals 2"~/.

15.1-3
Using the result of Exercise 15.1-2, show that the total number of references to
all f;(j] values, or 17, > i), is exactly 271 — 2.

15.14

Together, the tables containing f;[7] and /;[/] values contain a total of 4n — 2
entries. Show how to reduce the space requirements to a total of 2n + 2 entries,
while still computing f* and still being able to print all the stations on a fastest
way through the factory.

15.1-5
Professor Canty conjectures that there might exist some e;, a;,j, and ¢ ; values for

which FASTEST-WAY produces J;[j] values such that /;{j1 = 2 and l5[j] = 1 for it =
some station number j . Assuming that all transfer costs ¢ ; are nonnegative, show d
that the professor is wrong. o e S
hw-.‘
PR
- - - - . 'w-—ﬂ‘
15.2 Matrix-chain multiplication =N
Our next example of dynamic programming is an algorithm that solves the problem
of matrix-chain multiplication. We are given a sequence (chain) (Ai, Az, ...,A))
of n matrices to be multiplied, and we wish to compute the product
AjAy--- A, . (15.10)

We can evaluate the expression (15.10) using the standard algorithm for multiply-
ing pairs of matrices as a subroutine once we have parenthesized it to resolve all
ambiguities in how the matrices are multiplied together. A product of matrices
is fully parenthesized if it is either a single matrix or the product of two fully
parenthesized matrix products, surrounded by parentheses. Matrix multiplication
is associative, and so all parenthesizations yield the same product. For example,
if the chain of matrices is (A1, Az, A3, A4), the product A, A, A3 A4 can be fully
parenthesized in five distinct ways:

(A1(A2(A3A4))) ,
(A1((A243)A4)) ,
((A1A2)(A3A4))
((A1(A243))A4) ,
(((A1A2)A3)Ag) .
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The way we parenthesize a chain of matrices can have a dramatic impact on the
cost of evaluating the product. Consider first the cost of multiplying two matrices.
The standard algorithm is given by the following pseudocode. The attributes rows
and columns are the numbers of rows and columns in a matrix.

MATRIX-MULTIPLY (A, B)

1 if columns[A] # rows[B]

2 then error “incompatible dimensions”
3 else fori < 1torows[A]

4 do for j < 1t0 columns[B]

5 do C[i, j] < O

6 fork < 1to columns{A]

7 do CI[i, j1 « Cli, j1 T Ali,K] - BIk, j]
8 return C

We can multiply two matrices A and B only if they are compatible: the number of
columns of A must equal the number of rows of B. If Aisap x ¢ matrixand B is
ag X r matrix, the resulting matrix C isa p x r matrix. The time to compute C is
dominated by the number of scalar multiplications in line 7, which is pgr. In what
follows, we shall express costs in terms of the number of scalar multiplications.

To illustrate the different costs incurred by different parenthesizations of a matrix
product, consider the problem of a chain (A;, A, A3) of three matrices. Suppose
that the dimensions of the matrices are 10 X 100, 100 x 5, and 5 X 50, respec-
tively. If we multiply according to the parenthesization ((A; A2)As), we perform
10 100- 5 = 5000 scalar multiplications to compute the 10 x 5 matrix prod-
uct A;A,, plus another 10- 5 .50 = 2500 scalar multiplications to multiply this
matrix by A3, for a total of 7500 scalar multiplications. If instead we multiply
according to the parenthesization (A;(A2As)), we perform 100 .5 - 50 = 25,000
scalar multiplications to compute the 100 X 50 matrix product A; As, plus another
10. 100 .50 = 50,000 scalar multiplications to multiply A; by this matrix, for a
total of 75,000 scalar multiplications. Thus, computing the product according to
the first parenthesization is 10 times faster.

The matrix-chain multiplication problem can be stated as follows: given a chain
(A1, Ay, ..., A,) of n matrices, wherefori =1, 2, ...,n,matrix A; has dimension
pi—1 X pi, fully parenthesize the product A; A2 . .- A, in a way that minimizes the
number of scalar multiplications.

Note that in the matrix-chain multiplication problem, we are not actually multi-
plying matrices. Our goal is only to determine an order for multiplying matrices
that has the lowest cost. Typically, the time invested in determining this optimal
order is more than paid for by the time saved later on when actually performing the
matrix multiplications (such as performing only 7500 scalar multiplications instead
of 75,000).
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Counting the number of parenthesizations

Before solving the matrix-chain multiplication problem by dynamic programming,
let us convince ourselves that exhaustively checking all possible parenthesizations
does not yield an efficient algorithm. Denote the number of alternative parenthe-
sizations of a sequence of n matricesby P (n).Whenn = 1,there isjust one matrix
and therefore only one way to fully parenthesize the matrix product. When n > 2,
a fully parenthesized matrix product is the product of two fully parenthesized ma-
trix subproducts, and the split between the two subproducts may occur between
the kth and (k + 1)st matrices forany k = 1,2, ...,n — 1. Thus, we obtain the
recurrence

(1 ifn=1,
I
Pon = lZP(k)P(n k) ifnx2. (15.1)
k=1

Problem 12-4 asked you to show that the solution to a similar recurrence is the se-
quence of Catalan numbers, which grows as 2(4”/n*?). A simpler exercise (see
Exercise 15.2-3)is to show that the solution to the recurrence (15.11) is £2(2"). The
number of solutions is thus exponential in #, and the brute-force method of exhaus-
tive search is therefore a poor strategy for determining the optimal parenthesization
of a matrix chain.

Step 1: The structure of an optimal parenthesization

Our first step in the dynamic-programming paradigm is to find the optimal sub-
structure and then use it to construct an optimal solution to the problem from op-
timal solutions to subproblems. For the matrix-chain multiplication problem, we
can perform this step as follows. For convenience, let us adopt the notation A4;. ;,
wherei < j, for the matrix that results from evaluating the product A; Ai41 -+ - Aj.
Observe that if the problem is nontrivial, i.e., i < j, then any parenthesization of
the product A; A;+1 .- . A, must split the product between A, and Ag4; for some
integer k inthe range i < k < j. That is, for some value of k, we first compute
the matrices A; x and Ax41..; and then multiply them together to produce the final
product A;_;. The cost of this parenthesization is thus the cost of computing the
matrix A;_x, plus the cost of computing A+1..;, plus the cost of multiplying them
together.

The optimal substructure of this problem is as follows. Suppose that an op-
timal parenthesization of A, A4 -..A; splits the product between A; and Agy1.
Then the parenthesization of the “prefix” subchain A;A;4; ...Ax within this op-
timal parenthesization of A;A;+;-.- A, must be an optimal parenthesization of
A A ... A Why? If there were a less costly way to parenthesize A; Ait1 -+ . Ak,
substituting that parenthesization in the optimal parenthesization of A; A;j41 .- . A;
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