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Abstract— Verification of timed temporal properties of a
circuit is a computationally complex problem both in terms
of space and time. In this paper we study different abstrac-
tions of timed systems and the temporal logics which are
preserved under these abstractions. In particular we show
that while known timed logics such as RTCTL and TCTL
are preserved by bisimulation equivalence, the timings of
events (signal changes) are preserved in a more compact
abstraction. Experimental results show that this abstrac-
tion requires significantly less space and is competitive in
terms of time required for verification.

I. INTRODUCTION

Temporal logic model-checking [6] is one of the most pop-
ular and well studied paradigms for formal verification of
hardware and other concurrent systems (see [7] for a sur-
vey). One of the main challenges in using model checking
techniques effectively is to contain the size of the state-
space which is often huge in practice. Some of the most sig-
nificant approaches in this direction include symbolic model
checking [7], [10] and automata theoretic model checking [3].

An interesting approach towards containing the state ex-
plosion problem is to abstract a minimal transition system
which preserves properties specified in a given logic. It has
been shown that abstractions derived using the bisimula-
tion and stuttering equivalence relations preserve untimed
logics such as CTL, LTL and CTL*. There are known
polytime algorithms for determining the abstract transi-
tion system having the minimum number of states [9], [11].

Often (and in particular when we analyze the timings of
edge triggered circuits), we are interested in the timings
of signal changes (such as the posedge or negedge of sig-
nals). Since the timings of signal changes (which we call
events) are discrete in nature, it is an interesting objec-
tive to investigate whether abstractions which preserve the
timings of events are more compact than timing preserving
abstractions in general.

In this paper, we show that while bisimulation equiva-
lence is timing preserving, stuttering equivalence is not. We
then introduce an abstraction called timed stuttering equiv-
alence which has fewer states than that obtained by bisimu-
lation equivalence, and preserves the timings of events. We
show that a delay-based partitioning of stuttering equiva-
lent abstractions require less space than bisimulation ab-
stractions, when the transition relation is stored in the form
of BDDs. The verification time is roughly the same for
both, indicating that the timed stuttering equivalent ab-
straction does not have much of an overhead in verification
time.

II. DEFINITIONS AND PRELIMINARIES

This section presents preliminary notations and defini-
tions used throughout this paper.

In this study, we consider synchronous transition sys-
tems only. The unit of time will be called a cycle. Timing
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properties are expressed in terms of the number of cycles.
For example, the RTCTL formula, E[trueUygq] is true
in a state, s, iff there exists a path starting from s in the
transition system where q is true between the 4** and 8"
cycle. Thus, we consider only discrete time models. Such a
model is quite natural for verification of sequential circuits,
where timing is expressed in terms of the number of clock
cycles.

Definition 1: [Untimed Model: ]

An untimed model is a triple, M = (S, N, L), where S is a
set of states, N C S x S is a transition relation and L is a
labeling function mapping each state into a set of atomic
propositions that are true in that state. O

A path 7 is an infinite sequence of states sq, s1, S2, - - -,
such that N(s;, s;41) is true for every i.

We define a model for a timed systems as follows.

Definition 2: [Timed Model: ]

A timed model is a triple, M = (S, N, L), where S is a set of
states, N C S x N x S is a timed transition relation where
N is the set of positive integers and L is a labeling function
mapping each state into a set of atomic propositions that
are true in that state. O

In a timed model, we have an integer delay associated
with each state transition. A wniform timed model is a
timed model where each transition has unit delay. A se-
quential circuit is typically modeled by a uniform timed
model where the unit delay is the clock delay.

The logic CTL (Computation Tree Logic!) is used to
specify properties involving qualitative constraints. In
CTL, the basic path operator is until — for example the
path formula pUgq (p until q) specifies that p holds in each
state of the path until we reach a state where ¢ is true,
but does not specify any constraints on how early or how
late we much reach the state where ¢ is true. The timed
logic, RTCTL, extends CTL with the bounded until opera-
tor which has the form: U, ), where [a,b] defines the time
interval in which the property must be true. We say that
fUla,b) 9 is true in some path if g holds in some future state
s on the path, where the total delay to reach s is within
the interval [a,b] and f is true in all states preceding s in
the path.

III. ABSTRACTIONS FOR UNTIMED SYSTEMS

In this section, we present the definitions of equivalence
relations on the states of untimed transition systems which
are known to preserve some of the well known temporal
logics.

Definition 3: [Bisimulation Equivalen e: ]

Consider two untimed models M = (S,N,L) and M =
(S,N,L) with the same set of atomic propositions. A
binary relation C S xS is called a bisimulation relation
ifforany s Sands S, (s,s)implies L(s)=L (s)

Due to lac of space, we refer the reader to
semantics of CT
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A bisimulation equivalence is the maximum bisimulation
relation in the subset inclusion preorder. O

The bisimulation equivalence can be computed in time
quadratic in the sum of the sizes of the transition relations
using a BDD-based algorithm [ ].  ore time e cient al-
gorithms are also known [9], [11], but they do not use a
compact BDD based representation. To obtain the bisim-
ulation equivalent abstraction of a model, M, we first de-
termine the bisimulation equivalence of M with M. Once
this bisimulation equivalence is computed, the bisimula-
tion equivalent abstraction of M can be obtained by simply
combining states which are bisimulation related.

Definition : [ tutte in Equivalen e: ]
Consider two untimed models M = (S,N,L) and M =
(S,N,L) with the same set of atomic propositions. A
binary relation C S xS is called a stuttering relation

S,N(s,r) r
S,N (s,r) r

S :N(s,r)
S:N(s,r)

ifforany s Sands S, (s,s)implies L(s)=L (s)
and
(i) ( r,N(s,r)
Sgs---,8 ( 0):sg=s and (r,s )and
;0 s N (si,8:41) and (s, 5;))
i) ( v,V (s,7)
S0y---58 ( 0): so=sand (s ,r)and
;0 , N(si,si+1) and (s, )

A stuttering equivalence is the maximum stuttering rela-
tion in the subset inclusion preorder. O

A B C

ig. 1.

isimulation and Stuttering E ui alence

ample 1:
alent a stractions with the help of an e ample. Consider the uniform

e illustrate the isimulation and stuttering e ui
timed model shown in part of igure 1. The isimulation a strac
tion of this model is presented in part of igure 1. The stuttering
a straction is shown is part C of igure 1.

Intuitively, stuttering equivalence does not distinguish
between two paths that differ only in the number of idle
cycles (that is, cycles which are equivalent in terms of the
set of atomic propositions). It has been shown that stutter-
ing equivalence preserves the truth of CTL* formulas that
do not involve the next time operator olynomial time

algorithms are known for determining stuttering equiva-
lence. The stuttering equivalent abstraction is obtained by
merging states which belong to the stuttering equivalence
of model M with respect to itself.

I . ABSTRACTION FOR RESER IN E ENT TIMES

In bisimulation equivalence we may have sequences of
states having identical values of the signals (that is, iden-
tical set of labels). It is possible to replace these sequences
by lump delays. We define timed stuttering equivalence on
the basis of this notion.

Definition : [Timed tutte in Equivalen e: ]
Consider two timed models M = (S,N,L) and M =
(S,N , L) with the same set of atomic propositions. A bi-
nary relation C Sx S is called a timed stuttering relation

ifforany s Sands S, (s,s)implies L(s)=L (s)
and
(i) ( r,N(s,t,7)
Sgs---r8 ( 0): sp=s and (r,s ) and
70 ’N(Sia ia5i+1) and (S:Sz’)
and , , =t)
(i) ( r,N(s,t,r)
S0,---,8 ( 0): so=sand (s ,r)and
70 JN(S’i7 ’i:S’H-l) and (Sias)
and 0 i i:t)

A timed stuttering equivalence is the maximum stuttering
relation in the subset inclusion preorder. O

ig. 2. Timed Stuttering E ui alence

ample 2:
tions of a timed model. The timed stuttering a straction of the same

ig 1 shows the isimulation and stuttering a strac
model is shown in igure 2.

iven a uniform timed model, we can compute it s timed
stuttering equivalent abstraction as follows. We first com-
pute the bisimulation equivalent abstraction of the model.
Let C S denote the set of states in the bisimulation
equivalent abstraction, M = (S, N, L), which have only one
parent state and one child state. Let s , N(p, ,s), and
N(s, , ), where p and are respectively the unique parent
state and the unique child state of s. If L(p) = L(s), we
simply remove s from . If L(p) = L(s), then we remove
s from S (and ) and replace the transitions (p, ,s) and
(s, , ) by the transition (p, , )- We continue this pro-
cess until  is empty. It is easy to see that the total time
complexity of finding the abstraction is polynomial in the
number of states of the original model.

We call the states in the timed stuttering equivalent ab-
straction as event states. The states which have been re-
placed by lump delays are called non-event states. For
example, Fig shows only the event states of the uniform
timed model of Fig 1 B. The remaining states in Fig 1 B are
non-event states. It should be noted that by definition of
timed stuttering equivalence, the atomic propositions true
at a non-event state is the same as that of its preceding
event state. The lump delays on a transition account for



the number of non-event states compacted into that tran-
sition.

IMED LO ICS RESER ED UNDER ABSTRACTION

In this section, we illustrate that the untimed bisimula-
tion equivalent abstraction of a uniform timed model pre-
serves the truth of RTCTL properties, where as stutter-
ing equivalent abstractions (both timed and untimed) fail
to preserve RTCTL properties. We also describe a timed
logic, TCTL, and show that timed stuttering equivalent
abstractions preserve TCTL properties.

heorem 1: The untimed bisimulation equivalent ab-
straction of a uniform timed model preserves the truth of
RTCTL properties.

00 : It has een shown that
CT including the  operator
in the ounded until operator. The
e pressed recursi ely in terms of the
formula,

isimulation e ui alence preser es
TCT di ers from CT only
ounded until operator can e
operator or e ample, the
can e e pressed in the form

if 0 and 0
if 0 and 0
if 0 and 0

ther ounded until properties can e similarly e pressed in terms of
the
timed model preser es TCT properties.
It has been shown[4] that properties specified with the
operator are not always preserved under stuttering
equivalence. For uniform timed models we can write
formulas of the form E f and [ as E[trueUp 11 f]
and  [trueUp 1) f] respectively. Thus, untimed stuttering
equivalence does not preserve RTCTL. In timed stuttering
equivalence, we retain the timing information in terms of
lump delays. Since the number of bits required to store
a delay value is logarithmic in the magnitude of the delay
value, the saving is significant. owever, RTCTL proper-
ties are not preserved in general, unless we break down the

lump delays.
ample 3: Consider the simple timed model shown in
Suppose we wish to erify whether ¢ r sts a ¢ tat
c t at c¢c r st r a s tr t at s t
t r ot s. This can e represented in TCT as
,and in TCT that is, CT with the b

operator, and hence the isimulation e ui alence of a uniform

ig 3.

t operator as

q

#4 #2

9 4 sl/C> p #1
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q

ig. 3. simple timed model

Suppose is a oolean formula with atomic propositions only.
Then if holds in the e ent state ut does not, then it su ces
to erify whether holds in state In fact, the set of
non e ent states etween the states and ecomes transparent
when does not in ol e timed properties.

ow, let us consider the case when
whether ¢ r

s. In TCT , we represent this as

is a property which chec s
sts a stat act at a a t ts r
. Clearly
does not hold in state
still holds in
true in two non e ent states and . O
xample 3 illustrates the fact that though all non-event

states between two successive events are equivalent in terms

does not hold in . Iso
owe er, it is easy to see that , since is

etween

of the untimed properties true in them, they differ in terms
of the timed properties. This leads to the creation of equiv-
alence subsequences (in terms of properties) between non-
event states and, as in other models of timed structures [1],
the number of equivalence classes grows exponentially with
the number of overlapping (interleaved) timing constraints.

In a previous work [8], we addressed this problem and
showed that this problem does not arise when we reason
about the timings of events or signal changes. In that work
we proposed a logic called TCTL which is a real-time
temporal logic for reasoning about the timings of events.
The formal syntax of TCTL is as follows.  denotes the
set of boolean formulas over the set of atomic propositions
q . denotes the set of trigger formulas. S denotes
the set of TCTL formulas.

=f setrueq gq
=p se ge( ) ege ge( )
S= S 8§S SEWSUS) (SUS) S
E(S Ul 9) (S Upa,py S)

The formal semantics is presented in [8]. Intuitively, the
formulas p se ge( ) and ege ge( ) represent the posi-
tive edge and the negative edge of the signal defined by the
boolean formula . These formulas (called trigger formu-
las) can be true only in event states (along certain paths).
Since we constrain all bounded-until formulas to appear in
conjunction with trigger formulas, we effectively verify all
timings with respect to event states only. This guarantees
(and is formally proved in [8]) that TCTL formulas sat-
isfy the following property. We illustrate this fact through
an example.

Definition : [ nte val nde endent o et
A temporal property is said to be interval independent if
the truth of the property is identical in all non-event states

between any two event states in a timed abstraction. O
ample igure shows the timed model for a transmitter of
digital data. The transmitter re uires 1 cycles for its internal set
up, and then waits for 12 cycles to ac uire the transmission medium
efore transmitting the data. The details of internal set up and ac
uiring the transmission medium has een a stracted away in the
form of lump delays of 1 and 12 respecti ely.

[ready=0, tuning=0, send=0] [send=0]

#16 #2 #
#128 @

[ready=1] [tuning=1, send=1]

ig. . Transmitter e ample

Suppose we are interested in erifying the following TCT prop
erty which says that whene er the transmitter is in a ready state, it
sends data e actly after 12 cycles

ow consider the se uence of 12 non e ent states etween the states
and . In order to erify the gi en property, we need to e aluate
the truth of the su formula in each of these
states. It is easy to see that this su formula holds in e ery alternate
pair of non e ent states in this se uence. Thus with respect to the
truth of this formula, the se uence of states etween and  gets
partitioned into  su se uences each ha ing 2 states . The num er
of su se uences in this case, 2 2 can e e ponential in
the num er of its re uired to store the delay alue of the edge in
this case, its . The e ecti e num er of states re uired for la eling
during model chec ing is more than



Delay TS 2TS Delay TS 2TS

DD Time DD Time DD Time DD Time DD Time DD Time

odes ms odes ms odes ms odes ms odes ms odes ms
00 2 7.0 0 1]2. 032 11.03 01 2 1 7. 2 1 7. 0 2 1 7.7
01 17 7.2 10 1 2. 032 11.3 02 0 0 1.1 0o 7 10.2 0 0 1.1
02 17 7.2 111 7|2 1 032 11. 03 001 1.73 7 10 13.17 1 1.3
03 17 7.1 117 2.1 032 12.01 0 0 13. 3 1 1 1.
0 17 2 123320 2.7 11 12. 0 173 12. 1 102 1 1.1 3013 1.7
0 17 72 12 132 2.7 117 13.0 0 2207 11.27 11 23.1 171 1.
0 17 .32 132370 30.0 117 13. 2 07 2773 11.2 12727 27.7 2 1 17.12
07 17 10.20 13 1 30.27 117 1.71 0 3 10. 0 1311 32.07 0 17.17
0 17 | 11.07 | 13 1 | 30.2 11 1.7 0 3 11.72 | 1 3. 201 (1.0
0 17 12.02 1003 30. 11 17.21 010 7 10.3 10 2 3 .00 30 1 .03
010 17 | 13.17 | 1 3372 | 30. 11 1.1 011 32 .70 1 00 1. 0 2 1.33
011 17 1. 1 0 30.77 11 20. 2 012 00 17 0 .30 7 1.
012 17 1.7 171 30. 2 11 22.37 013 71 7 1 22 1.1 21 17.
013 17 1723 | 1 30 31.17 11 2 01 2 7 1 037 07 | 71 02 | 17.1
01 17 1 .03 10 7| 31.27 11 2 01 03 . 1 7 2 71 1.7
01 17 20. 7 1 2320 31. 1 11 2. 01 2 10. 20312 21 772 17.77
01 17 22. 13 7| 31.7 11 33.0 017 02 .32 20 2.3 7 22 1.1
017 17 2. 1 7 31.7 11 3 01 02 . 212 2 7 73 1 17.2
01 17 27.1 1 1 31.7 11 0.2 01 1310 .02 221 0 N 7 103 1.1
01 17 2.7 1 731 31. 11 1 020 117 .10 22 37 | 73.73 732 17. 7
020 17 31. 3 1 0 32.1 11 1

T EII
T EI

Suppose we are interested to erify whether the transmitter sends
data 12 cycles after it b ca Ta ote that we now want to
erify a timed property with respect to the e ent of the transmitter
bc ra e use the formula to la el states
where the signal changes from 0 to 1. The desired property is
now stated in ETCT as

Since signal changes can ta e place only on e ent states,

posedge ready can e true only on e ent states. Conse uently, we
re uire to erify the truth of the su formula

only on e ent states. This sa es us the e ort of determining the truth
of the su formula on the e ponential num er of non e ent states e
tween e ent states. Thus unli e in the rst case, the e ecti e num er

of states remains as
heorem 2: The timed stuttering equivalent abstraction
of a timed model preserves TCTL properties.
00 : e a stract timed stuttering e ui alence with respect to its
isimulation e ui alent a straction. isimulation e ui alent a strac
tion is done y ignoring the delays in the timed model. Stuttering
e ui alence a straction preser es CT , and hence CT su formulas
of ETCT are preser ed in the stuttering e ui alent a straction.
e consider a state which has uni ue parent and uni ue child in
isimulation e ui alent a straction. If a state and its parent ha e the
same la eling, we remo e that state from the original timed model
and update the delay accordingly. Since ETCT formulas are inter al
independent as shown in , the a straction will preser e ETCT

properties.

1. ERIMENTAL ESULTS

Table T and Table II show results computed on a 0

z entium-III with Linux. The tables present results

for timed stuttering abstraction (TSA), bisimulation ab-

straction (BA), and power-of- stuttering equivalent ab-

straction ( TSA). In TSA we break up long delays into
sum of powers of (say, 13 is broken into 8 4 1).

For performing the experimentation we have chosen
the most generic TCTL property = p se ge( )
E( Up, ] ). Table I shows the peak BDD nodes and
the runtimes for verifying  with the value of tuned as
shown in the first column of Table I. The transition system
chosen randomly has delays distributed from 0 to 8. The

timed stuttering equivalent abstraction has 000 reachable
states (from the start state).

Table II presents results for verifying the property
p se ge( ) E( Upg ) on different timed structures.
In Table II, the leftmost column indicates the range of de-
lay values distributed over the transition system. The peak
BDD nodes and the runtimes (in milliseconds) are shown
for TSA, BA, and TSA.

The results shown in Table I and Table II illustrate that
TSA requires significantly less space than BA. Table II fur-
ther shows that for transition systems having larger delay
ranges, verification on TSA requires less time than on BA.
Table I shows that for the same transition system and dif-
ferent timed properties, TSA and BA are competitive in
terms of time (and TSA is better in terms of space). TSA
represents an alternative which has performance roughly
between TSA and BA.
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