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Abstract We studyfrom animplementationviewpoint whatconstitutesa reasonableand
effective notion of structuralequivalenceof termsin a calculusof concurrent
processesandproposeoperational effectivenesscriteria in the form of con�u-
ence, coherenceand standardizationpropertieson an orientedversionof the
structural laws. We revisit Berry and Boudol's ChemicalAbstract Machine
(Cham) framework usingoperationaleffectivenesscriteria. We illustrateour
ideaswith a new formulationof a Cham for Tccs with externalchoice,one
whichisoperationallyeffectiveunlikepreviousCham formulations,anddemon-
stratethatthenew Cham is fully abstractwith respectto theLTSsemanticsfor
Tccs . We thenshow how this approachextendsto the synchronouscalculus
Sccs, for whicha Cham hadhithertonot beenproposed.

1. Intr oduction
Mostpresentationsof structuraloperationalsemantics(SOS)of concurrentlanguagesnowadays
employ thenotionof structural equivalence� betweenterms.Thisnotioncanbethoughtof as
de�ning algebraicstructurewhereastransitions! modulothisequivalencerepresentcomputa-
tion acrosssuchstructures.Typically includedis a rule

P � P 0 P ! Q Q � Q0

STRUCT

P 0 ! Q0

which allows a termP to bereadjustedinto a form P 0 to which a speci�ed transitionrule ap-
plies. At an implementationlevel, however, sucha rule is not “effective”, in that it doesnot
specifyappropriateselectionsof elementswithin an equivalenceclass,nor doesit boundthe
amountof “structuraladjustment”to be performed. Indeed,thereare few criteria for decid-
ing what constitutereasonablenotionsof structuralequivalence,beyond Milner's injunction
[Mil93] that“structurallawsshouldbedigestiblewithout concernfor thedynamicsof actions”
and the obvious requirementthat the notion be decidable.Relevant work on the latter issue



concernsdecidabilityof structuralequivalencefor the� -calculuswith thereplicationoperator
[EG01].
In thispaper, weproposeformalconditionsthatensurereasonableandeffectivenotionsof struc-
turalequivalence.Theseoperationaleffectivenessconditions,discussedin §3,arein theform of
con�uenceandcoherencepropertiesfor anorientedversionof thestructuralrules,which yield
a “standardization”result for executionsequences.Our conditionsareclosely relatedto the
notionsof coherencedevelopedin thecontext of term rewriting moduloequivalencerelations
[Vir95]. Also relatedis Noll' s work exploring thenotionof coherencewhile expressing�nite
ccs (calculusof communicatingsystems)with SOSinferencerulesin a conditionalrewriting
framework [Nol99].
Operationaleffectivenessensurescorrectandcomplete(abstract)implementationsof thespec-
i�ed semantics.Taken togetherwith terminationof the orientedstructuralrules, thesecon-
ditions yield a simplebut completeimplementationstrategy. The import of theseconditions
is that they simplify establishingadequacy and/orfull abstractionresults.Con�uenceandco-
herenceof oriented“administrative” transitionsarealsouseful in analysisandveri�cation of
encodingsof concurrentsystems,sincethey vastlyreducethestatespacethatneedsexploration
(see[AP98, GS95]for useof this idea). Theconnectionwith rewriting theoryhasadditional
bene�ts— while establishingcon�uenceandcoherence,standardrewriting techniquessuchas
completionhelpensurethatthereare“enough”structuralrules.
We motivate,develop andpresentour ideasin thechemicalabstract machine (cham) frame-
work proposedby Berry andBoudol [BB90, BB92], which was the inspirationfor Milner's
formulationof thenotionof structuralequivalencein [Mil90]. Thecham framework is anin-
tuitive styleof presentingoperationalsemantics(presumablyalsoanabstractimplementation),
wherecomponentsof a parallelsystemarelikenedto molecules, andinteractionbetweenthem
is likenedto a chemicalreactionbetweenions. It exploits the commutative monoidal(AC1)
propertiesof parallelcompositionto presentsystemsassolutions, essentially�nite multisets
of molecules,within which reactionsarespeci�ed locally in the form of conditionalrewriting
rules. “Structuraladjustments”,accomplishedvia the so-calledheating-coolingandclean-up
rulesandpermutationsonmoleculesin a solutionvia a magical mixingmechanism(which can
be seenasa prototypicaltreatmentof mobility), allow distantcomponentsto react,thusdis-
mantlingthebureaucraticrigidity imposedby syntax.We arguethatoperationaleffectiveness
provides an importantcriterion for assessinga cham speci�cation, and for realizing an ab-
stractimplementationfrom it. It is centralin ourarticulationof anew perspective onthecham
framework, namelythattheessenceof chamsis thatthey de�ne operationallyeffective rewrite
systemsmoduloanAC equationaltheory. Wemustclarify thatthoughourpresentationis in the
cham framework, the notion of operationaleffectivenessappliesto any styleof speci�cation
basedonrewriting.
Ouralternativeperspectiveonthecham framework makespossibleusingauniformdisciplined
cham idiom for expressingconstructsinvolving non-localinteraction,suchasexternalchoice,
which areproblematicin anasynchronoussystemwith purely local interaction[NP96,Pal97].
Severaldistributedsystemsandprotocolsemploy non-localinteractionvia someinfrastructure
or exhibit somedegreeof synchrony with theenvironment,andwebelievethatit is importantfor
a robustframework for specifyingconcurrentbehaviour to beableto expresssuchmediatedor
catalyzedinteractionat an appropriate level of abstraction. Roughlyspeaking,our alternative
formulationtradesthesimplicity of autarkicasynchronouscomputationfor applicabilityof the
cham ideato morecomplex interactions.Thecon�uenceandcoherenceconditionsprovide the
necessarydisciplinefor structuringcomputationandcontrolling theeffectsof non-localinter-
action.We illustratethis ideaby focussingonconcurrency combinatorssuchasexternalchoice
in a variantof ccs andsynchronousparallelcompositionin Milner's synchronouscalculusof
communicatingsystems(Sccs) [Mil83].



Organization of the Paper. In §2 we introducethecham framework andour notation. The
ideaof operationaleffectivenessfor chams is describedin §3. Theoriginal cham in [BB90,
BB92] for the variant of ccs called Tccs [NH87] fails to satisfy the con�uence-coherence
properties,andaccordinglywe presenta reworkedcham for Tccs in §4. We believe thatthis
cham alsosuf�ces for the� -calculus,at leastthepartwithout name-matching,sinceit imple-
mentsscopeextrusionandtheotherstructuralequivalences.Further, we show that this cham
is in full agreementwith the standardlabelledtransitionsystem(LTS) semanticsfor Tccs ,
with bisimilarity asthenotionof equivalence.This resultimprovesonthefull abstractionresult
sketchedby Boudol [Bou94] in that it works for externalchoicecontexts aswell. The proof
techniquewe useseemsto be widely applicable,andrelieson the con�uenceandcoherence
propertiesof structuralrules.
We thenexplorea “chemistryfor synchrony” in §5, providing a cham for a versionof Sccs.
This is the �rst synchronouscham of which we areaware(hithertoall chams werefor cal-
culi with asynchronousprocessexecution).Paucityof spacepreventsus from presentinghere
a treatmentof choicein Sccs, which appearsin the full versionof this paper. The proof of
correctnessfollows thesametemplateasthatfor theTccs cham. Themainanalysisrequired
in all our examplechams involvesshowing thatvariousrulescommute.TheTccs andSccs
cham examplesusemechanismsbasedon information-carryingtagsfor capturingnon-local
interactionsin externalchoiceandsynchronousparallelcomposition.Thesetagsare,however,
manipulatedby local rules,giving workableimplementationsof theseconstructsthat involve
non-localinteraction. We believe that this modelcanbe extendedto distributedsettingsbe-
causeof its compositionalnature.Theconcludingsection(§6)commentson theessenceof this
alternative view on chams, extensionsandfuturedirectionsof work. The full versionof this
papercanbeobtainedfrom http://www.cse.iitd.ac.in/ ~sanjiva .

2. Preliminaries
A cham consistsof aspeci�cationof its molecules, solutionsandtransformationrulesonsolu-
tions.Therewriting semanticsis thata rule l ! r maybeappliedto any solutionthatcontains
substitutioninstancesof themoleculesof l , whicharereplacedby theinstancesunderthesame
substitutionof themoleculesin r . Considerthefollowing sub-language(calledccs � ) of ccs ,
wherep denotesa typicalprocesstermand� a typicalactionde�ned over a setAct = N [ N
whereN is asetof namesandN = f x j x 2 N g is thesetof “co-names”.The“co” operation
is involutive, i.e., x = x.

p ::= 0 j �:p j � x:p j pjp j : : :

Here0 standsfor inaction,“.” denotesactionpre�xing, “ j” parallelcompositionand“ � ” the
restrictionoperation(written in thenotationfavouredin the� -calculus).
A cham solution, typicallydenotedS or fjm1 ; : : : ; mk jg, consistsof a�nite multisetof molecules
m i , delimitedby themembranebrackets“ fj jg”. In thecham framework, all transformations
arespeci�ed on solutions. Moleculesarebasicallyterms,extendedto allow solutionswithin
them,andcertainconstructionson solutions.Moleculesfor ccs � (typically m) arede�ned as
follows:

m ::= p j � x:S S ::= fjm1 ; : : : ; mk jg (k � 0)

Let ] denotemultisetunionon solutions,i.e.,

fjm1 ; : : : ; mk jg ] fjm0
1 ; : : : ; m0

l jg = fjm1 ; : : : ; mk ; m0
1 ; : : : ; m0

l jg:

Rulespeculiarto acalculusconsistof: (a)Reactionrules, presentedasconditionalrewrite rules
on solutions,which areof theform fjm1 ; : : : ; mk jg 7! fjm0

1 ; : : : ; m0
l jg. Thesebasiccomputa-

tional steps,which maybenon-deterministic,aredenotedusingthearrow “7! ”, possiblysub-



scriptedby a rule label. (b) Structural rules, which areeitherthereversible “heating-cooling”
rulesS 
 S0 or oriented“clean-up” rulesS ; S0 thatget rid of inert terms. Heatingrules
usuallyareof the form fjmjg * fjm0

1 ; : : : m0
k jg andintuitively areintendedto preparea so-

lution for reaction. Cooling rules, the inversesof the heatingones,usuallyare of the form
fjm0

1 ; : : : m0
k jg + fjmjg. We usethesymbol+ to denote* � 1 , thesymmetricinverseof the

heatingrelation.Clean-uptransitionswill bedenotedby ; . Clean-uprulesaredistinguished,
asa matterof taste,from heatingrulesin that they do not increasethe ability of a solutionto
react,andtheir orientationis obvious.
Laws commonto a varietyof calculi include: (a) TheChemicalLaw, which permitsrewriting
within asolutionaccordingto a locality principle thatallowsreactionsandadjustmentsto occur
independentlyof the othermoleculesin a solution(here“ ! ” denotesany rewriting, whether
reactionor structural):

S ! S0

S ] S00 ! S0 ] S00

(b) TheMembraneLaw, whichpermitsreactionsto occurwithin reductioncontexts:
S ! S0

fjC[S]jg ! fjC[S0]jg
A reductioncontext C[ ] is a moleculewith a solution-shapedhole in it, that is only a so-
lution may be placedin sucha hole. Berry and Boudol also employed an Airlock Law in
somechams, particularly for implementingchoice. It allows particlesto be isolatedfrom
a solution, to supportrestrictedinteractionwith the externalcontext: fjm; m1 ; � � � ; mn jg 

fjm / fjm1 ; � � � ; mn jgjg: In our treatment,wedropsucha law, sinceit doesnothave thedesired
con�uenceproperties.

Notation. The symbol! will be usedto denotethe union of (i.e., any of) the relations* ,
+ , ; , and7! , whereasthe symbol! A abbreviates* [ ; . Thesymbol$ A denotesthe
symmetricclosureof ! A , and= A its re�exive-transitive-symmetricclosure.For any relation
R, let R$ , R+ and R � denoteits symmetric,its transitive, and its re�exive-transitive clo-
sures,respectively. The differentrewrite rulesarelabelled,andwe will often subscriptthese
reaction/heating/cooling/clean-uprelationswith thelabelsof therulesof interest.
Theoperationalrulesfor ccs � arespeci�ed asfollows. Communicationis speci�ed through
theirreversiblereactionrule (schema): (R) fjx:p; x:qjg 7! fjp; qjg

For theccs � subsetthestructuralrulesare:
(P ) fjpjqjg 
 fjp; qjg (0c) fj0jg ; fj jg
(M ) fj� x:pjg 
 fj� x:fjpjgjg (� c) fj� x:Sjg ; S x =2 f v(S)
(E ) fj� x:S; pjg 
 fj� x:(fjpjg ] S)jg x =2 f v(p)

All theserulesareapplicablewhenever permittedby the ChemicalandMembranelaws. The
contexts to beconsideredare:

C ::= [ ] j C ] S j fj� x:C jg

Thestructuralrulesareadaptedfrom the cham given by Boudol for the � -calculus[Bou94],
ratherthantheTccs cham givenin [BB92]. Themaindifferenceis thattheairlockmechanism
is not usedandinsteadthe rule (E ) is introducedwhich allows scopeextrusion. Notethat in
this speci�cationwe identify termsupto � -renamingof boundvariablesandswappingof con-
secutiverestrictionmembranes. TherulesapplymoduloanequationaltheoryE (on solutions)
inducedby thefollowing equalities(hereM denotesa moleculeor a solution):

(� � cnv) � x:M = � y:M [y=x] (y =2 f v(M ))
(� � swap) � x:fj� y:Sjg = � y:fj� x:Sjg

The �rst equalityexpressestheessenceof what is meantby a term with boundvariables.We
will outline(in §3) how thesecondequalitycanbetreatedby orientedrewriting moduloanAC



theory.

Proposition1. For any two ccs � termsp andq, p � q if f fjpjg = A fjqjg, where� denotesthe
standardnotionof structuralequivalenceonccs � terms.

3. EffectiveStructural Transformations
Theabove-mentionedintuitionsfor theheating-coolingandclean-uprulessuggestthattherules
shouldbeoriented(rightwards)in thedirectionof heatingandclean-up.If theseoriented! A -
movesarecon�uent, they maybeappliedin any orderand(if terminating)yield uniquenormal
forms, which are more reactive than all other structurallyequivalent forms. Note that con-
�uence of heatingimplies the following commutation,which allows cooling to bepostponed:
+ � ; * � � * � ; + � . Further, if heating/clean-upmovesarenot to pruneaway a potentialre-
action,thena seriesof heating/clean-upstepsandany reactionstepcancommute.Combining
theseintuitions,we arriveat thefollowing de�nition of operational effectiveness.

De�nition 2 (Operational Effectiveness).A setof orientedstructuralrules(heatingandclean-
up rulesof a cham) is saidto beoperationally effectiveif thefollowing two propertieshold:

1 (! A -con�uence)Therelation! A is Church-Rosser:if S ! �
A S1 andS ! �

A S2 , then
S1 ! �

A S3 andS2 ! �
A S3 for someS3 .

2 (! �
A � 7! -commutationor coherence)For all S; S1 ; S2 if S ! �

A S1 andS 7! S2 , then
thereexistsS3 suchthatS1 ! �

A 7! S3 andS2 ! �
A S3 .

Thecoherenceconditionmayseemmoregeneralthanneededfor many instances,but even in
ourexampleccs � cham, severalsuggestedstrongerversionsareunableto handleadequately,
e.g., extrusionof thescopeof a restrictionby the(E ) rule. Con�uenceis anessentialrequire-
mentsincewithout it, coherenceis ineffective.
Immediateconsequencesof operationaleffectivenessare= A � ! �

A ; (! � 1
A ) � and

(! � 1
A ) � ; 7! � ! �

A ; 7! ; (! � 1
A ) � , from which follows a standardizationfor reductionse-

quences.

Theorem 3 (Standardization). If a setof orientedstructuralrules is operationallyeffective
then8n � 0, (= A ; 7! ; = A )n � ! �

A ; (7! ; ! �
A )n ; (! � 1

A ) �

Proposition4. Thecham for ccs � is operationallyeffective.

This resultfollows from showing thatthevariousrulescommuteasrequired.In fact,mostpairs
of structuralrulescommutestrongly(strongdiamondproperty),with theexceptionof the(E )
rule.

We proposeoperationaleffectivenessasan importantcriterion for assessinga cham speci�-
cation. We observe that somechams in the literature(for the � -calculusand the Join cal-
culus [FG96]) seemreasonable(effective), whereasthe Tccs and the 
 -calculuschams in
[BB90, BB92] arenot, sincethe laws for restrictionand the airlock law in the �rst, and the
hatchingandmembranelaws in thesecond,leadto non-con�uentheating.

Termination and strategyfor implementation. In theccs � cham givenabove,wecanshow
thattheadministrative! A -movesarestronglynormalizing.Thenontrivial aspecthereinvolves
treatingextrusionof thescopeof restrictionby therule (E ).

Proposition 5 (Strong Normalization). The relations! A (heating+clean-up)and+ (cool-
ing) arestronglynormalizingin thecham for ccs � .



Standardizationand terminationyield a fairly simple but completeimplementationstrategy
(even with guardedrecursion):heat/clean-upa solutionasmuchaspossibleusingrulesother
thantherecursionrule, thenunfold onceeachrecursive term,andthenheat/clean-upasmuch
aspossibleusingtheotherrules.

3.1 Rewriting modulo equivalence
A crucialquestionis whetherit is semanticallycorrectto work with reduction(reaction)modulo
orientedstructuralrules insteadof reductionmodulostructuralequivalence. Our con�uence-
coherenceconditionsensurethat it is indeedso for effective chams. We later found that in
[Vir95], Viry hasstudiedthis issuein thegeneralsettingof orientedrewrite theories(ORTs).
Technically, an equationaltheory is decomposedinto a “core” notion of equalityE (with re-
spectto which matchingis tractable)anda collectionof orientedrewrite rulesA . Thequestion
is “whencanR moduloE[ A $ (thesemantics)besimulatedby (A ) � R (A ) � moduloE (theim-
plementation)?”For chams,E shouldcaptureonly theessentialequationaltheoryfor solutions.
Viry hasidenti�ed coherenceconditionswhich suf�ce to establishthat theimplementationre-
lationsarecompletewith respectto thespeci�ed semantics(theotherdirection,soundness, is
trivial). In the �gure below, we depict(with solid linesquanti�ed universallyanddottedlines
existentially)thefollowing properties:(a)con�uenceof theorientedA rules,(b) ourcoherence
property, and(c) Viry' sstrongcoherenceproperty.

A* A*

A*

A*(a)

A*

A*

A*

(b)
R

R A*

A*

A*
A*

A*

(c)
R

R

Our coherencepropertyimpliesViry' s strongcoherenceproperty, andtherefore,ensurescom-
pletenessof the implementationwith respectto the semantics.Indeed,it doesnot needthe
extra A � movesafter the R move on the lower (existential)branchto completethe diagram.
This strongerpropertyslightly simpli�es implementationandreasoning,e.g., theproofsof full
abstraction.Note that coherencedoesnot require! A , to be terminating(moduloE) as, for
instance,Noll doesin his formalizationof ccs [Nol99].
Next, wearguethat theessenceof aneffectivecham is that it de�nesanoperationally effective
rewrite systemmoduloanACequationaltheory. Rewriting moduloarbitraryequationaltheories
maynot betractable[Nol99]. Viry hasgivenconditionsfor checkingthecoherenceconditions
(undertheassumptionthatA is terminating),by checkinga �nite numberof critical pairsmod-
ulo E whenan instanceof a genericpermutationlemmaholdsfor E. Instancesof this lemma
areknown for E = ; , E = A (associativity) andE = AC (associativity andcommutativity).
Thelastof thesetheoriesagreeswell with thenotionof multisetrewriting which is at thecore
of thecham framework. In thesequel,we illustratethat thesalientconcurrency combinators
— restriction,externalchoiceandsynchronousparallelcomposition— canall betreatedwithin
anAC framework.
The identity laws for parallelcompositionandnon-deterministicchoice,andidempotencefor
thelattercombinatoraretreatedasrulesin A , namelyasclean-uprulesin thecham. Thecon-
ditionson theseclean-uprulesensurethatthereareno problematiccritical pairs,thusavoiding
the terminationandcompletionrelatedproblemsthat may arisein rewriting modulo identity.
Idempotenceis dealtwith a fairly simplecommutationargument.
If wedisregard� -conversion,whichis uncontroversialandcananywaybetreatedin a�rst-order
theoryusingan indexing scheme,theonly equalitythat is not anAC propertyis the (� -swap)
equationintroduced§1 for theccs � cham. This wasnecessaryto ensurecommutationwhen
usingthe(E ) rule. It canbeeliminatedby the following mildly differenttreatmentof restric-
tion, onethathighlightsthatrestrictionin somesensesatis�esAC properties(basedon thoseof



setunion).

Factoring the (E ) rule. Insteadof moleculesof the form � x:S, we will write insteadSX ,
whereX is a set of names,which are consideredbound in S. The (M ) rule is recastas
fj� x:pjg 
 fjf jpjgf x g jg. Now the(E ) rulecannow befactoredinto thetwo rules:

fjSX ; pjg 
 E M fj(S ] fjpjg)X jg X \ f v(p) = ;

fjSX ; S0
Y jg 
 E F fj(S ] S0)X + Y jg X \ f v(S0) = Y \ f v(S) = ;

With this factoring,thestrongnormalizationpropertyis preserved,andstrongerstatementscan
bemaderegardingrule commutation— (E F ) commutesstrongly, whereas(E M ) commutes,
but possiblyweakly, with otherrules.

3.2 Agreementwith LTS semantics
Whatis therelationshipbetweenacalculusP equippedwith a labelledtransitionsystem(LTS)
! � , anditspurportedcham formulationC? Weoutlinethekey notionsandatemplatefor prov-
ing thecorrectnessof thechamsin §4and§5. First,weequipCwith a labelledtransitionrela-
tion 7! � basedon a suitablenotionof observability for solutions.Let =) � = ! �

A ; 7! � ; ! �
A .

Thiswill bethetransitionrelationon C.

De�nition 6. GivenaLTShG; ! 2 i , asymmetricrelationR � G� Gis calledabisimulationon
Gif whenever (p;q) 2 R andp ! � p0, thereexistsq0 2 Gsuchthatq ! � q0 and(p0; q0) 2 R .

Suppose� p and� c standfor bisimulationequivalencein P andC respectively. A translation
h:i : P ! C is calledadequate(sound)if hpi � c hqi implies p � p q, and fully abstract
if p � p q implies hpi � c hqi aswell. (Thesepropertiesalsoapply to reasonablenotionsof
equivalenceotherthanbisimulation.)

Lemma 7. If ! A -movesof a cham areoperationallyeffective, then= A is a bisimulationon
cham con�gurations.

The crucial fact usedhereis that due to coherence,the (eventual)possibility of a reactionis
preservedacross! A -moves.

De�nition 8 (Forward and Backward Simulation). cham C forward simulatesP if for
all processp; q 2 P such that p ! � q, there exists a cham con�guration S such that
hpi =) � S = A hqi . cham C backward simulatesP if for any processp andcham con-
�guration S, suchthathpi =) � S, thereis a processp0 suchthathp0i = A S andp ! � p0.

Theorem9 (Bisimulation). Let cham Cbeoperationallyeffectiveandbothforwardandback-
wardsimulateP . Thenthe following two relationsarebisimulationson C-con�gurationsand
processesin P respectively.

1 Bc = f (S1 ; S2) j9p; q s:t : p � p q; S1 = A hpi ; S2 = A hqig

2 Bp = f (p; q) j9S1 ; S2 s:t : hpi = A S1 ; hqi = A S2 ; S1 � c S2g

The forward andbackward simulationconditionsrelatethe ! � moves of a processand the
=) � -movesof its imageunderthe translation.Lemma7 allows us to �nd a suitable=) � -
derivative of a givencham con�gurationto ful�l thebisimilarity requirements.

Corollary 10(Full Abstraction). If theconditionsof Theorem9 hold for acham, thenhpi � c

hqi if andonly if p � p q.



4. An EffectiveCHAM for TCCS
We now extendccs � with externalchoice,andguardedrecursion,i.e., in �x i (~x = ~p), every
occurrenceof a processvariablex i in thepi 's is within anaction-pre�xed term. Guardedness
is a vital conditionfor providing aneffective treatmentin thepresenceof recursion.

p ::= : : : j p[]p j �x i (~x = ~p)

Thestandardsemanticsfor Tccs is:

�:p 7! � p
p1 7! � p0

1 p2 7! � p0
2

p1 jp2 7! p0
1 jp0

2

p1 7! p0
1

p1 jp2 7! p0
1 jp2

p2 7! p0
2

p1 jp2 7! p1 jp0
2

p1 7! � p0
1

p1 jp2 7! � p0
1 jp2

p2 7! � p0
2

p1 jp2 7! � p1 jp0
2

p 7! p0

� x:p 7! � x:p0
p 7! � p0 (� 62f x; xg)

� x:p 7! � � x:p0

p1 7! p0
1

p1 []p2 7! p0
1 []p2

p2 7! p0
2

p1 []p2 7! p1 []p0
2

p1 7! � p0
1

p1 []p2 7! � p0
1

p2 7! � p0
2

p1 []p2 7! � p0
2

�x i (~x = ~p) 7! pi [�x j (~x = ~p) = x j ]nj =1

In [BB90,BB92],externalchoicewasimplementedusingreversiblerulesfor airlocksandheavy
ions, which carry tags(l or r ) memo-ingthe componentof a choicefrom which an action
originated. Oncechoiceis resolved by the context, irreversibleprojectionruleseliminatethe
otheralternatives.Thistreatmentis quiteawkward: it introducesagreatdealof new syntax,and
is rigid in taggingtheheavy choiceions,contraryto theAC propertiesof choice.Furthermore
theairlock law leadsto non-con�uence.
We generalizethe taggingapproachto a compositionaltreatment,while presentingan effec-
tivecham rewrite system.Tccs externalchoiceis implementedusing“speculative concurrent
execution”, i.e., running the various(tagged)alternatives concurrently, until one is selected.
Thereupontheothersareculledaway, usingthetagsto determinewhich componentsto retain
or kill. Givenany two sub-processesin a Tccs term,they areeitherin exclusive choiceor in
parallelwith eachother. We usean unordered, �nitely branching treeof nodesalternatingly
markedP andC (for parallelcompositionandchoicerespectively) to representsuchrelations
betweenprocesses.Theleavesaremarkedwith thetags.This abstractdatastructure,calledan
exclusiontree, servesasacatalystthatmediatesthenon-localinteractionnecessaryfor external
choice.While we presentit asa “global” component,its manipulationmayadmitsomeparal-
lelism. Let L = f a1 ; a2 ; : : :g bean in�nite setof labels.An exclusiontree,denotedby T , is
de�ned by thefollowing grammar.

T ::= Tp Tp ::= a j P (Tc ; : : : ; Tc) Tc ::= a j C (Tp ; : : : ; Tp )

P andC denoteinternalnodesof thetreewith �nite non-zeroarity. GivenanexclusiontreeT ,
arbitrarynodesandsubtreesrootedat thosenodesaredenotedby n andits decoratedvariants.
Givenanoden, thetypeof n is P (respectively C) if thesubtreerootedatn wasproducedfrom
thenon-terminalTp (resp.Tc). Contexts for exclusiontreesaredenotedby CT .

CT ::= Cp Cp ::= [ ] j P (Cc ; Tc ; : : : ; Tc) Cc ::= [ ] j C (Cp ; Tp ; : : : ; Tp )

cham con�gurationsarepairs,writtenT ` S, whereT is anexclusiontreeandS is asolution.
It is assumedthatall leavesin T aredistinct; this propertyis preservedby therewriting rules.
Tccs termsin thesolutionS arelabeledfrom thesetL . Moleculesmaynow berede�ned.

m ::= pa j � x:S

A moleculepa is termedactiveif its tag a is a leaf in the treeT . Only activemoleculesare
allowedto take part in a reaction. Therestmaybegarbagecollected.
TheequationaltheoryE on con�gurationsT ` S is obtainedby “lifting” to con�gurationsthe
equationaltheoryE de�ned earlierfor solutions,andaddingtheequations
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subsplita1,a5,a6
       (T)

splitP,a1,a5,a6
        (T)

P

C C

1a 3a 4aa2

6a5a

P

C C

3a 4aa2P5a 6a

P

C C

3a 4aa2

or
splitC,a1,a5,a6

        (T)

split   (T)a1,a5,a6

Figure 1. Thesplit andsubsplitoperations
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Figure 2. Thereactoperation

P(: : : ; Ti ; : : : ; Tj ; : : :) = P (: : : ; Tj ; : : : ; Ti ; : : :)

C (: : : ; Ti ; : : : ; Tj ; : : :) = C(: : : ; Tj ; : : : ; Ti ; : : :)

to emphasizetheunordered(AC) natureof the tree. In addition,E alsocontainsthe following
renamingequalityfor labels.

T ` S = T [a2=a1 ] ` S[a2=a1 ] a2 62T; S

Let C denotea solutioncontext with a “solution-shaped”hole.

C ::= [ ] j C ] S j fj� x:C jg

We saythata 2 T if the treeT hasa leaf labeleda. Also, (n1  n2) 2 T if theparentof
noden1 in T is thenoden2 . If n is a nodewith only onechild n1 , r emoven (T ) is the tree
T with thenodesn; n1 removedandthechildrenof n1 connectedto parent(n); if n1 is itself
a leaf, it is connectedto parent(n). T � (n1  n2) denotestreeT with the noden1 and
all its childrenremoved provided (n1  n2) 2 T . If n2 2 T , T + (n1  n2) is the tree
T with the additionalsubtreen1 addedbelow n2 . De�ne split a;a 1 ;a 2 (T ) = ((T � (a  
n)) + (a1  n)) + (a2  n) when(a  n) 2 T anda1 ; a2 2 L arenot in T . Also,
subsplit a;a 1 ;a 2 (T ) = ((T � (a  n)) + (n0  n)) + (a1  n0) + (a2  n0) if
(a  n) 2 T . n0 is a new internalnodehaving a typedifferentfrom n anda1 ; a2 2 L are
labelsnot in T . Figure1 depictstheseoperationsgraphically.
For t 2 f P ; Cg de�ne



T ` C[fj(pjq)a jg] 
 P split P ;a;a 1 ;a 2 (T ) ` C[fjpa1 ; qa2 jg] (a 2 T )

T ` C[fj(� x:p)a jg] 
 M T ` C[fj� x:fjpa jgjg] (a 2 T )

T ` C[fjm; � x:Sjg] 
 E T ` C[fj� x:(S ] fjmjg)jg] (x 62f v(m))

T ` C[fj(p[]q)a jg] 
 C split C ;a;a 1 ;a 2 (T ) ` C[fjpa1 ; qa2 jg] (a 2 T )

T ` C[fj�x i (~x = ~p)a jg] 
 F T ` C[fj(pi [�x j (~x = ~p) = x j ]nj =1 )a jg] (a 2 T )

T ` C[fjpa jg] ; gc T ` C[fj jg] if a 62T

T ` C[fj� x:Sjg] ; � c T ` C[S] if x 62f v(S)

T ` C[fj0a jg] ; 0c T � (a  n) ` C[fj jg] (a  n) 2 T

T + (n1  n) ` S ; aL r emoven (T ) ` S if n hasonly onechild n1 in T

T ` C[fj(�:p )a1 ; (�:q )a2 jg] 7! R r eacta1 ;a 2 (T ) ` C[fjpa1 ; qa2 jg]
if a1 ; a2 2 T andr eacta1 ;a 2 (T ) is de�ned

Figure 3. Rulesfor theTccs cham.

split t;a;a 1 ;a 2 (T ) =
�

split a;a 1 ;a 2 (T ) if t = type(parent(a))
subsplit a;a 1 ;a 2 (T ) other wise

Let LCA T (a1 ; a2) betheleastcommonancestorof theleavesa1 anda2 in T . Let a1 ; a2 2 T
and n = LCA T (a1 ; a2). Let n have type P and T = CT [T 0] whereT 0 is the subtree
of T rooted at n and CT is the rest of the tree T . De�ne r eacta1 ;a 2 (T ) to be the tree
CT [P (a1 ; a2 ; T1 ; T2 ; : : :)] whereT1 ; T2 ; : : : areall the subtreesof T whoserootswerechil-
drenof nodesof typeP occurringontheuniquepathsfrom a1 to n anda2 to n in T . Ther eact
operationis depictedgraphicallyin Figure2, with thesubtreesT1 ; T2 ; : : : circled.
The rewriting rulesfor Tccs cham con�gurationsaregiven in Figure3. The rulesarepre-
sentedascontext-embeddedrewrites,ratherthanspecifyingelementaryrewritesandinductively
propagatingthesestepsvia ChemicalandMembranelaws. This is just a matterof technical
convenience.Suchanapproachis oftenusedfor specifyingreductionsemanticsfor � -calculi
insteadof inferencerulesfor inductioncases.
Theheating-coolingrules(M ); (E ) areasbefore,exceptfor thetagmanagement.The(P ) rule
splits the leaf correspondingto the term whereit is applied. The (C) rule dealswith external
choiceandallowsatermp[]q to decomposeinto p andq taggedwith leavesoccurringasseparate
childrenof a C node.Therule (F ) for �x-points allows recursive de�nitions to beunfoldedin
theheatingdirection,andis standard.The (gc) clean-uprule allows oneto “garbagecollect”
inactivemolecules,thosewhosetagsarenot in T . The(aL ) clean-uprule removesnodesthat
representasingletontermin a choiceor parallelcontext. Therules(0c) and(� c) areasbefore.
The proviso on the reactionrule ensuresthat both reagentmoleculesare active, and not in
mutualexclusion. The reactioneliminatesfrom the exclusiontreeall tagsthat marked terms
mutuallyexclusive of eitherreactingmolecule.
We de�ne the administrative moves of the Tccs cham as the heatingand cleanuprules:
! A = * [ ; : With a small extensionof the earlier treatment,it is not dif�cult to show
that! A is stronglynormalizing(sincerecursionis guarded,theuseof * F is bounded).

De�nition 11 (LTS). A labelledtransitionrelation7! � canbede�ned as:
T ` C[fj(�:p )a jg] 7! � T 0 ` C[fjpa jg] if a 2 T and C[ ] doesnot restrict � . Here
T 0 = P(a; T1 ; T2 ; : : :) whereT1 ; T2 ; : : : areall the subtreesof T whoseroot is a child of a



nodeof typeP occurringon thepathfrom a to therootof T .

De�nition 12 (Translation). For p in Tccs , de�ne hpi = a ` fjpa jg a 2 L

Lemma 13 (Tccs -Administrati ve Moves). The administrative moves! A of Tccs cham
areoperationallyeffective for boththeLTS (7! � ) andreduction(7! R ).

Lemma 14(Tccs -Simulation). TheTccs cham satis�esthepropertiesof forwardandback-
wardsimulationwith respectto boththeLTS andthereductionsemantics.

The proof of this lemmaemploys an alternative formulationof the cham, which is closerto
the inductive style followed in LTS semanticsof Tccs . In fact, thecham we have presented
wassystematicallyderived from theequivalentalternative “inductive” LTS presentation.That
formulationwas �rst “closed” with contexts to yield a reductionsystemwith inductive laws,
andthen“�attened” with respectto contexts to yield thepresentrewrite-ruleform.

Theorem15(Standardization and Full Abstraction).

1 For theTccs cham, (= A ; ! � ; = A )n �! �
A ; (! � ; ! �

A )n ; (! � 1
A ) �

2 For theTccs cham, (= A ; 7! R ; = A )n �! �
A ; (7! R ; ! �

A )n ; (! � 1
A ) �

3 TheTccs cham is a fully abstractimplementation.

We note in passingthat in [Vir95], Viry had speci�ed LOTOS semantics(which is closely
relatedto ccs ) asan orientedrewriting theory. We believe that his formulationis somewhat
unsatisfactorysinceit includesthe“ExpansionTheorem”[Mil89] in theorientedstructuralrules
A . This amountsto embeddinga particular notion of observation andprogramequivalence
into thestructuralequivalence,which seemsto run contraryto Milner's injunctionon keeping
structuralequivalenceindependentof thedynamics.

5. An EffectiveCHAM for SCCS
We now considera variant of Sccs [Mil83], a calculusin which processexecutionis syn-
chronous. Assumethat the setof actionsAct forms an Abelian monoid,underthe operation
�, with 1 denotingthe identity element.Let � 2 Act , a setof actions,andlet X � Act . For
brevity, we write �� for � � � .
Thesyntaxof thesubsetof Sccs weconsideris givenby theabstractgrammar:

p ::= 0 j �:p j p1 jp2 j � X :p j �x i (~x = ~p)

0 representsinability to execute,“.” denotespre�xing, and “ j” is now synchronousparallel
composition.Due to spacerestrictions,in this paper, we omit the choiceoperatorconsidered
by Milner in his original presentationof Sccs. Furtherwe assumethatwe have only guarded
recursion.Wemustclarify thatfor continuitywith theprevioussection,weemploy arestriction
operator� X similar in spirit to that in ccs . Our � X :p canbe de�ned asp o(Act � X ) in
Milner's syntax.
TheLTSsemanticsfor this Sccs subsetare:

�:p 7! � p
p1 7! � 1 p0

1 p2 7! � 2 p0
2

p1 jp2 7! � 1 � 2 p0
1 jp0

2

p 7! � p0

� X :p 7! � � X :p0 � 62X
(pi [�x j (~x = ~p) = x j ]nj =1 ) 7! � p0

�x i (~x = ~p) 7! � p0

In asynchronouscalculus,all processesactin concert.At �rst blush,thissuggestsanalternative
chemicallaw of theform:

S1 ! S0
1 S2 ! S0

2

S1 ] S2 ! S0
1 ] S0

2



In a cham, however, theprocessesmustbestructurallyadjustedto bereadyfor synchronizing
with oneanother. Sincethenumberof administrative ! A movescanvary for differentcom-
ponents,they cannotbe performedin lockstep. Thuswe continuewith the old chemicallaw,
at leastfor the structuralrules, thoughwe discussbelow an alternative chemicallaw for the
synchronizationsteps.
Sinceall termsin a Sccs processact togetherto producea compositeaction,their individual
actionsneedto bepropagatedupwardon thestructureof the term,andonly at the top level is
it decidedwhetheranactioncantake place. Our cham implementationmimics this idea,but
several implementation-level rewrite stepsareneededto accomplisha semantictransition.We
usetagsto propagateactions.Let � beanelementnot in Act (wecall thiselement“Notag” , and
it is usedto markmoleculesprior to ionizationor afteractionpropagation).Tagsareelements
of Act [ f�g . Wedenotetagsby thelettert andits decoratedvariants.

Moleculesand solutions. Solutions(denotedby S) andmolecules(denotedby m) arede�ned
by thefollowing grammar.

m ::= p j � X :St S ::= fjm t 1
1 ; : : : ; m t n

n jg n � 0

Taggedsolutionsandtaggedmoleculesaresolutionsandmoleculeswith a tag on them. The
tag is written asa superscripton thesolutionor molecule.We de�ne contexts for (untagged)
solutionsby thefollowing grammar.

C ::= [ ]t j (fj(� X :C) t 1 jg ] S) t 2

Rules. Theheating/coolingrulesgivenbelow canbefreely appliedwherever permittedby
a ChemicalLaw or MembraneLaw. The(I ) ruledescribesionizationof a pre�xedterm.

fj(�:p ) � jg 
 I fjp� jg fj(� X :p) � jg 
 M fj(� X :fjp� jg� ) � jg

fj(pjq) � jg 
 P fjp� ; q� jg fj�x i (~x = ~p) � jg 
 F fj(pi [�x j (~x = ~p) = x j ]nj =1 ) � jg

Reaction. Reactionin Sccs is a LTS move S � 7! �
R S� : Reactionis a top level rewrite, to

which theMembraneLaw andChemicalLaw donotapply.

PropagationRules. Thepropagationrulesgivenbelow propagateactionsonmoleculesandso-
lutionsupwardson thestructureof thesystem.Synchronisationis facilitatedby therule (PU).
Therule (� U) allows actionsto bepropagatedpasta restriction.

fjm � 1
1 ; : : : ; m � n

n jg� ,! P U fjm �
1 ; : : : ; m �

n jg� 1 ��� � n

fj(� X :S� ) � jg ,! � U fj(� X :S� ) � jg � 62X

Both the chemicalandmembranelaw may be usedin conjunctionwith (� U). Observe that
therule (PU) workson tagged solutions.Theusualchemicallaw doesnot apply to this rule.
However themembranelaw does.Contexts for taggedsolutionsarede�ned asfollows.

Ct ::= [ ] j (fj(� X :Ct )
t 1 jg ] S) t 2

Alter nativeChemicalLaw for (PU). As the(PU) ruleis essentiallyaboutsynchronizingac-
tionsfrom differentcomponents,theusualchemicallaw doesnotapply. However, thefollowing
alternative chemicallaw achieves(piecemeal)thesynchronizationof actionsandupwardprop-
agationdoneby (PU):

fjm � jg� ,! P U fjm � jg� S�
1 ,! P U (S0

1) � 1 S�
2 ,! P U (S0

2) � 2

(S1 ] S2) � ,! P U (S0
1 ] S0

2) � 1 � � 2

Results. The Sccs cham given hereis alsooperationallyeffective, andis in agreement
with its LTSsemantics.Thissupportsourcasethatsynchronousoperationscanbedealtwith in



a disciplinedcham framework.

De�nition 16 (Administrati ve Moves).For theSccs cham, ! A = * [ ,! :

De�nition 17 (Translation). For a Sccs processp, we de�ne hpi = fjp� jg� :

Lemma 18(Sccs-Administrati veMoves).Theadministrativemoves! A of theSccs cham
areoperationallyeffective for theLTS(7! �

R ).

Lemma 19 (Sccs Simulation). The Sccs cham forward andbackward simulatesthe LTS
semanticsof Sccs.

Theorem20(Standardization and Full Abstraction).

1 For theSccs cham, (= A ; 7! �
R ; = A )n �! �

A ; (7! �
R ; ! �

A )n ; (! � 1
A ) �

2 TheSccs cham is a fully abstractimplementation.

6. Conclusion
We have arguedthatoperationaleffectivenessis animportantcriterionfor assessingany struc-
tural congruenceor cham speci�cation,sinceit ensuresthat theimplementationis reasonable
andin agreementwith theintendedsemantics.Thecritical notionsarethoseof con�uenceand
coherence,which turn out to be valuabletools for reasoningaboutsystemsand in proofsof
adequacy andfull abstraction.Webelieve thatthecham framework is worthextendingbeyond
asynchronoussystemsto accommodatenon-localinteractionsand(partial) synchronousoper-
ators. Accordingly, we have proposedan alternative “arti�cial chemistry” in which reactions
are“mediated”,andin which operationaleffectivenessprovidesa vital discipline. Indeed,we
contendthat the locality principle articulatedby Banâtre,Boudolandothersshouldrelatenot
merelyto theparticularChemicalLaw they presented(whichworkswell for asynchronoussys-
tems)but to thesenotionsof con�uenceandcoherence,whichareat theheartof any reasonable
cham treatment.
In our two examples,we have consideredlimited subsetsof Tccs andSccs to illustratethe
ideas,andfor establishingstandardizationandfull abstraction.This is not a seriouslimitation.
For instance,internalchoicecanbetreatedby addingthefollowing reactionrules.Sinceinter-
nal choiceleadsto non-con�uentbehaviour, it shouldnot be a structuralrule. Theserulesdo
notaffect thepropertiesof operationaleffectiveness.

T ` fj(p1 � p2)a jg 7! I C T ` fjpa
i jg if a 2 T i 2 f 1; 2g

� actionsareinvisible moveswhich resolve internalchoicebut not externalchoice. They can
betreatedby addinganextra reactionrule.

T ` fj(� :p)a jg 7! R T ` fjpa jg if a 2 T

It is intuitive andsatisfyingthat reasonablenotionsof structuralequivalencearisefrom rule
commutations.We believe thatstructuralequivalencesarisefrom permittedcommutationsin a
framework suchasrewriting logic. Indeed,thesemanticfoundationsof chams in conditional
rewriting logic deserve greaterstudy ([Mes92] shows how chams can be expressedin that
framework, thoughpropertiessuchascoherenceof thoserewriting ruleshave not beenstudied
further thereor in subsequentrelatedwork, e.g., [VM00]). We also feel that rewriting logic
canprovideaframework for exploringtheconnectionsbetweenasynchronousandsynchronous
calculi,sinceit canexpressbothkindsof chemistry.
In summary, we tacitly identify theessentialmechanismof a cham asbeingorientedrewriting
moduloa collectionof AC equationaltheories.We mayposit thattheessentialaspectsof good



cham formulationsare: (a) Thestructuralrulesarefactoredinto a “core” AC equalitytheory
andanorientablesetof rewrite rules.(b) Theorientedstructuralrules! A satisfycommutation
properties,thusexhibiting con�uenceandstrongcoherenceof ! A with 7! . (c) Establishing
strongcoherenceis keptrelatively simpleby avoiding problematiccritical pairs,particularlyin
non-superpositioncases,e.g., by disallowing reactionswithin moleculesthatareheatable.
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