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1. INTRODUCTION

Temporal 1logic ([PR57], [PR67]) provides a
formalism for describing the occurrence of events
which 1is

concurrent programs

suitable
(cf.
there

in time for reasoning about
[PN77]). In defining
temporal logic, are possible

two views

regarding the underlying nature of time. One is
that time is linear: at each moment there is only
The other is that time has a

time

one possible future.
tree-like nature:
into

branching,
split
different possible futures.

at each moment,

may alternate courses representing
Depending upon which
[RU71])) a system
of temporal logic as either a linear time logic in
which of the is

linear, or a system of branching time logic based

view is chosen, we classify (ef.

the semantics time structure

on the semantics corresponding to a branching time
structure. The modalities of a temporal logic
system usually reflect the semantics regarding the

nature of time. Thus, in a logic of linear time,
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temporal operators are provided for describing
events along a single time path (cf. [GPSS80]). 1In
contrast, in a loglic of branching time the

operators reflect the branching nature of time by
allowing quantification over possible futures (cf.
[AB8O], [EC80]).

Some controversy has arisen in the computer
science community regarding the differences between
and appropriateness of branching versus linear time
temporal logic. [LA8BO]
intended to "clarify the logical foundations of the
of concurrent
programs," Lamport He
defines a single language based on the temporal
Two distinct
In the

In a landmark paper

application temporal loglc to

]

addresses these issues.

operators '"always" and 'sometimes".
interpretations for the language are given.
first interpretation formulae make assertions about
paths, whereas in the second interpretation they
make assertions about states. Lamport associates
the former with linear time and the latter with
branching time (although it should be noted that in
structures are

both cases the wunderlying time

branching). He then compares the expressive power
of linear time and branching time logic. Based on
his comparison and other arguments, he concludes
that, while branching time logic is suitable for
reasoning about nondeterministic programs,
is

concurrent programs.

linear

time logic preferable for reasoning about

In this re-examine Lamport’s
arguments and reach somewhat different conclusions.
We first point out some technical difficulties with
the formalism of [LA80]. the
definition of expressive

paradoxical situations where satisfiable formulae

paper, we

For instance,

equivalence leads to

are classified as equivalent to false. Moreover,
of the

not apply

the proofs results comparing expressive

power do in the case of structures



generated by a binary relation like those used in
the logics of [FL79] and [BMPS81].

refined basis for comparing expressive power that

We give a more
avoids these technical difficulties. It does turn
out . that expressibility results corresponding to
still hold. should be
emphasized that these results apply only to the two
he

conclusions regarding branching versus linear time

Lamport’s However, it

particular systems that defines. Sweeping

logic in general are not justified on this basis,

We will argue that there are several different
aspects to the problem of designing and reasoning
While the

modalities needed in a logic depend on the precise

about concurrent programs. specific
nature of the purpose for which it is intended, we
can make some general observations regarding the
choice between a system of branching or linear

time. We believe that linear time logics are
generally adequate for verifying the correctness of
pre~existing concurrent programs. For verification
purposes, we are typically interested in properties
It is thus

satisfactory to pick an arbitrary path and réason

that hold of all computation paths.

about it.
the

However, there are applications where we
the of
provided by a

the
model

need ability to assert existence

alternative computation paths
This

that

as

branching time logic. arises from

nondeterminism - beyond used to
concurrency - present in many concurrent programs.
In order to give a complete specification of such a
program, that there are viable
the

nondeterministic choices the program might make.

we must ensure

computation paths corresponding to

(An example is given in section 6.) Neither of

Lamport’s systems is entirely adequate for such

applications.

In issues

order to examine these more
carefully, we define a language, CTL*, in which a
universal or existential path quantifier can prefix
an arbitrary linear time assertion. CTL* is an
extension of the Logic, CTL,
defined in [CE81] [EH82]. This

language subsumes both of Lamport’s interpretations

Computation Tree
and studied in

and allows us to compare branching with linear
time. Moreover, the syntax of CTL* makes it clear

which interpretation is intended.

The paper is organized as follows: In section
2 we summarize Lamport‘s approach and discuss its
limitations. In section 3 we present the syntax
and semantics of CTL*. We also define some natural

sublanguages of CTLY* and compare their expressive
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power in Section 4. In particular, we show that

(cf.

expressive

Theorem 4.1) a
crL*
Lamport’s interpretations.
how CTL* can be embedded in MPL
[HKP8O] . Finally,

comparison of the utility of branching and linear

language
still

substantially less
both of
Section 5 then shows
[AB80] and PL

concludes with a

than subsumes

section 6

time logic.

2. LAMPORT’S APPROACH AND ITS LIMITATIONS

the reader’s convenience we summarize

Lamport’s approach here (we do take the liberty of

For

slightly altering his notation):

2.1 Definition. A structure M = (S5,X,L) where

S is a nonempty set of states,

X is a nonempty set of paths, i.e., a
nonempty set of nonempty sequences of states,
and

L is a labelling which assigns to each state a set
offélggi;k}rOpositions true in the state.

We use s,t,s’,t),... etc. to denote states in S and

etc. to denote sequences of states

X,st’;YI;"'
(with repetitions allowed) over S. A path x is a

nonempty sequence of states. We say that a path is

of length k, and write x| = k, if it consists of 1
+ k states. Thus, if x is finite then [x| = k for
some k > 0, and x has the form (sg,...,8). If %
is infinite then |x| = W and has the form

If X can be either finite or

(SO’Sl’SZ"")’
infinite it is sometimes convenient to write x =
(sO,...,sk,.) or even X = (si) where, implicitly, O
< i < 14x
state, 50>

state, sy, of x. If x is infinite, last(x) does not

. We use first(x) to denote the first

of x, and last(x) to denote the last

exist. If [x| > 0, we define x' = (81,+++,8,+)3
otherwise x' = x. We define the suffixes of x, x~ =

m+l _ ™. If v # x is a suffix «

X, X If vy # x is a suffix of x then ¥y

is a proper suffix of x. The prefixes and proper

If x is a
then the
the

prefixes of x are defined similarly.

finite sequence and y 1is a sequence,

x and y, written =xy, 1is

sequence obtained by appending y to x. (E.g., if x

= (sl,sz) and y = (s3,34,55) then xy =

(51,82,83,54,85). Similarly, if x = x's is a

finite path and y =

of x and y, written x'y, is the path x'sy’

fusion is undefined if last(x) # first(y)).



Remark: Various constraints can placed on the
Lamport [LA80]
requires that X be suffix closed meaning that if x
€ X then x' € X. Similarly,

fusion closed (cf. [PR79]) if X18Y] € X and X8,
€ X imply x;sy, € X, We also say that X is limit
closed (cf. [AB80]) provided that if there is an
infinite sequence of paths ygxq, Yoy X],YgV1Y2X0s s+
€ X and each yi is nonempty then the "limit" path
yoy1ya--- € X.
shall also consider the case where X is required to
be R-generable meaning that there (total,
nonempty) binary relation R such that X consists

set of paths X. In particular,

we say that X is

In the subsequent sections, we

is a

precisely of the infinite sequences (sg,51,82,+.. )
such that (s{,s{4]) € R for all i. This 1is a
natural condition which has been assumed in many
previous papers including [FL79], [EC80], [BMP8l],
and [EH82]. It is shown in [EM81] that the above
three closure properties are exactly equivalent to
R~generability. These
ensuring

closure
that commonly
accepted identities are valid (see sections 4,5 and
[EM81]).

2.2 Syntax.

properties are

important in certain

Lamport inductively ‘defines the

syntax of a class of temporal formulae:

1.
2.

Any atomic proposition P is a temporal formula.
If p,q are temporal formulae then so are

P A q ("conjunction"), and "p ("negation").

3. If p is a temporal formula then so are
[lp (meaning "always p") and

->p (meaning "sometimes p").

2.3 Semantics. A temporal formula’s meaning
depends on whether it is interpreted as a formula
of branching time or a formula of linear time. For
the branching time interpretation, we write M,s ]=B

p to indicate that formula p is interpreted as true

in structure M at state s. We define |=p
inductively:
1. M,s [= P iff P€ L(s)
2. M,s |sgp p A q iff M,s |=p p and M,s |=p q
M,s |=g ~p iff not( M,s |=p p)
3. M,s |=B [lp iff ¥ path x € X with first(x) = s
¥n > 0, M,first(x") |=p p
M,s |=p ->p iff ¥ path x € X with first(x) = s

dn > 0, M,first(x™ |=5 p

Similarly, for the linear time interpretation
we write M,x 1=L p to indicate that in structure M
formula p is true of path x. Again, we define |=L

inductively:

1. M,x |= P 1ff P € L(first(x))
2. M,x |=, p A q iff M,x |= p and M,x |= q
M,x |= "p iff not (M,x |=p p)
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3. M,x |~ [lp iff ¥n > 0,
M,x |= ->p iff o > 0,

M,x" |= p
M,x" |=p, p

For both interpretations, the modality <>p is

introduced as an abbreviation for ~[]*p and the

other logical connectives are introduced as
abbreviations in the usual way.

Note that in the branching time
interpretation, a formula is true or false of a

state whereas in the linear time interpretation, a
Thus,

cannot directly compare the expressive power of

formula is true or false of a path. we

linear time with branching time. In an attempt to
overcome this difficulty, Lamport extends |=B and

|=|, to entire models:

2.4 Definition. Given structure M = (S,X,L)
temporal formula p is M-valid under the branching
time interpretation, written M |=p p, provided that
for every state s € S, M,s |=B p. Similarly, p is
the
written M |=L p, provided that for every path x

€X, M,x |= p.

M-valid under linear time interpretation,

Next, Lamport defines his notion of

equivalence:
2.5 Definition. Formula p under interpretation

strongly

interpretation Y, written p £ O provided that for

X is equivalent to formula g under

every structure M, M |=¢ p iff M [=y q

Using this formalism, Lamport argues that
linear time and branching time have incomparable

expressive power:

2.6 Theorem ([LA80]). <DP in branching time is
not strongly equivalent to any assertion of linear

time.

2.7 Theorem ([LA80]). ->[]P in linear time is

not strongly equivalent to any assertion of

branching time.

We have several criticisms of the formalism.
Note that defining a formula as true or false of an
entire model causes useful information to be lost.
For example, in the branching time interpretation
although there is a model M with states s,s’ such
that M,s |=p —>P /A "P and M,s’ |=g “(-=>P A "P),
there is no model M such that M [=p ->P A ~P.

Similar remarks apply for the linear time
interpretation. Thus, we get

2.8 Proposition. In 1linear time or in
branching time, ->P /\ "P =, false.



This shows that =5 1is too coarse an
equivalence relation in that it classifies
satisfiable formulae as equivalent to false.

Moreover, since the same notation is used for both
branching and linear time formulae, it is not clear
from the syntax which interpretation is intended.
This has the

difference between the two interpretations, namely,

effect of obscuring the essential

that linear time formulae make assertions about
paths and branching time formulae make assertions

about states. It also causes difficulties when

translating from English into the formalism.

We also disagree with Lamport’s conclusion

that linear time logic is superior to branching
time logic for reasoning about concurrent programs.

Lamport gives two specific arguments to justify

this claim:

1. To establish certain liveness properties of a

concurrent program, it is frequently

necessary to appeal to some sort of fair
scheduling constraint such as strong eventual
fairness (which means that 1f a process is

enabled for execution infinitely often, then

eventually the process must actually be
executed). This constraint can be expressed
in linear time logic by the formula

(-=>[] “ENABLED) V -DEXECUTED. However, it is
not expressible in branching time logic.

In proving it is often
helpful to

any

a program correct,

reason using the principle that,
path,

true

is
This
amounts to assuming an axiom of the form ->P
V [17P whtich is M-valid for all models M
under the linear time interpretation, but not

along either property P

eventually or is always false.

under the branching time interpretation.

The first observation is certainly true for
the particular systems that Lamport has defined.
However,

by wusing a branching time

the

logic with

appropriate operators {such as "infinitary"

quantifiers used in [EC80]) these assertions can be

easily expressed. Indeed, by adding enough
modalities to a branching time logic, any assertion
of Lamport’s linear time can be expressed as

described in section 4. In regard to the second

point, it is true that the given formula is valid
(i.e., true in all models) under the linear time
interpretation but not under the branching time
However, the
of the

formalism under the branching time interpretation.

not a
the

interpretation. formula is

correct translation principle into
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We believe that this is an instance of the

confusion caused by the use of the same syntax for
both interpretations. Again, it is possible to
write a formula in a branching time system which
accurately renders the shown 1in

principle as

section 3.

3. A UNIFIED APPROACH

In this section we exhibit a uniform formalism

for comparing branching with linear time that
avoids the technical difficulties of Lamport’s and
allows us to examine the issues more closely. To
illustrate our approach, we describe a language,
CTL*, which subsumes Lamport’s branching and linear
time systems as well as UB [BMP81] and CTL ([EH82],
[CE81]). CTL* is closely related to MPL [AB80].
(CTL* is also used in [CES83].) 1Im CTL® we allow a
path quantifier, either A ("for all paths") or E
("for

composed of arbitrary combinations

some paths"), to prefix an assertion »p

of the usual
linear time operators G ("always"), F
("sometimes"), X ("nexttime"), U ("until"), as well
(Ec80], T

<«
("infinitely often"), G ("almost everywhere").

as the infinitary state quantifiers of

3.1 Syntax. We inductively define a class of
state formulae (true or false of states) and path

formulae (true or false of paths):

S1. Any atomic proposition P is a state formula.
S2. 1If p,q are state formulae
then so are p A\ q, ~p
$3. If p is a path formula
then Ap, Ep are state formulae
Pl. Any atomic proposition P is a path formula
P2, 1If p,q are path formulae
then so are p A q, ~p
P3a. If p is a state formulae
then Gp, Fp are path formulae
P3b. If p is a path formulae
then Gp, Fp are path formulae
P4a. If p,q are state formulae
then Xp, (p U q) are path formulae
P4b. If p,q are path formulae
then Xp, (p U q) are path formulae
P5a. If p i? gaftate formula
then Fp, Gp are path formulae
P5b.

If p aios a path formula
o
then Fp, Gp are path formulae

Remark: The other truth-functional connectives
are introduced as abbreviations in the usual way.
As we shall see, .we could take the view that Ap



abbreviates “E~p, Fp abbreviates (true U p), Gp -

abbreyiates “F~p, Fp_abbreviates G(Xtrue A Fp),
and Gp abbreviates “F~p. Thus, we could give a
substantially more terse syntax and semantics for
our language by defining all the other operators in
terms of just the primitive operators E,X,U,~, and
A. Also, we could consider state formulae as a
special case of path formulae whose truth value
depends on the first state of the path and thus
view all formulae as path formulae. This is
essentially what is done in PL (cf. [HKP80]) and
also leads to a slightly easier formulation of the
syntax and semantics. However, 1like Abrahamson
[AB80] , we consider the distinction between
quantification over states and over paths an
important one that should be maintained. Moreover,
this approach makes it easier to give the syntax of
each of the sublanguages that we consider.

The set of state formulae generated by the
above rules forms the language CTL*. We. also
consider a number of other languages generated by
some combination of the above rules: The set of
path formulae generated by rules P1,2,3b gives the
language L(F,G), and the set of state formulae
generated by rules S1-3,P3a yields the language BT.
As we shall see, L(F,G) corresponds precisely to
Lamport’s linear time interpretation and BT
corresponds precisely to Lamport’s branching time
interpretation. The set of path formulae generated
by rules P1,2,3b,4b corresponds to the language
L(F,G,X,U) used in many applications (cf. [GPSS80],
[MW81]). The set of state formulae generated by
rules S1-3,P3a,4a corresponds to the language CTL
used in [CE8l]. We define the language ECTL to be
the set of state formulae generated by rules
S1-3,P3a,4a,5. We can then define BT+, CTL+, and
ECTLY to be the set of state formulae generated by
adding the rule P2 to the rules for BT, CTL, and
ECTL, respectively. CTLY was considered in [EH82]
and ECTLY is essentially the language studied in
[EC80]. Both ECTL and ECTLt provide us with an

ability to make assertions about fair computations.

3.2 Semantics. We write M,s |= p (M,x |= p) to
mean that state formula p (path formula p) is true
in structure M at state s (of path x,
respectively). When M is understood, we write

simply s |= p (x |= p). We define |= inductively:

Sl. s |=P iff P € L(s)
82. s |=p N qiff s |[=pands |=¢
s |= ~p iff not (s |= p)
83. s |= Ap iff for every path x & X
with first(x) =s, x |=p
s |= Ep iff for some path x€ X
with first(x) = s, x |=p
Pl. x |= P iff P € L(first(x))
P2. x{=p A qiff x |=pand x [=¢q
x |= ~p iff not (x |= p)

P3a. x |= Gp iff for all i > O, first(xi) {=p
x |= Fp iff for some 1 > 0, first(xl) = p
P3b. x |= Gp iff for all i > 0, x1 |=p
x |= Fp iff for some i > 0, xI |=p
Pha. x |= Xp iff |x| > 0 and first(xl) |=p
x |= (p U q) iff for some i > O, first(x1) |=q

and for all j > O
[ i <1iimplies first(xJ) |= p]
P4b. x |= Xp iff |x| > 0 and x! |=p
|= (p U q) iff for some i > 0, x* |=q
and for all j > O
[ 3 <iimplies x] |= pl

»

o
P5a. x |= Fp iff |x| =w and for infinitely many
o distinet 1, first(x®) [=p
x |= Gp iff for all but a finite number of i,

first(xi) I=p
P5b. x |= ?p iff |x| =W and for'infinitely many
distinet i, x* |=p
x |= Gp 1ff for all but a finite number of i,
xt I=p
It is easy to check that all the equivalences
mentioned in the remark in section 3.1 hold.
Observe that the following equivalences establish
the claimed correspondences between Lamport’s
linear time and L(F,G) and between Lamport’s

branching time and BT:

M,x 17L [lp iff M,x |= Gp
M,x |= ->p iff M,x |= Fp
M,s |=p [lp iff M,s |= AGp
M,s |=p —>p 1ff M,s |= AFp

Note that under the linear time interpretation
the formula discussed in the previous section, ->P
V []"P, corresponds to the L(F,G) formula FP
V G™P which is clearly valid. Under the branching
time interpretation it corresponds to AFP V AG™P
which is not valid. However, the valid BT formula
A(FP V G™P) (obtained b}; simply prefixing the
L(F,G) formula with A) does capture the intended
principle.

Clearly, a direct comparison of linear time
(i.e. path) formulae with branching time (i.e.
state) formulae is impossible. As we have seen,
Lamport’s approach of defining a formula as true or
false of an entire structure leads to technical
problems. How then can we compare linear time with
branching time? Since in program verification
applications, there 1is an implicit wuniversal
quantificati}on over all possible futures when a
linear time assertion is used, we associate with
every path formula p the state formula Ap and ask
whether this 1is expressible in a given branching
time logic. Thus, we have the following

definition:

131



3.3 Definition Given any language L of path

formulae we define the language of associated state

formulae B(L) = {Ap p € L}. (Note that B(L) is
not closed under negation or disjunction (cf.
[AB8O]).)

On this basis, we can compare any linear time

logic L with branching time logic B by first

converting L into the associated branching time
logic B(L).

branching time formulae is measured by the "usual"

This time, however, equivalence of the

notion:

3.4 Definition.
say that p is equivalent to q,

Given state formulae p,q we

written p = q,

provided that for every structure M, for every

state s of M, M,s |= p iff M,s |= q.

. It is easy to check that = is an equivalence

relation which refines and avoids the problems

Zs

of Proposition 2.8, In fact, we have the following

results which clarify the relation between = and
=g¢

3.5 Proposition. For any path formula p,
P =g Ap.

Proof: Let M = (S8,X,L) be an arbitrary
structure. We show M |= p iff M |= Ap. If M |=p

then for all x € X, M,x |= p. So for all s € S,
M,s |= Ap and thus M |= Ap. Conversely, {f M |= Ap
then for all s € S, M,s |= Ap and for all x € x
starting at s, M,x |= p. Since each x € X starts at
S, M,x |=p for all x € X. Thus, M |= p. []

some s

3.6 Proposition.
P =, q iff AGp = AGq.

For any state formulae p,q,

Proof: (=>:) Assume p = q. It will suffice to
show that M,s |= AGp implies M,s |= AGq because, by
a symmetric argument, then conclude

we can

AGp = AGq. So suppose M,s |= AGp where M = (S,X,L)
is an arbitrary structure and s € S.
{x € X If X’
trivially M,s |= AGq as desired. Otherwise, define
M = (§7,X",L") with 8" = {s'€ S : s’

Define X" =

X starts at s}. is empty, then

appears on

some x° € X'} and L° = L|S. Note that for any
state formula r, M,s |= AGr iff M',s ,I= AGr iff
¥s € S, (M,8" [= r). Taking r=p, we get Vs~
€5, M,s” |=p. Since p = 4, ¥s’ & 8’, we have
M",s” |= q. Now take r=q, to see that M,s |= AGq as
desired.

(<=:) Assume AGp =
M,s |= AGq for all M and

AGq, |= AGp iff
s in M. It will suffice to

i.e. M,s

show that M |= p implies M |= q as a symmetric

argument will yield p =, q. Now suppose M = p
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where M = (S,X,L). Then ¥s € S, we have M,s |= p
whence ¥s € S, we also have M,s |= AGp. Since AGp
= AGq, Vs € S, M,s |[= AGq and M,s |= q. Thus M
|= q as desired. [l

3.7 Corollary. For any path formula p and

state formula q, p = 4q iff AGAp = AGq.

Finally,
two branching time languages as follows:

we compare the expressive power of

3.8 Definition. We say that Ly is at least as
expressive as Lj, written L; < L,, provided that
for every p € Ly there exists ¢ € Ly such that p =
q. We say that L; is exactly as expressive as Ly,
written Ly = L,, provided L; < L,"and Ly, ¢ L.

Finally, L; is strictly less expressive than L, ,

written Ly < Ly, provided Lj < Ly and Ly # L.

in the next section we
of the

We show

Using this formalism,

compare the relative expressive power
branching time languages defined above.
that the following picture describes their relative

expressive power:

B(L(E,6,%,1)) < CIL
v A

B(L(F,6)) ‘=;LECTLf
ECTL
L

cTLf

where any two languages not connected by a chain of

<’s and ="s are of incomparable expressive power.

4. EXPRESSIVENESS RESULTS

In proving our expressibility results, we

assume that all structures are R-generable. Without
such an assumption even rudimentary equivalences
such as EFEFp = EFp do not necessarily hold. Our
"inexpressibility" results are stronger than those
Lamport obtains in that ours apply in the case of

R-generable suffix—closed

structures as well as
structures whereas his apply only to suffix~closed

structures,

Our first result shows that Lamport’s linear
time system 1is expressible in the branching time
logic ECTLY:



4.1 Theorem. B(L(F,G)) 5_ECTL+.

This
induction on the structure of B(L(F,G)) formulae.
Details are left to the .0

Proof: proof involves a complicated

appendix

However, if we add the nexttime operator the

situation changes:

4,2 Theorem. The formula A[F(P A XP)] is not
equivalent to any formula q 3 EcTLt.

Proof: We inductively define two sequences

MI’MZ’M3"" of
Define M;,N; to have the graphs shown

and Nl’NZ’N3"” models as
follows.
below

M|.~ N|f
o, a

o

1 d|
d

where in My, a; |= P, by =P, dy [= ~P and in Ny,
a; |= P, and d) |= ~P.

Suppose we have defined My and Ny. Then M;.4y
and Nj4, have the following graphs

where in both M;i; and Nj,j, 354 |= P, byyy |= 7P,

and Mj, N{ are copies of My, Ny, respectively.
It should be clear that

M;,a; |= A[F(P N\ XP)] and

Nj.a; |= ALF(® A xP)].

(1) for all i,

We will also show that
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(2) For any ECTL+ formula p there is a CTL

formula q which is equivalent to p over
these two
all i and all states s in M;,

Mj,s |=p =

sequences of models. That is, for
q, and similarly for Ny

(3) For any CTL formula p, with |p| < i,

Mi,a; |=p iff Nj,ay {=p.

To see that the result follows, suppose that
A[F(P A XP)] is equivalent to some ECTLY formulae
p. Then by (2) above, there is a CTL formula p’
Now [p’| = 1
for some i. Then M;,a; |= A[F(P A XP)] which, by
supposition and (2), implies M;,a; [=p’. By (3)

equivalent to p over these models.

this implies Nj,ay |= p’, which implies, again by
supposition and (2), that Nj,ay |= A[F(P A XP)].

But this contradicts the fact (1) above that
Ni,a; |= "A[F(P N\ XP)]. 7

The details of the proof for (2) and (3) are
provided in the appendix. [I

Similar combinatorial techniques can also be

used to prove the following two theorems:

+ ® P01 i
4.3 Theorem. The ECTL" formula E[{FP A FQ] is
not equivalent to any formula q € ECTL.

Proof: Left to the appendix. (|

@
4,4 Theorem. The ECTL formula EFP is not
equivalent to any formula q € CIL',

Proof: Left to the full paper. [|

Theorem 4.4 also follows from the results of

[EC80] which depend on recursion-theoretic
techniques. However, such techniques will not
suffice to establish Theorem 4.3. Thus, the

combinatorial proof techniques used here seem to
provide a sharper tool than does recursion theory
in applications such as this.

The following theorem shows that existential
quantification over paths cannot be expressed with
only universal quantification as provided in the
languages of the form B(L(-)):

4.5 Theorem. The BT formula EFP 1is not

equivalent to any B(L(F,G,X,U)) formula.

Proof: Suppose EFP = Aq for some linear time
Since ~EFP is satisfiable,
it must be that ~q is satisfiable. Thus M,x |="g
for some structure M = (S,X,L) with X = {x}. Add a
first(x) which satisfies P to

That is, let M° = (§87,X",L")

X =x ) {ss’}, L'(s) =

formula q over F,G,X,U.

successor s’ to s =

get a new structure.

s U (s},

where 8§’ =



L(s) for s € S and L’(s’) = {P}. Then M’,s |= EFP

and, by the supposed equivalence, M’,s |= Aq. But
then M’,x |= q and also M,x |= q, a contradiction.
g

The portion of the diagram below et follows
from the results in [EH82].

5. RELATION TO PL AND MPL

We assume that the reader is familiar with PL
(see [HKP80] for details).
into PL

We can translate CTL*
following way: To each CTL*
(S,X,L), associate the PL
structure MY = (S,}=,R) where the set of paths of

in the
structure M = we
atomic program A, Ry, is equal to X, and for any
We
can then give a translation of a CTL* formula P

atomic proposition P, MY,s |= P iff M,s |= P.
into an equivalent PL formula pt. We define the
the
temporal connectives of cTL* to be E, X, and U

translation inductively, taking primitive

(c.f. the remark in Section 3.1):

Pt = P for atomic propositions P
(p)t = ~(p%)

e At =p" At

(U@t =q" V (' suf q%)
(Ep)t = £(<a>ph)

(xp)" = false suf pt

(Note this is equivalent to
(@p*®)

Then by a straightforward

structure of CTLY formulae we can show

induction on the

5.1 Proposition. For all x € X, M,x |= p 1ff ME,x
|= pt and for all s €S, M,s [=p 1££ ME,(s) [= pt.

Note (p U q)t = qt or (pt suf qt) since the U
operator considers the current path while the suf
operator only depends on proper suffixes. Ep is a
in PL we
force the truth of the formula to

state formula; since have only path

formulae, we

depend only on paths starting at the first state.

Since MPL has not been widely discussed in the
briefly its
semantics here before describing the translation
from CTL® into MPL (see [AB80] for more details).

literature, we review syntax and

To simplify the exposition, we take the liberty of
slightly In
particular, we use the temporal connectives <>, U,
and X of [1, W, and Y,
respectively. We also omit the H operator and view
all of

altering  Abrahamson’s notation.

instead their duals

paths as simply sequences

of

states

corresponding to legal sequences transitions
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since blocking will not concern us here.

The syntax of MPL is as follows:

1. Any atomic proposition is a formula.

2. If p,q are formulae then so are “p, p \ q, <>p,
Xp, and p U q.

We take []p to be an abbreviation for ~<{>7p.

A structure M is a triple (S,X,L) as before.
An MPL formula is true or false of a triple M,x,y
where M is a structure (S,X,L), x € X, and y is a
finite prefix of x (called a stage). 1If y,z are
stages or paths, we write y { z if y is a prefix of

z. We define |= inductively as follows:

1. M,x,y |= P iff P € L(last(y))

2. M,x,y |=p A q iff M,x,y |= p and M,x,y [=q
M,x,y |= ~p iff not(M,x,y |= p)
3. M,x,y |=p U q iff F2(y < z <x and M,x,2 |= g
and Vw(y <w <z =>Mx,w |=p))
M,x,y |= Xp iff Jz(M,z,x |= p and
y £z <xand “Fuly <w < z))
4, Myx,y |= Op iff x'(x' € X, ¥ <x7,

and M,x’,y" |= p)

While no restrictions are placed on the set of
paths X in defining the semantics of MPL, we must
restrict our attention to structures that are
suffix closed as well as fusion closed in order to
translate CTL* into MPL.

there are CTL* formulae

These restrictions are
(e.g.,
EGXtrue /\ ~EXEGXtrue A\ EFEFp A ~EFp) which are

that are neither

necessary since

satisfiable only in structures
suffix closed nor fusion closed whereas every MPL

formula is satisfiable in a structure that is both

suffix closed and fusion closed. This latter fact

arises from the use of stages in defining the

semantics of MPL and is proved in

5.2 Lemma. An MPL formula is satisfiable iff

it is satisfiable in a structure that is suffix
closed and fusion closed.
Proof: Left to the appendix. [l

If y is a stage of x, write x/y to indicate
the suffix of x obtained by deleting all but the
last state (x/y) =

of the prefix y, i.e. y

X. Then we get

5.3 Lemma. If M = (8,X,L) and X is suffix
closed and fusion closed then fqr all MPL formulae

p and x € x

M,x,y |= p iff M,x/y, first(x/y) |=p



Proof: A straightforward induction on the

structure of p suffices. Note that we need fusion
closure of X in order to show that M,x/y,first(x/y)
|= <>p implies M,x,y |[= <>p. Details are left to
the reader. {]

The preceding lemma shows that, in a suffix

closed and fusion

closed structure, we can
essentially omit mention of the stages. Thus, we
will write M,x |= p as an abbreviation for
M,x,first(x) |= p. We can then translate a crL*

formula p to an MPL formula pt' simply by replacing
all occurrences of E by <>. We now get:

5.4 Theorem. (S,X,L)
where X 1is suffix closed and fusion closed,
path x € X,

Given a structure M =

and

if p is a cTL* path formula then
M,x [= p iff M,x |= pt'and

if p is a CTL" state formula then
M,first(x) |= p iff M,x |= ptt

What do these translations tell us about the
existence of decision procedures for CTL*?. Note
that a CTL® formula p is satisfiable in a structure
M iff the PL t
satisfiable in the structure ML, Moreover, by the
definition of MY in terms of M, p is satisfiable in
a structure M meeting certain restrictions on its
of paths X (e.g., R-
generability) iff 1ff pt is satisfiable inl a

corresponding formula p is

set suffix closure or
structure MY where R, meets the same restrictions.
However, the definition of PL allows arbitrary sets
of paths in the structure, and the original work
[HKP80] on decidability of PL formula does not
consider the question of restrictions on the sets
It
algorithm given in [HA82] to check if a formula is
satisfiable suffix
closed and/or fusion closed. Alternatively, using
Lemmas 5.2 and 5.3 and Theorem 5.4 together with
the fact ([AB80]) that there is an algorithm for
testing satisfiability of MPL formulae which runs

cn
in deterministic time 0(22 ), we get

of paths. is true that we can modify the

in a structure where R, 1is

5.5 Theorem There is an algorithm to decide if
a cTL* formula p is satisfiable in a structure
which is suffix closed, fusion closed, and for
which every state is

ThT first state of some path
. 2P

that runs in time 0(2 ).

Proof: We simply check if pt is satisfiable.

But, the problem of deciding if a formula is

satisfiable in an R-generable structure seems much
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harder. It is the limit closure constraint which

causes difficulties. For instance, there is no
analogue of lemma 5.2 for limit closure in the case
of MPL. the <>GXtrue
[16<>Xtrue given by Abrahamson ([AB80], p. 110).
If M = (8,X,L) then M,x,y |= <>GXtrue iff there is

path in X

Consider formulas and

an infinite extending y and M,x,y
|= [1G<OXtrue iff every finite path extending y can
in turn be extended by another path in X. It is
check that ~<>GXtrue A []GOXtrue 1is

satisfiable in a structure that is suffix closed

easy to
and fusion closed but not limit closed. However,
as Abrahamson points out, his decision procedure
will generate structures that are not limit closed
for certain formulae satisfiable in limit closed
structures, and there is no obvious modification of
hig algorithm for MPL to force it to generate limit
closed models whenever possible. Similarly, there
is no obvious modification of the [HA82] algorithm
to force Ry to be limit closed. Thus, the problem
of finding an elementary time algorithm to decide
if the CTL® formula p is satisfiable in a limit

closed (or R-generable model) remains open.

We remark that in [AB8O] a

axiomitization is given for MPL which also applies

complete

*
to CTIL , provided we restrict our attention to

structures which are suffix closed and fusion
closed. The problem of finding a complete
axiomatization which applies to R-generable
structures remains open.
6. CONCLUSION

We believe that 1linear time logics are

generally adequate for verifying the correctness of
pre-existing concurrent programs. For verification
purposes, we do not usually care which computation
path is actually followed or that a particular path
in
It
is thus satisfactory to pick an arbitrary path and
reason about it. Indeed, Owicki and Lamport [OL80O]

give

exlsts because we are typically interested

properties that hold of all computation paths.

convincing evidence of the power of this
the simplicity of

linear time logic is a strong point in its favor,

approach. In these situations,
and we see only one advantage in considering the
use of a branching time logic. Namely, linear time

time
While

logics, as interpreted over branching

structures, are not closed under negation.
it may be possible to prove that a property holds
of a correct if a

for all executions program,

program is incorrect because the property does not



hold along some execution, it will be impossible to
disprove the property for the program as a whole.
[AB8O] "It out of the

question to attempt to disprove a property when we

As Abrahamson notes is

can’t even state its negation."

Furthermore, there are other situations for

which we want the ability to explicitly assert the
existence of alternative computation paths and must
use some system of branching time logic. This
arises from the nondeterminism - beyond that used

to model concurrency - present in many concurrent

programs. Consider an 1instance of the mutual

exclusion problem where each process P, is

i
functioning as a terminal server. At any moment,
Py (nondeterministically) may or may not receive a
character. A key attribute of a correct solution
is that it should be possible for one particular Py
to remain in its noncritical section, NCS;, forever
(awaiting but never receiving a character from the
keyboard) while other Pj continue to receive and
process characters. It should also be possible for
P; to receive a character and then enter its trying
region, TRY;. From there it eventually enters the
Cs;, the

processed before returning to NCS;.

critical section, where character is
But, no matter
what happens, once P; is in NCS; it either remains
there forever or eventually enters TRY;. To express
this property. one can use a branching time logic
formula involving a term (intended to hold whenever
A EFinIRY;

using Theorem

A A(GinNCS; V FinIRY;). However,
4.5,

time

this is provably not expressible in linear

logic, 1i.e., in a language of the form

V FinTRY;), allows a "degenerate" model where all

paths satisfy FinTRY;
GinNCS; .

and no path satisfles

This ability to existentially quantify over
paths 1is particularly useful in applications such
as automatic program synthesis from temporal logic
(cf.

specifications [CE81], [EC82]) where very
precise and thorough specifications are needed. Of
course, it is possible to successfully synthesize a
wide class of interesting programs using only

linear time logic (cf. [MW81], [W082]); but, as the

remarks above demonstrate, some means external to
the logic must be used if we wish to ensure the
existence of alternative computation paths.
also note that explicit path quantification can be
helpful

adequate degree of parallelism (i.e., that it can

in ensuring that a program exhibits an

We”*
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follow any one of a number of computation paths and

is not a degenerate solution with only a single
path).
7. APPENDIX

Proof of Theorem 4.1: We first define the set

of basic formulae, B, as follows:

1. Any propositional formula (i.e. boolean
combination of atomic propositions) is a B
formula.

2, If Pysees,D, are propositional formulae then

pp U (pp U is a B

formula

cee (Ppg U Gpn)...)
abbreviate [py,...,p;].

Intuitively, [pj,...,p,] means that there is

which we
a finite segment (possibly of length 0) where
followed by a
holds,..., followed by a segment where Pn-1

P holds, segment where Py

holds, and then p, holds ever after.

If p is a propositional formula then GFp is a
B formula.

If P is a propositional formula,and

0 0 mo, 0 ....40 1,
[po,---,pnol, » [P ,pnm], lag» i

are B then

Fry,...,Fr formulae, F(p

n

A [pg,---,pgo] Nl A

A X[q8,-.-,qf£0] N Fry A.oo/\ Frp) is also

a B formula. (Any of the terms in the
conjunction may or may not be present.)

m m
[po,---,pnm]

Let BY be the closure of B under conjunction and
disjunction. Note that the formulae of BY can be
written in conjunctive or disjunctive normal form,

where the literals are formulae of B.

Claim.
and G, there is an equivalent formula of st.

For every linear time formula over F

Proof of Claim: First note that given any

formula over F and G, we can use
G”p) to

drive the negations inward until only the atomic

linear time
deMorgan’s laws and duality (e.g. "Fp =
propositions appear negated. Since B" contains the
under

to

propositional formulae and is closed

conjunction and disjunction, it then suffices
show that if p €,B+, then Fp and Gp are equivalent

to some BT formula.

For Fp note that, since F(q; V o qy) =
V FQ2’
some B¥ formula just when p is a conjunction of

Fql

it suffices to show Fp is equivalent to

formulae in B. This follows directly from 4 above



and the observation that F(q, N GFqy) = Fqq

Similarly, since G(q; A q9) = Gq) A Gqg, it
suffices to show Gp to some B
formula just when p is a disjunction of formulae in

B. This follows using the observation below (where

is equivalent

p’ and the qé are propositional formulae):

o(p’ V Vilpgseespp )V VyFay Vo ViSRa)
Gp’ V Vylp',pg,-espf 1V V, GFgf V
VjGFQj V . ) i
Vi,jlFCay A X6p") V Flay A XIp*,pps---»Pp,

Intuitively, the first line of the right hand
side takes care of the case that no 95 is ever
true, and the second line covers the case that some
qj is The third 1line
corresponds to all 4 being true only finitely
often: the last time any a3 is true, either Gp’ or

true infinitely often.

one of the [p%,...,p%'] will be true at the next
i
state. This would be a Bt formula except that q =

qj in some Gqu may not be a propositional formula.

If q in GFq is not a propositional formula,
note that q still must be in the form of 4 above
is the F. Note also the

since it argument to

equivalence below:

6F(p A [pQyeespQ 1 AvveA [p8seee,d® 1 A

X[q8,...,qk0] A FE; Ao/ Prp) m

GFp A F(1pQ,+-+,00 1) Awei A FC([PG,c- Bl 1D A
F([qd,---,q) 19 A eFr; AvooA GRr, "

0
By repeatedly applying this equivalence, we can get
down to the case where GF only takes a
propositional formula as an argument. This

completes the proof of the claim. ]

It remains to show that if p is a st formula,

then Ep is equivalent to an ECTLY formula. Since
E(qg V q) =

result in the case where p is a conjunction of B

Eq V Eq’, it suffices to prove the
formulae. We proceed by induction on the number of
formula of the form Fr (corresponding to rule 4

above) which appear as any subformula in p.

If p has no F’s, then it is of the form

0 A 190 eeespd ) Avoe A [0 -corn 1A Ay GFry
where q is propositional. We first show that a
conjunction of formulae of the form [pO,...,pn] is
equivalent to a disjunction of such formulae. Given

[pgs+eesbpls [qgseeesq,] we say that the ordering
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of terms in [py A qg,--.,p; A Qg2+ e+ Py A gyl

is consistent provided that if pik N qj appears
k

N th

before Py then i < iy and j < Jp+ Now

observe that

[pO:"°’pn] /\ [qO)"')qm]
V {lpg A dgseeespy A gy seeespy A gyl
with consistent ordering of terms}.

Thus, we can assume (if p has no F’s) that p
is of the form g A Ipg,...,pgl A Ay GFr; by

again using the fact that E[q V q'] = Eq V Eq’.

But

E[q /\ [Po,o--,Pn] /\ /\1 GFl‘l] =q /\
Elpg U E[p; U ... E[py_y U E[6p, A Ay GFrjl...11.

This is an ECTL+ formula as desired since GF = 1?.

In general, p has the form

q A [Poy---,Pn] /\ Frl /\-oo/\ Frm /\ /\h GFSh

where q is propositional. Observe that

53]

p =

q
Vi,; Elpg UElp; U <ot Elpy U Elpyseeespy] A 1y
N Aggg Frp N Ay GFspl...]]

(Intuitively, we are disjuncting over which ry gets

satisfied first and in which segment Py this
occurs.,) E([pj,...,pn] A r; A /\k+i Fry N /\h
GFsh) has one fewer F so we are almost ready to
apply the induction hypothesis. Only one problem
remains: one of the conjuncts forming ry might be a
formula of the form X[qp,...,qul. Note that the

following equivalences hold:

GFs = XGFs
[Pgs +++»Ppl

VJ(pJ A X[Pj,---)Pn})

Fr, = ry \ XFrj

qu A qu = X(ql A q2)-

By repeatedly applying these equivalences, we can
rewrite [pj,...,pn] N rp A /\k+i Fry N Ay GFsy
as a disjunction of formulae of the form p’ N Xq°

where p’ is a propositional formula and q° is a st

formula. But E(p’ A Xq’) = p° A EXEq’, and q’
will have less F’s than the original p. By
induction, we are done. [l

Proof of Theorem 4.2 (continued:) We now
argue by induction on |p|, that for all CTL

formulae p,
(*) if |p| < i then (My,a;
Note that

|=p iff Nj,a; |=p).

(*) trivially implies if |p| < i then



(M1+1’ai |=p iff Nj41024 |= p) which in turn can
be seen to imply

(**) 1f |p| < 1
Ni41:b341 1= P).

We take EXq, E[q U r] and Alq U r] as our primitive
operators in the induction since any CTL formula is
equivalent to one using only these modalities. The

argument proceeds in cases based on the structure

then iff

(My11:b54) [= P

of the CTL formulae p. The cases where p is an

atomic proposition, a conjunction q Nr, or a

negation “q are easy and left to the reader.

If p is of the form EXq then,
Miv1s854) |= EXq
iff
Mit1obgy) = q or My,ay [=qor Nj,a; |= ¢
iff
Ni415bj41 [= a (by *%) or Mj,ay |=q or Ni,ay |=4

1ff

Ni+1»8141 |= EXq.

If p = E[q U r] then,
M;i1,8441 |= Elq U r] iff
ey

(2)
3

Migps8541 |= 7 or
Myp18541 |= 5 Myypsbyyy =7 or

Mit1oagey 1= @ Myynbiy = q,
My,a4 |= Elq U r] or

Myyps2gey 1= 05 Myuay [= Elq Ul or
Miips8341 |= 45 Nyha; |= Elq U r]

1C))
(5

iff

(1)
(2)

Nigpo8341 |= 1 (by (%)) or

Nyppbag41 1= @6 Nygpobyyy =
(by (*), (**) resp.) or

(3) Nyypsagqg [= a5 Nygpsby4p 154

~

(by (*), (**) resp.), Mj,a; |= Elq U r] or
(4) Nyypsaq4; = a (by (%)), My,a4 |= E[q U r] or
(5) Ny41.8347 = @ (by (%)), Ny,ay |=Elq U]
iff
Niy1o834p = Ela U rl.

In the last case, if p = A[q U r] then,

Mi41,254; 1= Ala U rl iff
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(1) Myi1,a54y |=1 or
(2) Mi+1’ai+1 1= a5 Myyp,biy) |= 1,
»a; |=Alq U r], N;,a, |= Alq U r] or
i i1
3 M1+1’a1+1 |= q Mi+l’b1+l I= q,
Mj,a; |= Alq U r], N;,ay = Alq U r]
iff

(1) Ni+l’ai+l |=r (by (*)) or

(2) Nyppoagay |= a5 Npgpobyyy =1 (by (%%)),
Mj,ay |= Alq U r], Nj,a; |= Alq U r] or

() Nyppsagyy [= a5 Nygbiyy [=a (by (#%)),
Mj,a; |=Alq U r], Ny,a; |= Alq U r]

iff

Ni410854) 1= Ala U rl.

It remains to establish our claim that CTL and
ECTLY are of equivalent expressive power on the two
sequences of models. For any ECTLY formula Eq, q
can be placed in disjunctive normal form. Since
E(q” V q¢") = E¢° V Eq" and ?":p' N qG’p" = %}’(p'
A p"), it suffices to show the equivalence for any
ECTLT of the form p; = E[p A ¢ q)
VAN Fqn A Gr] where Ep,qy,...,q, are cTLt
To show this,

maximal path in one of the structures My or Ny ends

formula

formulae. we observe that every

in a self-loop at the state d. Using ¢ to denote
either ay

Moreover,

or by, we thus have that M;,c |= p; iff
Ep and M;,d |= qp A...A q; A
My, d |= qp A..ooN gy A r iff M;,e
|= EFAG(q; A...A a3 A r). Thus, Mj,c |= pj iff
Myj,e |= Ep A EFAG(q; A...A ¢ A 1)
similarly, for Nj. The latter formula is in CTL+.
By [EH82],
there exists an equivalent CTL formula q. So we are

Mi,C r.

and

we know that for any ¢TLt formula q’

done. [}

Proof of Theorem 4.3: We inductively define

two of
N »Ng,N3, ... such that for all i, Mj,a; |= E(Fp A
$a) and Nj,ey |= ~g(Fp A ¥ql. We show that ECTL is
unable to distinguish between the two sequences of
models, i.e. for all ECTL formulae p with |p| <i,
1,ai |= p 1ff Nj,ey |= p. The result follows since

models and

sequences Ml’MZ’M3""

if E[Fp A ?b] were equivalent to some ECTL formula
p’ of length i then we would get a contzadictiog;
Mj,a; |= p° iff Nj,cy |— p while My |= E[Fp
A FQ) and Ny,cq |— ~E[FP A FQ] We deflne My, Ny
to have the graphs shown below:



where a; |[=P A "Q; by |= P A q, ¢ =P A ~q,
and d; |= P A Q. Assume we have defined My, N .

Then M;4y, Nj4; have the graphs below:

P4L+|1

where aj4 =2 A ~q, by =~
AN 7Q, and dy4y |= "P A Q.

Details are given in the full paper. [}

Proof of Lemma 5.2:
M,x,y {= p.
(8,%),L).

To simplify the notation, assume for now that X} is

Suppose M = (S,X,L) and
Let X, = {z € X | y < 2z} and M o=
It is easy to check that M1,x,y |= p.

countable (the case where X; 1s uncountable is
of the distinct

We now unwind Ml into a

considered below) and consists
paths X=K()>X]5X9,X3, 000 o
"tree-like" model.
> 0} of "fresh"

inductively

Define a set T = {tij | 1,3
states distinet from S. We will
of X o=
{yo,yl,yz,...} over T which is fusion closed along

define a set paths
with a mapping h:T --> § as follows: Suppose Xg =
(SO’SI""’Sk") (which be finite
infigite). Then define Yo = (tOO,COI,...COk,.) and
h(toj)
= (uo,...,um,.) then h(y) = (h(uo),...,h(um),.).
Note that h(yo) = xq.
constructed the paths Y for all j < i so that
h(yj) = X5 We now define vy = (tkj,j) where for
all j <1 + |x4| kj is the least k “such that the
length j stage of R 1s also a stage of Ry
extend h so that h(y;) Let T’
of T which occur in yy for

could or

=85 for all j. We can extend h so that if y

Now suppose we have

Now,
X consist of
those states some

i. Also let L’ be a labelling of states in T’ such
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that L°(t) = L(h(t)). Now define M’ = (T",X’,L’).
Then we can show, by a straightforward induction on
the structure of formulae, that for any formula q,
if |w| > |y| then M’,z,w |= q 1ff M,h(z),h(w) |= q.

Next define X" = {xi | x€ X'}, Using the
observations that no state occurs twice along any
path, and that two paths have a state in common 1ff
prefix including the state, it
is easy to check that X"
suffix closed. Let M" = (T’,x",L’).
argue by induction on the length of formulae q,
that for x € X*, M’ ,x,y |= q iff M",x,y |= q. Thus,
M" is a fusion closed and suffix closed model of

P

they have a common
is fusion closed and

Then we can

If X; is not countable, a similar argument
goes through (although we seem to need the well
ordering principle - which is equivalent to the
axiom of choice - to order the paths first).
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