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1. In tro duction

Microarra y tec hnology mak es it p ossible to put the prob es for the

genes of an en tire genome on to a c hip, suc h that eac h data p oin t pro vided

b y an exp erimen ter lies in the high-dimensional space de�ned b y the

size of the genome under in v estigation. Ho w ev er, the sample size in

these exp erimen ts is often sev erely limited. F or example, in the p opular

leuk emia dataset (Golub et al., 1999), whic h is used as a running example

in this c hapter, there are only 72 observ ations of the expression lev els of

eac h of 7,130 genes. This problem exempli�es a situation that will b e

increasingly common in the analysis of microarra y data using mac hine

learning tec hniques suc h as classi�cation or clustering.

In high-dimensional problems suc h as these, feature selection meth-

o ds are essen tial if the in v estigator is to mak e sense of his/her data,

particularly if the goal of the study is to iden tify genes whose expression

patterns ha v e meaningful biological relationships to the classi�cation or

clustering problem. F or example, for a microarra y classi�cation prob-

lem, it is of great clinical and mec hanistic in terest to iden tify those genes

that directly con tribute to the phenot yp e or symptom that w e are try-

ing to predict. Computational constrain ts can also imp ose imp ortan t

limitations. Man y induction metho ds

1

su�er from the curse of dimen-

sionality , that is, the time required for an algorithm gro ws dramatically ,

1

Induction (or inductiv e inference, inductiv e learning) refers to the follo wing learning task:

giv en a collection of examples ( x; f ( x )), �nd a function h that appro ximates f . The function

h is called a h yp othesis .
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sometimes exp onen tially with the n um b er of features in v olv ed, render-

ing the algorithm in tractable in extremely high-dimensional problems

w e are facing with microarra y data. F urthermore, a large n um b er of

features inevitably lead to a complex h yp othesis and a large n um b er

of parameters for mo del induction or densit y estimation, whic h can re-

sult in serious o v er�tting o v er small datasets and th us a p o or b ound

on generalization error.(Indeed w e ma y nev er b e able to obtain a 'su�-

cien tly large' dataset. F or example, theoretical and exp erimen tal results

suggest that the n um b er of training examples needed for a classi�er to

reac h a giv en accuracy , or sample c omplexity , gro w exp onen tially with

the n um b er of irrelev an t features.)

The goal of feature selection is to select relev an t features and elimi-

nate irrelev an t ones. This can b e ac hiev ed b y either explicitly lo oking

for a go o d subset of features, or b y assigning all features appropriate

w eigh ts. Explicit feature selection is generally most natural when the

result is in tended to b e understo o d b y h umans or fed in to di�eren t induc-

tion algorithms. F eature w eigh ting, on the other hand, is more directly

motiv ated b y pure mo deling or p erformance concerns. The w eigh ting

pro cess is usually an in tegral part of the induction algorithm and the

w eigh ts often come out as a b ypro duct of the learned h yp othesis.

In this c hapter, w e surv ey sev eral imp ortan t feature selection tec h-

niques dev elop ed in the classic sup ervise d le arning paradigm. W e will

�rst in tro duce the classic �lter and wr app er approac hes and some recen t

v arian ts for explicit feature selection. Then w e discuss sev eral feature

w eigh ting tec hniques including WINNO W and Ba y esian feature selec-

tion. W e also include a brief section describing recen t w orks on feature

selection in the unsup ervise d le arning paradigm, whic h will b e useful for

clustering analysis in the high-dimensional gene space.

Before pro ceeding, w e should clarify the scop e of this surv ey . There

has b een substan tial w ork on feature selection in mac hine learning, pat-

tern recognition and statistics. Due to space limit and the practical

nature of this v olume, w e will refrain from detailed formal discussions

and fo cus more on algorithmic solutions for practical problems from a

mac hine learning p ersp ectiv e. Readers can follo w the references of this

c hapter for more details. W e use the leuk emia microarra y pro�le from

the Whitehead Institute as our running example in the presen tation.

2. Explicit F eature Selection

In explicit feature selection, w e lo ok for the subset of features that

leads to optimal p erformance in our learning task, suc h as classifying

biological samples according to their mRNA expression pro�les.
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Explicit feature selection can b e form ulated as a heuristic searc h prob-

lem, with eac h state in the searc h space sp ecifying a sp eci�c subset of

features (Blum and Langley , 1997). An y feature selection algorithm

needs to deal with the follo wing four issues whic h determine the nature

of the heuristic searc h pro cess: 1) Ho w to start the searc h. One can

either b egin with an empt y set and successiv ely add features ( forwar d

sele ction ) or start with all features and successiv ely discard them ( b ack-

war d elimination ) or other v ariations in b et w een. 2) Ho w to explore the

searc h space. P opular strategies include a hil l-climbing t yp e of greedy

sc heme or a more exhaustiv e b est-�rst se ar ch . 3) Ho w to ev aluate a fea-

ture subset. A common metric in v olv es the degree of consistency of a

feature with the target concept (e.g. sample lab els) in the training data;

more sophisticated criteria concern ho w selected features in teract with

sp eci�c induction algorithms. 4) When to stop the searc h. Dep ending

on whic h searc h and ev aluation sc heme is used, one can use thresholding

or a signi�cance test, or simply stop when p erformance stops impro v-

ing. It should b e clear that all the ab o v e design decisions m ust b e made

for a feature selection pro cedure, whic h lea v es practitioners substan tial

freedom in designing their algorithms.

2.1 The Filter Metho ds

The �lter mo del relies on general c haracteristics of the training data

to select a feature subset, doing so without reference to the learning algo-

rithm. Filter strategies range from sequen tially ev aluating eac h feature

based on simple statistics from the empirical distribution of the train-

ing data to using an em b edded learning algorithm (indep enden t of the

induction algorithm that uses its output) to pro duce a feature subset.

Discretization and discriminabilit y assessmen t of features.

The measuremen ts w e obtained from microarra ys are con tin uous v alues.

In man y situations in functional annotation (e.g., constructing regu-

latory net w orks) or data analysis (e.g. the information-theoretic-based

�lter tec hnique w e will discuss later), ho w ev er, it is con v enien t to assume

discrete v alues. One w a y to ac hiev e this is to deduce the functional states

of the genes based on their observ ed measuremen ts.

A widely adopted empirical assumption ab out the activit y of genes,

and hence their expression, is that they generally assume distinct func-

tional states suc h as 'on' or 'o� '. (W e assume binary states for simplicit y

but generalization to more states is straigh tforw ard.) The com bination

of suc h binary patterns from m ultiple genes determines the sample phe-

not yp e. F or concreteness, consider a particular gene i (feature F

i

). Sup-

p ose that the expression lev els of F

i

in those samples where F

i

is in the
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'on' state can b e mo deled b y a probabilit y distribution, suc h as a Gaus-

sian distribution N ( x j �

1

; �

1

) where �

1

and �

1

are the mean and standard

deviation. Similarly , another Gaussian distribution N ( x j �

2

; �

2

) can b e

assumed to mo del the expression lev els of F

i

in those samples where F

i

is

in the 'o� ' state. Giv en the ab o v e assumptions, the marginal probabilit y

of an y giv en expression lev el x

i

of gene i can b e mo deled b y a w eigh ted

sum of the t w o Gaussian probabilit y functions corresp onding to the t w o

functional states of this gene (where the w eigh ts �

1 = 2

corresp ond to the

prior probabilities of gene i b eing in the on/o� states):

P ( x

i

) = �

1

N ( x

i

j �

1

; �

1

) + �

2

N ( x

i

j �

2

; �

2

) : (6.1)

Suc h a mo del is called a univariate mixtur e mo del with t w o comp o-

nen ts (whic h includes the degenerate case of a single comp onen t when

either of the w eigh ts is zero). The histogram in Figure 6.1a giv es the

empirical marginal of gene 109, whic h clearly demonstrates the case of a

t w o-comp onen t mixture distribution of the expression lev els of this gene

in the 72 leuk emia samples (whic h indicates this gene can b e either 'on'

or 'o� ' in these samples), whereas Figure 6.1b is an example of a nearly

uni-comp onen t distribution (whic h indicates that gene 1902 remains in

the same functional state in all the 72 samples).

-1 -0.5 0 0.5 1

gene 109

-1 -0.5 0 0.5 1

gene 1902

e 

(a) (b) 

Figur e 6.1. The histograms and estimated densit y functions of the expression pro�les

of t w o represen tativ e genes. The x-axes represen t the normalized expression lev el.

F or feature selection, if the underlying binary state of the gene do es

not v ary b et w een the t w o classes, then the gene is not discriminativ e

for the classi�cation problem and should b e discarded. This suggests a

heuristic pro cedure in whic h w e measure the separabilit y of the mixture

comp onen ts as an assa y of the discriminabilit y of the feature.

Giv en N microarra y exp erimen ts for whic h gene i is measured in eac h

exp erimen t, the complete lik eliho o d of all observ ations X

i

= f x

1 i

; : : : ; x

N i

g

and their corresp onding state indicator Z

i

= f z

1 i

; : : : ; z

N i

g is:

P

c

( X

i

; Z

i

j �

i

) =

N

Y

n =1

1

Y

k =0

 

�

i;k

"

1

p

2 � �

i;k

exp

(

�

( x

ni

� �

i;k

)

2

2( �

i;k

)

2

) # !

z

k

ni

: (6.2)
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Random v ariable z

ni

2 f 0 ; 1 g indicates the underlying state of gene

i in sample n (w e omit sample index n in the subscript in the later

presen tation for simplicit y) and is usually laten t. W e can �t the mo del

parameters using the EM algorithm (Dempster et al., 1977). The solid

curv es in Figure 6.1a depict the densit y functions of the t w o Gaussian

comp onen ts �tted on the observ ed expression lev els of gene 109. The

curv e in Figure 6.1b is the densit y of the single-comp onen t Gaussian

distribution �tted on gene 1902. Note that eac h feature F

i

is �tted inde-

p enden tly based on its measuremen ts in all N microarra y exp erimen ts.

Supp ose w e de�ne a decision d ( F

i

) on feature F

i

to b e 0 if the p osterior

probabilit y of f z

i

= 0 g is greater than 0 : 5 under the mixture mo del, and

let d ( F

i

) equal 1 otherwise. W e can de�ne a mixtur e-overlap pr ob ability :

� = P ( z

i

= 0) P ( d ( F

i

) = 1 j z

i

= 0) + P ( z

i

= 1) P ( d ( F

i

) = 0 j z

i

= 1) : (6.3)

If the mixture mo del w ere a true represen tation of the probabilit y of

gene expression, then � w ould represen t the Ba y es error of classi�cation

under this mo del (whic h equals to the area indicated b y the arro w in

Figure 6.1a). W e can use this probabilit y as a heuristic surrogate for the

discriminating p oten tial of the gene. Figure 6.2(a) sho ws the mixture

o v erlap probabilit y � for the genes in the leuk emia dataset in ascending

order. It can b e seen that only a small p ercen tage of the genes ha v e an

o v erlap probabilit y signi�can tly smaller than � � 0 : 5, where 0 : 5 w ould

constitute a random guessing under a Gaussian mo del if the underlying

mixture comp onen ts w ere construed as class lab els.

The mixture mo del can b e used as a quan tizer, allo wing us to dis-

cretize the measuremen ts for a giv en feature. W e can simply replace the

con tin uous measuremen t f

i

with the asso ciated binary v alue d ( f

i

).
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Figur e 6.2. F eature selection using �lter metho ds. (a) Genes rank ed b y mixture-

o v erlap probabilit y � . Only 2-state genes (i.e. those whose distributions of expressions

in all samples ha v e t w o mixture comp onen ts corresp onding to the 'on' and 'o� ' states)

are displa y ed. (b) Genes rank ed b y their information gains I

g

with resp ect to the

reference partition induced b y the sample lab els. (c) The �( F

i

j M ) of the last 360

genes remo v ed during MB �lter. (The x axis indexes the in v erse remo v al order of the

genes. f x = 1 g refers to the gene that is remo v ed last.)

Correlation-based feature ranking. W e no w turn to metho ds

that mak e use of the class lab els. P erhaps the simplest �lter sc heme of

this category is to rank eac h feature individually based on its correlation

to the target function. The goal of these metho ds is to �nd a go o d
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appro ximation of the conditional distribution, P ( C j F ), where F is the

o v erall feature v ector and C is the class lab el.

The information gain is commonly used as a surrogate for appro x-

imating a conditional distribution in the classi�cation setting (Co v er

and Thomas, 1991). Let the class lab els induce a r efer enc e p artition

S

1

; : : : ; S

C

(e.g. di�eren t t yp es of cancers). Let the probabilit y of this

partition b e the empirical prop ortions: P ( T ) = j T j = j S j for an y subset

T . Supp ose a test on feature F

i

induces a partition of the training set

in to E

1

; : : : ; E

K

. Let P ( S

c

j E

k

) = P ( S

c

\ E

k

) =P ( E

k

). W e de�ne the

information gain due to F

i

with resp ect to the reference partition as:

I

g

= H ( P ( S

1

) ; : : : ; P ( S

C

)) �

K

X

k =1

P ( E

k

) H ( P ( S

1

j E

k

) ; : : : ; P ( S

C

j E

k

)) ;

(6.4)

where H is the en trop y function

2

. T o calculate the information gain,

w e need to quan tize the v alues of the features. This is ac hiev ed to

the mixture mo del quan tization discussed earlier. Bac k to the leuk emia

example: quan tization of all the 72 measuremen t of gene 109 results in

36 samples in the 'on' state (of whic h 20 are of t yp e I leuk emia and

16 t yp e I I) and 36 samples in the 'o� ' state (27 t yp e I and 9 t yp e I I).

According to Eq. 6.4, the information gain induced b y gene 109 with

resp ect to the original sample partition (47 t yp e I and 25 t yp e I I) is:

I

g

( F

109

) = H (

47

72

;

25

72

) �

�

36

72

H (

20

36

;

16

36

) +

36

72

H (

27

36

;

9

36

)

�

= 0 : 0304 :

The information gain rev eals the degree of relev ance of a feature to

the reference partition. The greater the information gain, the more

relev an t the feature is to the reference partition. Figure 6.2(b) sho ws

the information gain due to eac h individual gene with resp ect to the

leuk emia cancer lab els. Indeed, only a v ery small fraction of the genes

induce a signi�can t information gain. One can rank all genes in the

order of increasing information gain and select genes conserv ativ ely via

a statistical signi�cance test (Ben-Dor et al., 2000).

Mark o v blank et �ltering. If w e ha v e a large n um b er of similar

or redundan t genes in a dataset, all of them will score similarly in in-

formation gain

3

. This will cause undesirable dominance of the resulting

classi�er b y a few gene families whose mem b ers ha v e coheren t expression

2

F or discrete cases, the en trop y of distribution f P

1

; : : : ; P

c

g is giv en b y H =

P

c

i =1

� P

i

log P

i

.

3

Suc h situations could either arise from true functional redundancy , or result from artifacts

of the microarra y (e.g. the prob e of a particular gene is acciden tally sp otted k times and

app ears as k 'similar genes' to a user who is una w are of the erroneous man ufacturing pro cess).
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patterns, or ev en b y a group of replicates of genes. This will seriously

compromise the predictiv e p o w er of the classi�er. T o alleviate this prob-

lem, w e turn to Markov blanket �ltering , a tec hnique due to Koller and

Sahami (1996), whic h can screen out redundan t features.

Let G b e a subset of the o v erall feature set F . Let f

G

denote the pro-

jection of f on to the v ariables in G . Mark o v blank et �ltering aims to min-

imize the discrepancy b et w een the conditional distributions P ( C j F = f )

and P ( C j G = f

G

), as measured b y a conditional en trop y:

�

G

=

X

f

P ( f ) D ( P ( C j F = f ) k P ( C j G = f

G

)) ; (6.5)

where D ( P k Q ) =

P

x

P ( x ) log ( P ( x ) =Q ( x )) is the Kul lb ack-L eibler di-

ver genc e . The goal is to �nd a small set G for whic h �

G

is small.

In tuitiv ely , if a feature F

i

is conditionally indep enden t of the class

lab el giv en some small subset of other features, then w e should b e able

to omit F

i

without compromising the accuracy of class prediction. Koller

and Sahami formalize this idea using the notion of a Mark o v blank et.

De�nition 1 (Mark o v blank et) F or a fe atur e set G and class lab el

C , the set M

i

� G ( F

i

=2 M

i

) is a Mark o v Blank et of F

i

( F

i

2 G ) if:

given M

i

, F

i

is c onditional ly indep endent of G � M

i

� f F

i

g and C .

Biologically sp eaking, one can view the Mark o v blank et M

i

of gene

i as a subset of genes that exhibit similar expression patterns as gene i

in all the samples under in v estigation. Suc h a subset could corresp ond

to genes of isozymes, coregulated genes, or ev en (erroneous) exp erimen-

tal/man ufactural replicates of prob es of the same gene in an arra y .

Theoretically , it can b e sho wn that once w e �nd a Mark o v blank et

of feature F

i

in a feature set G , w e can safely remo v e F

i

from G with-

out increasing the div ergence from the desired distribution (Xing et al.,

2001). F urthermore, in a sequen tial �ltering pro cess in whic h unneces-

sary features are remo v ed one b y one, a feature tagged as unnecessary

based on the existence of a Mark o v blank et M

i

remains unnecessary in

later stages when more features ha v e b een remo v ed.

In most cases, ho w ev er, few if an y features will ha v e a Mark o v blank et

of limited size. Hence w e m ust instead lo ok for features that ha v e an

\appro ximate Mark o v blank et." F or this purp ose w e de�ne

�( F

i

j M ) =

X

f

M

;f

i

P ( M = f

M

; F

i

= f

i

)

D ( P ( C j M = f

M

; F

i

= f

i

) k P ( C j M = f

M

)) : (6.6)

If M is a Mark o v blank et for F

i

then �( F

i

j M ) = 0 (follo wing the

de�nition of Mark o v blank et), whic h means all information carried b y
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F

i

ab out the sample is also carried b y feature subset M

i

. Since an

exact zero is unlik ely to o ccur, w e relax the condition and seek a set

M suc h that �( F

i

j M ) is small. It can b e pro v ed that those features

that form an appro ximate Mark o v blank et of feature F

i

are most lik ely

to b e more strongly correlated to F

i

. W e can construct a candidate

Mark o v blank et of F

i

b y collecting the k features that ha v e the highest

correlations (de�ned b y the P earson correlations b et w een the original

feature v ectors that are not discretized) with F

i

, where k is a small

in teger. This suggests an easy heuristic w a y to searc h for features with

appro ximate Mark o v blank ets (Koller and Sahami, 1996):

Initialize

- G = F

Iterate

- F or eac h feature F

i

2 G , let M

i

b e the set of k features F

j

2 G � f F

i

g

for whic h the correlations b et w een F

i

and F

j

are the highest.

- Compute �( F

i

j M

i

) for eac h i

- Cho ose the i that minimizes �( F

i

j M

i

), and de�ne G = G � f F

i

g

This heuristic metho d requires computation of quan tities of the form

P ( C j M = f

M

; F

i

= f

i

) and P ( C j M = f

M

), whic h can b e easily computed

using the discretization tec hnique describ ed in Sec. 2.1. When w orking

on a small dataset, one should k eep the Mark o v blank ets small to a v oid

fragmen ting the data

4

. The fact that in a real biological regulatory

net w ork the fan-in and fan-out will generally b e small pro vides some

justi�cation for enforcing small Mark o v blank ets.

Figure 6.2(c) displa ys the v alues of �( F

i

j M

i

) (Eq. 6.6) for eac h F

i

,

an assessmen t of the exten t to whic h the appro ximate Mark o v blank et

M

i

subsumes information carried b y F

i

and th us renders F

i

redundan t.

Genes are ordered in their remo v al sequence from righ t to left. Note

the increasing trend of �( F

i

j M

i

) with more genes b eing remo v ed, whic h

rev eals the exp ected decrease of redundancy of the remaining genes.

Decision T ree Filtering. A decision tree is itself an induction

algorithm and learns a decision rule (a Bo olean function) mapping rel-

ev an t attributes to the target concept. Since a decision tree t ypically

con tains only a subset of the features, those included in the �nal tree

can b e view ed as a relev an t feature subset and fed in to another classi�ca-

tion algorithm of c hoice. Th us, w e can use the decision-tree algorithm as

4

This refers to the situation in whic h, giv en small n um b er of samples, one has to estimate, for

example, P ( C j M = f

M

) for man y di�eren t p ossible con�gurations of f

M

. When M is large,

eac h f

M

con�guration is seen only in a v ery small n um b er of samples, making estimation of

the conditional probabilities based on empirical frequency v ery inaccurate.



F e atur e Sele ction 9

an em b edded selection sc heme under the �lter mo del

5

. This approac h

has w ork ed w ell for some datasets, but do es not ha v e a guaran tee of

p erformance gain on an arbitrary classi�er since features that are go o d

for a decision tree are not necessarily useful in other mo dels. Essen-

tially , a decision tree is itself a classi�er (or an h yp othesis), the features

admitted to the learned tree inevitably b ears inductive bias

6

. F or high-

dimensional microarra y data, curren t metho ds of building decision trees

ma y also su�er from data fragmen tation and lac k of su�cien t samples.

These shortcomings will result in a feature subset of p ossibly insu�cien t

size. Nev ertheless, if users ha v e a strong prior b elief that only a small

n um b er of genes are in v olv ed in a biological pro cess of his/her in terest,

decision tree �ltering could b e a highly e�cien t w a y to pic k them out.

2.2 The W rapp er Metho ds

The wrapp er mo del mak es use of the algorithm that will b e used to

build the �nal classi�er to select a feature subset. Th us, giv en a classi�er

C , and giv en a set of features F , a wrapp er metho d searc hes in the space

of subsets of F , using cross-v alidation to compare the p erformance of

the trained classi�er C on eac h tested subset. While the wrapp er mo del

tends to b e more computationally exp ensiv e, it also tends to �nd feature

sets b etter suited to the inductiv e biases of the learning algorithm and

tends to giv e sup erior p erformance.

A k ey issue of the wrapp er metho ds is ho w to searc h the space of

subsets of features. Note that when p erforming the searc h, en umera-

tion o v er all 2

N

p ossible feature sets is usually in tractable for the high-

dimensional problems in microarra y analysis. There is no kno wn algo-

rithm for otherwise p erforming this optimization tractably . Indeed, the

feature selection problem in general is NP-hard

7

, but m uc h w ork o v er

recen t y ears has dev elop ed a large n um b er of heuristics for p erforming

5

If at eac h tree-gro wing step, w e c ho ose to incorp orate the feature whose information gain

with resp ect to the target concept is the highest among all features not y et in the tree, then

decision tree �ltering is in a sense similar to information gain ranking men tioned previously .

Ho w ev er, general decision tree learning algorithm can also use other criteria to c ho ose quali�ed

features (e.g. classi�cation p erformance of the in termediate tree resulted from addition of

one more feature), and usually a learned tree needs to b e pruned and cross-v alidated. These

di�erences distinguish decision tree �ltering from information gain ranking.

6

An y preference for one h yp othesis o v er another, b ey ond mere consistency with the examples,

is called a inductiv e bias . F or example, o v er man y p ossible decision trees that are consisten t

with all training examples, the learning algorithm ma y prefer the smallest one, but the

features included in suc h a tree ma y b e insu�cien t for obtaining a go o d classi�er of another

t yp e, e.g. supp ort v ector mac hines.

7

NP stands for nondeterministic p olynomial . In short, the NP-hard problems are a class

of problems for whic h no p olynomial-time solution is kno wn.
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this searc h e�cien tly . A thorough review on searc h heuristics can b e

found in (Russell and Norvig, 1995).

It is con v enien t to view the searc h pro cess as building up a searc h tree

that is sup erimp osed o v er the state space (whic h, in our case, means eac h

no de in the tree corresp onds to a particular feature subset, and adjacen t

no des corresp ond to t w o feature subsets that di�er b y one feature). The

ro ot of this tree is the initial feature set whic h could b e full, empt y , or

randomly c hosen. A t eac h searc h step, the searc h algorithm c ho oses one

leaf no de in the tree to expand b y applying an op erator (i.e. adding,

remo ving, or replacing one of the features) to the feature subset corre-

sp onding to the no de to pro duce a c hild. The �rst t w o searc h strategies

describ ed in the follo wing can b e b est understo o d in this w a y .

Hill-clim bing searc h. Hill-clim bing searc h is one of the simplest

searc h tec hniques also kno wn as greedy searc h or steep est ascen t. In fact,

to p erform this searc h one do es not ev en need to main tain a searc h tree

b ecause all the algorithm do es is to mak e the lo cally b est c hanges to the

feature subset. Essen tially , it expands the curren t no de and mo v es to the

c hild with the highest accuracy based on cross-v alidation, terminating

when no c hild impro v es o v er the curren t no de. An imp ortan t dra wbac k

of hill-clim bing searc h is that it tends to su�er from the presence of lo cal

maxima, plateaux and ridges of the v alue surface of the ev aluation func-

tion. Simulate d anne aling (o ccasionally pic king a random expansion)

pro vides a w a y to escap e p ossible sub-optimalit y .

Best-First searc h. Best-�rst searc h is a more robust searc h strat-

egy than the hill-clim bing searc h. Basically , it c ho oses to expand the

b est-v alued leaf that has b een generated so far in the searc h tree (for

this purp ose w e need to main tain a record of the searc h tree to pro vide

us the tree fron tier). T o explore the state space more throughly , w e do

not stop immediately when no de v alues stop increasing, but k eep on ex-

panding the tree un til no impro v emen t (within � error) is found o v er the

last k expansions.

Probabilistic searc h. F or large searc h problems, it is desirable

to concen trate the searc h in the regions of the searc h space that has

app eared promising in the past y et still allo w su�cien t c hance of explo-

ration (in con trast to the greedy metho ds). A p ossible w a y to do so is

to sample from a distribution of only the fron t-runners of the previously

seen feature com binations. De�ne a random v ariable z 2 f 0 ; 1 g

n

: a

string of n bits that indicates whether eac h of the n features is relev an t.

W e can h yp othesize a parametric probabilistic mo del, for example, a de-
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p endence tree or ev en a more elab orated Ba y esian net w ork, for random

v ariable z and learn its distribution via an incremen tal pro cedure.

A dep endence tree mo del is of the follo wing form:

p ( z ) = p ( z

r

)

Y

i 6= r

p ( z

i

j z

�

i

) ; (6.7)

where z

r

is the ro ot no de and �

i

indexes the paren t of no de i . This

tree should b e distinguished from the searc h tree w e men tioned earlier

where a no de represen ts a feature subset and the size of the tree gro ws

during searc h up to 2

n

. In a dep endence tree eac h no de corresp onds

to an indicator random v ariable concerning the inclusion or exclusion

of a particular feature, and the size of the tree is �xed. An y particular

comp osition of feature subset w e ma y select is a sampl e from the distri-

bution determined b y this tree. Giv en a collection of previously tested

feature subsets, w e can use the Cho w-Liu algorithm (Cho w and Liu,

1968) to �nd the optimal tree mo del that �ts the data (in the sense of

maximizing the lik eliho o d of the tested instances)

8

. Then giv en the tree

mo del, w e can apply a depth �rst tree-tra v ersal

9

that allo ws candidate

feature subsets to b e sampled from a concen trated subspace that is more

lik ely to con tain go o d solutions than mere random searc h. Figure 6.3

giv es the pseudo-co de of dep endence-tree searc h. A detailed example of

this algorithm can b e found in (Baluja and Da vies, 1997).

Initialization

{ Generate N random bit-strings as candidate feature subsets

Iterate

{ Ev aluate eac h of the N candidate feature subsets b y training the classi�er

on eac h feature subset and cross-v alidating

{ Collect the �N top p erforming feature subsets (bit-strings), use them to

up date (with deca y factor � ) all pairwise m utual information b et w een eac h

pair of bits in the bit-strings

{ Generate a maxim um spanning tree for the bit-strings using Krusk al's al-

gorithm

{ Generate N bit-strings based on join t probabilit y enco ded b y the dep en-

dence tree (using depth �rst tra v ersal)

if p erformanc e con v erges, end iteration

Figur e 6.3. The dep endence-tree searc h algorithm

8

W e skip the details of the Cho w-Liu algorithm due to the space limit. Essen tially , it con-

structs a maxim um spanning tree from a complete graph of the feature no des whose edges

are w eigh ted b y the m utual information of the random v ariables connected b y the edge.

9

A strategy of touc hing ev ery no de in a tree b y alw a ys visit the c hild-no de of the curren t

no de b efore going bac k to its paren t-no de and visit a sibling-no de.
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2.3 The ORDERED-FS Algorithm

F or microarra y data whic h ha v e thousands of features, �lter metho ds

ha v e the k ey adv an tage of signi�can tly smaller computational complexit y

than wrapp er metho ds. Therefore, these metho ds ha v e b een widely

applied in the analysis of microarra y data (Golub et al., 1999; Cho w

et al., 2002; Dudoit et al., 2000). But since a wrapp er metho d searc hes

for feature com binations that minimize classi�cation error of a sp eci�c

classi�er, it can p erform b etter than �lter algorithms although at the

cost of orders of magnitude of more computation time.

An additional problem with wrapp er metho ds is that the rep eated use

of cross-v alidation on a single dataset can p oten tially cause sev ere o v er-

�tting for problems with a few samples but v ery large h yp othesis spaces,

whic h is not uncommon for microarra y data. While theoretical results

sho w that exp onen tially man y data p oin ts are needed to pro vide guaran-

tees of c ho osing go o d feature subsets under the classic wrapp er setting (

Ng, 1998), Ng has recen tly describ ed a generic feature selection metho d-

ology , referred to as ORDERED-FS , whic h leads to more optimistic

conclusions (Ng, 1998). In this approac h, cross-v alidation is used only

to compare b et w een feature subsets of di�eren t cardinalit y . Ng pro v es

that this approac h yields a generalization error that is upp er-b ounded

b y the logarithm of the n um b er of irrelev an t features.

Filter ( D = f X

N � M

; C g )

- Quan tize eac h feature via mixture mo deling (MM)

- Rank all features via information gain (IG) �lter

- Pic k l features with highest IG, determine a remo v al order via Mark o v

Blank et (MB) �lter

Return an order � of the l features

W rapp er ( D ; H ; � )

F or k = 1 : l

- T rain h yp othesis h

k

2 H using the b est k features

- Lea v e-One-Out CV on h

k

, compute �

k

End

k

�

= arg min

k

�

k

Return h

k

�

(optimal h yp othesis), k

�

(optimal cardinalit y)

Figur e 6.4. The ORDERED-FS algorithm

Figure 6.4 presen ts an algorithmic instan tiation of the ORDERED-

FS approac h in whic h �ltering metho ds are used to c ho ose b est subsets

for a giv en cardinalit y . W e can use simple �lter metho ds describ ed earlier

to carry out the ma jor pruning of the h yp othesis space, and use cross-

v alidation for �nal comparisons to determine the optimal cardinalit y .

This is in essence a h ybrid of a �lter and a wrapp er metho d.
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In Figure 6.5, w e sho w training set and test set errors observ ed for

the leuk emia data when applying the ORDERED-FS algorithm

10

. Three

di�eren t classi�ers: a Gaussian quadratic classi�er, a logistic linear clas-

si�er and a nearest neigh b or classi�er, are used (Xing et al., 2001). F or

all classi�ers, after an initial co ev olving trend of the training and testing

curv es for lo w-dimensional feature spaces, the classi�ers quic kly o v er�t

the training data. F or the logistic classi�er and k NN, the test error

tops out at appro ximately 20 p ercen t when the en tire feature set of 7130

genes is used. The Gaussian classi�er o v er�ts less sev erely in the full

feature space. F or all three classi�ers, the b est p erformance is ac hiev ed

only in a signi�can tly lo w er dimensional feature space.
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Figur e 6.5. Classi�cation in a sequence of di�eren t feature spaces with increasing

dimensionalit y due to inclusion of gradually less quali�ed features. (a) Classi�cation

using k NN classi�er; (b) A quadratic Ba y esian classi�er giv en b y a Gaussian genera-

tiv e mo del; (c) A linear classi�er obtained from logistic regression. All three classi�ers

use the same 2-100 genes selected b y the three stages of feature �ltering.

Figure 6.5 sho ws that b y an optimal c hoice of the n um b er of features

it is p ossible to ac hiev e error rates of 2.9%, 0% and 0% for the Gaussian

classi�er, the logistic regression classi�er and k NN, resp ectiv ely . (Note

that due to inductiv e bias, di�eren t t yp es of classi�ers admit di�eren t

optimal feature subsets.) Of course, in actual diagnostic practice w e

do not ha v e the test set a v ailable, so these n um b ers are optimistic. T o

c ho ose the n um b er of features in an automatic w a y , w e mak e use of

lea v e-one-out cross-v alidation on the training data.

The results of lea v e-one-out cross-v alidation are sho wn in Figure 6.6.

Note that w e ha v e sev eral minima for eac h of the cross-v alidation curv es.

Breaking ties b y c ho osing the minima ha ving the smallest cardinalit y ,

and running the resulting classi�er on the test set, w e obtain error rates

of 8.8%, 0% and 5.9% for the Gaussian classi�er, the logistic regression

classi�er and k NN, resp ectiv ely . The size of the optimal feature subsets

determined hereb y for the three classi�ers are 6, 8 and 32, resp ectiv ely .

10

The 72 leuk emia samples are split in to t w o sets, with 38 (t yp eI/t yp eI I=27/11) serving as

a training set and the remaining 34 (20/14) as a test set.
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Figur e 6.6. Plots of lea v e-one-out cross-v alidation error for the three classi�ers.

3. F eature W eigh ting

Essen tially , feature selection metho ds searc h in the com binatorial space

of feature subsets, and pic k an optimal subset of 'relev an t' features as

input to a learning algorithm. In con trast, feature w eigh ting applies

a w eigh ting function to features, in e�ect assigning them a degree of

p erceiv ed relev ance and thereb y p erforming feature selection implicitly

during learning. In the follo wing, w e describ e b oth a classic feature

w eigh ting sc heme called WINNO W and a more general-purp ose Ba y esian

learning tec hnique that in tegrates feature w eigh ting in to the learning.

F or concreteness w e consider the generalized linear mo del (GLIM) for

classi�cation, where the input x 2 X (i.e. the measure on the microar-

ra y) en ters in to the mo del via a linear com bination � = �

T

x and the

predictor, for example, the conditional distribution p ( y j x ) of the cor-

resp onding lab el y 2 f 0 ; 1 g is c haracterized b y an exp onen tial family

distribution with conditional mean f ( � ), where f is kno wn as a r esp onse

function . Man y p opular classi�ers b elong to this family , for example,

the logistic regression classi�er:

P ( y = 1 j x; � ) =

1

1 + e

� �

T

x

: (6.8)

3.1 The WINNO W Algorithm

The WINNO W algorithm is originally designed for learning Bo olean

monomials, or more generally , also k -DNF

11

form ulas and r -of- k thresh-

old functions

12

, from noiseless data (Littlestone, 1988). Under these

settings it enjo ys w orst-case loss logarithmic in the n um b er of irrelev an t

11

A b o olean form ula is in k -disjunctiv e normal form ( k -DNF) if it is expressed as a OR

of clauses, eac h of whic h is the AND of k literals

12

F or a c hosen set of k ( k < = n ) v ariables and a giv en n um b er r (1 < = r < = k ), an r -of- k

threshold function is true if and only if at least r of the k relev an t v ariables are true. The

learning problem arises when b oth r and k are unkno wn.
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features (i.e. the error rate is a function of the logarithm of the n um b er

of irrelev an t features) . F or more realistic learning tasks encoun tered

in microarra y analysis, suc h as building a classi�er from training set

f ( x

1

; y

1

) ; : : : ; ( x

k

; y

k

) g , w e can use the follo wing m ultiplicativ e up date

rule for the w eigh t of feature j : if the classi�er misclassi�es an input

training v ector x

i

with true lab el y

i

, then w e up date eac h comp onen t j

of the w eigh t v ector w as:

w

j

 w

j

exp( � x

i

j

y

i

) ; (6.9)

where � is a learning rate parameter, and the initial w eigh t v ector is set

to w

j

= w

j; 0

> 0. Where do es w app ear in the classi�er? Bac k to the

GLIM mo del, this simply means a sligh t c hange of the linear term � in

the r esp onse function : � = �

T

( w ? x ), where w ? x means elemen t-wise

pro duct of v ectors w and x .

There are a n um b er of v arian ts of the WINNO W algorithm, suc h

as normalized WINNO W, balanced WINNO W and large margin WIN-

NO W. See (Zhang, 2000) and reference therein for more details.

3.2 Ba y esian F eature Selection

Ba y esian metho ds for feature selection ha v e a natural app eal, b ecause

they mo del uncertain ties presen t in the feature selection problems, and

allo w prior kno wledge to b e incorp orated. In Ba y esian feature selection,

eac h feature is asso ciated with a selection probabilit y , and the feature se-

lection pro cess translates in to estimating the p osterior distribution o v er

the feature-indicator v ariables. Irrelev an t features quic kly receiv e lo w al-

b eit non-zero probabilit y of b eing selected (Jebara and Jaakk ola, 2000).

This t yp e of feature selection (whic h is carried out join tly with induc-

tiv e learning) is most b ene�cial when the n um b er of training examples

is relativ ely small compared to their dimensionalit y .

Again consider the classi�cation of cancerous and non-cancerous sam-

ples measured on microarra ys spanning n genes. F ollo wing the represen-

tation in tro duced in Section 2.2, w e can index eac h of the p ossible 2

n

subsets of features b y a random v ariable z , then the linear com bination

term � in the resp onse function f ( � ) essen tially b ecomes � =

P

n

i =1

�

i

z

i

x

i

(whic h ob viates the e�ect of z

i

as relev ance indicator). Since the appro-

priate v alue of z is unkno wn, w e can mo del the uncertain t y underlying

feature selection b y a mixing prior:

P ( � ; z ) = P

�

( � )

n

Y

i =1

P

z

( z

i

) ; (6.10)
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where P

�

is a (conjugate) prior for the mo del parameters � , and

P

z

( z

i

) = p

z

i

i

(1 � p

i

)

1 � z

i

; (6.11)

where p

i

con trols the o v erall prior probabilit y of including feature i .

F or a training set D = f X ; Y g , the marginal p osterior distribution

P ( z jD ) con tains the information for feature selection, and the Ba y esian

optimal classi�er is obtained b y calculating:

P ( y = 1 j x; D ) =

X

z

Z

�

p ( y = 1 j x; � ) P ( � ; z jD ) d� : (6.12)

F or high dimensional problems and complex mo dels w e ma y encoun ter

in microarra y analysis, exact probabilistic computation of the p osterior

distribution P ( z ; � j X ; Y ) as w ell as ev aluation of the decision rule is in-

tractable. Therefore w e need to use appro ximation tec hniques. George

and McCullo c h presen ted a detailed study of Mark o v Chain Mon te Carlo

metho ds suc h as Gibbs sampler or Metrop olis-Hasting algorithm to ex-

plore the p osterior distribution(George and McCullo c h, 1997). Jebara

and Jaakk ola, on the other hand, to ok a Maxim um En trop y Discrim-

ination approac h, and deriv ed a closed-form solution of the p osterior

distribution P ( z ; � j X ; Y ) for some mo del families suc h as logistic regres-

sion and supp ort v ector mac hines (Jebara and Jaakk ola, 2000).

Recen tly , Ng and Jordan presen ted a V oting Gibbs classi�er that

solv es the Ba y esian feature selection problem in a surprisingly simple

w a y (Ng and Jordan, 2001). Rather than taking Eq.6.11, they use a

prior P ( � ) assuming that the subset of relev an t features is pic k ed ran-

domly according to the follo wing pro cedure: �rst , sample the n um b er

r of relev an t features uniformly from f 0 ; 1 ; : : : ; n g ; then a bit-string z

in whic h r features are relev an t is c hosen randomly from one of the

�

n

r

�

p ossible con�gurations. The prior P ( � ) is constrained suc h that only

the feature corresp onding to an 'on' bit in z has a non-zero prior. Th us

w e ha v e a parameter prior conditioned on z , P

�

( � j z ). Then w e pro ceed

to the usual Gibbs V oting classi�er pro cedure where w e sample N repli-

cates of parameters � from the p osterior distribution p ( � jD ), follo w ed b y

N samples of y eac h from a particular p ( y = 1 j x; � ). Finally , w e v ote for

the result. A notable merit of this algorithm is its high tolerance to the

presence of large n um b er of irrelev an t features. Ng and Jordan pro v ed

that their algorithm has sample complexit y that is logarithmic in the

n um b er of irrelev an t features.

4. F eature Selection for Clustering

Clustering is another imp ortan t t yp e of analysis for microarra y data.

In con trast to classi�cation, in this paradigm (kno wn as unsup ervised
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learning) a lab eled training set is una v ailable, and users are supp osed

to disco v er \meaningful" patterns (i.e. the existence of homogeneous

groups that ma y corresp ond to particular macroscopic phenot yp es suc h

as clinical syndromes or cancer t yp es) based on in trinsic prop erties of

the data. Since microarra ys usually measure thousands of genes for eac h

sample, clustering a few h undred samples in suc h a high dimensional

space ma y fail to yield a statistically signi�can t pattern.

Eigen v ector-based dimensionalit y reduction tec hniques suc h as Mul-

tidimensional Scaling (MDS) (Co x and Co x, 1994) and Principal Com-

p onen t Analysis (PCA) (Jolli�e, 1989) handle this problem b y trying to

map the data on to a lo w er-dimensional space spanned b y a small n um-

b er of \virtual" features (e.g. the principal eigen v ectors of the sample

co v ariance matrix in case of PCA). Ho w ev er, microarra y measuremen t is

usually a highly noisy data source. Results from matrix stabilit y theory

suggest that ev en small p erturbation ma y cause the eigen v ector meth-

o ds to pic k a di�eren t set of eigen v ectors (Ng et al., 2001). Moreo v er, in

metho ds lik e PCA, the principal eigen v ectors represen t those directions

in the original feature space along whic h data has the greatest v ariance,

the presence of a few highly v ariable but not informativ e \noisy" genes

tends to mislead the algorithm to a wrong set of discriminativ e eigen-

features. Finally , iden ti�abilit y remains an outstanding issue. In man y

situations w e w ould lik e to explicitly reco v er genes that signi�can tly con-

tribute to the sample partition of in terest. Eigen v ector metho ds do not

o�er a con v enien t w a y to do so. (Eac h eigen v ector from PCA is a lin-

ear com bination of all the original features, eigen v ectors from the Gram

matrix in MDS ev en lac k an explicit connection to the original features.)

F eature selection under the clustering paradigm is substan tially more

di�cult than that for classi�cation. The main di�cult y lies in the ab-

sence of reference information for ev aluating the relev ance of features.

Before concluding this c hapter, w e brie
y in tro duce some of the recen t

attempts on this problem.

Category utilit y . In the absence of class lab els, one p ossible

measure com bining feature qualit y with the clustering p erformance is

the a v erage accuracy of predicting the v alue of eac h of the features in the

data. The c ate gory utility metric is suc h a measure (Fisher, 1987). F or

a partition pro duced during clustering, the category utilit y is calculated

as:

U =

1

K

h

K

X

k =1

P ( C

k

)

I

X

i =1

J ( i )

X

j =1

P ( F

i

= x

ij

j C

k

)

2

�

I

X

i =1

J ( i )

X

j =1

P ( F

i

= x

ij

)

2

i

;

(6.13)



18

where P ( F

i

= x

ij

j C

k

) is the probabilit y of feature F

i

taking v alue x

ij

conditional on class mem b ership C

k

, and P ( F

i

= x

ij

) is the marginal

probabilit y of feature F

i

taking v alue x

ij

in the dataset. Replacing the

innermost summations with in tegration, category utilit y can b e readily

computed in the con tin uous domain for some distribution mo dels (i.e.

the mixture of t w o Gaussians w e assumed in Section2.1).

Dev aney and Ram prop osed a wrapp er-lik e feature selection strat-

egy using category utilit y as an ev aluation function (Dev aney and Ram,

1997). Essen tially , an y clustering algorithm can b e used to ev aluate the

candidate feature subsets pro duced b y a searc h heuristic based on this

metric. The searc h terminates when category utilit y stops impro ving.

En trop y-based F eature Ranking. Dash and Liu made an in ter-

esting empirical assumption on the relationship b et w een the en trop y and

data distribution: t w o p oin ts b elonging to the same cluster or in t w o dif-

feren t clusters will con tribute less to the total en trop y than if they w ere

uniformly separated. They further reasoned that the former situation is

more lik ely to happ en if the similarity b et w een the t w o p oin ts is either

v ery high or lo w (rather than in termediate) (Dash and Liu, 2000). Then

giv en distance measure (e.g. Euclidean distance or P earson correlation)

D

i;j

b et w een p oin t i and j , w e can compute the en trop y of a dataset as:

E = �

X

i 6= j

X

j

�

S

i;j

log S

i;j

+ (1 � S

i;j

) log (1 � S

i;j

)

�

; (6.14)

where S

i;j

= exp( � �D

i;j

).

Based on this measure, one can rank features sequen tially b y discard-

ing, one at a time, the feature whose remo v al results in minim um E . The

optimal cardinalit y of the feature subset can b e determined b y an inde-

p enden t clustering algorithm (similar to the ORDERED-FS approac h).

Ho w ev er, the en trop y assumption underlying this measure is only plau-

sible when clusters are w ell separated and symmetric in shap e. Under

less ideal conditions, the p erformance is lik ely to break do wn.

The CLICK Algorithm. Xing and Karp prop osed a strategy

for feature selection in clustering that go es b ey ond the purely unsup er-

vised feature ev aluation tec hniques suc h as the en trop y-based ranking

or mixture-o v erlapping probabilit y ranking (Xing and Karp, 2001). In

their CLICK algorithm, they b o otstrap an iterativ e feature selection

and clustering pro cess b y using the most discriminativ e subset of fea-

tures iden ti�ed b y the unsup ervised mixture mo deling to generate an

initial p artition of the samples. This partition is then used as an ap-

pro ximate reference for sup ervised feature selection based on informa-
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tion gain ranking and Mark o v blank et �ltering, and then the algorithm

alternates b et w een computing a new reference partition giv en the cur-

ren tly selected features, and selecting a new set of features based on

the curren t reference partition. It is hop ed that at eac h iteration one

can exp ect to obtain an appro ximate partition that is close to the tar-

get one, and th us allo ws the selection of an appro ximately go o d feature

subset, whic h will hop efully dra w the partition ev en closer to the target

partition in the next iteration.

5. Conclusion

A t a conceptual lev el, one can divide the task of concept learning in to

the subtask of selecting a prop er subset of features to use in describing

the concept, and learning a h yp othesis based on these features. This di-

rectly leads to a mo dular design of the learning algorithm whic h allo ws


exible com binations of explicit feature selection metho ds with mo del

induction algorithms and sometimes leads to p o w erful v arian ts. Man y

recen t w orks, ho w ev er, tend to tak e a more general view of feature selec-

tion as part of mo del selection and therefore in tegrate feature selection

more closely in to the learning algorithms (i.e. the Ba y esian feature se-

lection metho ds). F eature selection for clustering is a largely un touc hed

problem, and there has b een little theoretical c haracterization of the

heuristic approac hes w e describ ed in the c hapter. In summary , although

no univ ersal strategy can b e prescrib ed, for high-dimensional problems

frequen tly encoun tered in microarra y analysis, feature selection o�ers a

promising suite of tec hniques to impro v e in terpretabilit y , p erformance

and computation e�ciency in learning.
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