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Abstract

The Bow Leg Hopperis a new type of runningrobot with an efficient, flexible leg. A
one-leggedplanarprototypehasbeendevelopedthat passively stabilizesbody attitudeand
is efficient enoughto useon-boardbatteries.It is controlledby a real-timeplannerandhas
demonstratedcrossingof simpleartificial terrainincludingsteppingstonesandshallow stairs.

The machinehopsusinga Bow Leg, a new type of resilient,flexible leg namedfor its
similarity to an archerybow. The Bow Leg comprisesa curved leaf spring, foot, freely
pivotinghip, andtheBow Stringthatholdstheleg in compression.TheBow Stringis usedto
controltheleg potentialenergy: it mayberetractedto storeenergy by bendingtheleg, heldin
place,andreleasedto performusefulwork. Theleg is positionedusinga hobbyservomotor
coupledto the foot with control strings. During locomotion,the machineis controlledby
actuationduring flight: the leg is positioned,andthe Bow String retractedto storeenergy
that is automaticallyreleasedduring stance.During groundcontactall the stringsbecome
slack,andthehopperbouncespassively off thegroundwith no forcesor torquessupported
by actuators.The hip joint is attachedto thebody slightly above the centerof massso the
bodyeffectively hangsfrom thehip duringgroundcontactandthenaturalpendulumforces
passively stabilizebodyattitude.

In thisdesignasinglespringprovidestheleg structure,elasticity, andenergy storage.The
high forcesof groundimpactarecarriedconservatively by thespringandhip bearing.This
addressesfour problemscentralto dynamicleggedlocomotion: a low-power actuatormay
beusedfor thrustby storingenergy in the leg; low-forceactuationmaybeusedto position
the leg; the free hip minimizesbody disturbancetorques;andthe hoppingcycle is energy
efficient sincenegative work is eliminatedandthespringhashigh restitution.Themachine
is aform of “programmablemechanism”configuredby leg positionandstoredenergy during
flight to controltheevolution of thebouncedynamics.

The physicsof the machinehave beenmodelledin closedform using a combination
of idealizedanalysisand empirically determinedfunctions. Thesemodelsare usedby a
plannerthat finds sequencesof foot placementsacrossknown terrainto a goal positionby
searchingagraphrepresentingthetrajectoriesreachablefrom any givenlanding.Theplanner
usesheuristicsto discretizethecontinuouscontrol spaceandestimatepathcosts.Pathsare
generatedin real time asneededin conjunctionwith a feedbackcontrollerthat rejectslocal
disturbances.

Thedissertationalsoincludesgraphicalmethodsfor terrainanalysis,discussionof me-
chanicaldesigndetails,detailsof thereal-timegraph-searchplannerandheuristics,andex-
perimentaldatafrom theplanarprototype.
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Chapter 1

Intr oduction

As humanbeingswe have remarkableabilitiesto go almostanywhereon this planet
underour own power, usingarmsandlegs,instinctandcunning.A largechapterof
the history of technologyis aboutinventingmachinesthat augmentour abilities to
move ourselvesandour materials. Now thereis a category of machinesemerging
thatareintendedto moveabouttheworld on theirown to carryouthumanpurposes.
Many of thesemachinesroll, somefly, but a numberhave adoptedthepeculiarad-
vantagesof legs.

Wehavebecomeaccustomedto machinesoutperformingourabilitiesbecausewe
inventdevicesto overcomeour limitations: carstravel muchfasterthanwe canrun,
airplanesfly higherthanwe canjump. To build autonomousmachineswe needto
recreatesomepartof our own abilities—andaswith mosthumanabilities,we have
little appreciationof our own talents.

But with eachwalk upaflight of stepswecasuallytravel whereourmachinesare
clumsyandlimited. Eachtime we hikeup a mountaintrail, tiptoeingacrossstreams
on slipperystones,hoppingacrossfallen logs,we rediscover eleganceandbalance,
our inheritedwisdomaboutmoving throughthis world.

This dissertationis aboutdevelopinga new kind of leggedmachinethatcanrun
over uneven terrain. Its designis simple andprincipled. The work includesnew
designconceptsanddetailsof a battery-poweredlaboratoryprototype. The scope
includesnew mechanismsandthemathematicsandsoftwareto animatethem.

1.1 Robot Legs

Legsarea viablechoicefor generalrobot locomotionbecausethey offer agility and
speed. Wheelsmay be fasteron level ground,andwings or rotorsoffer the third
dimension,but legs have demonstratedan agility moving aboutthe surfaceof the
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X Axis
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Theta, Phi
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Hopper
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Figure 1.1: Photographof the hopperprototypeand schematicof the constraint
boom. The hopperruns in a circle definedby the boom. The boomallows three
degreesof freedomon the surfaceof a sphere: �������	� positionand 
 body rotation.
The leg rotatesaroundthe hip ( � axis) parallel to the body rotation. The boomis
instrumentedto measure������� and 
 . The leg is 25 cm long andtheboomradiusis
1.5m.
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earthunsurpassedby any otherform of locomotion.Walking machinesaregoodfor
moderatespeedacrossterrainbut cannotcrossholeswider thantheir reach.Better
still are running machinesbecausethey may jump acrossholesand up anddown
steps;they arenot limited by thephysicalspanof their legsbut only by theircapacity
to storeenergy.

This dissertationwas motivatedby the ruggednessand energy capacityof the
Bow Leg, a new leg conceptinventedby BenBrown anddevelopedin conjunction
with this thesis. Figures1.1 and1.2 depict our prototypeBow Leg Hopper. The
leg is a bow-shapedspringmadeof laminatedfiberglass.Attachedto thefoot is the
Bow String usedto storeenergy in the compressionof the leg. A pair of control
stringsdrivenby a hobbyservomotorpositiontheleg duringflight. Theprototypeis
constrainedto threedegreesof freedom(DOF) by a radialboom,andis poweredby
aNiCd batterypackmountednearthebody.

Thefirst partof thestory is concernedwith incorporatingtheleg into a hopping
machine,andthesecondwith developingplanningsoftwareto control it acrosster-
rain. Beforeexplainingtheseideasit is worthwhileto think a bit aboutthenatureof
dynamiclocomotion.

Runningis aboutflying throughtheair, atleastuntil ballisticflight inevitablyends
with a collision with theground.Whena ball runs,we usuallysayit is “bouncing”;
at eachcollision, it compressesandtakesoff againif enoughenergy is storedand
returnedto vertical motion. Humansand robotsgenerallyaren’t as symmetricor
compliant—they requirea morespecializedbounceusinglegs. Thecycle is similar,
exceptlegscanaddadditionalenergy duringthecollision by exertingforcesagainst
the ground. And unlike the ball, legs canchangethe directionof travel at will by
applyinggroundforcesasymmetrically.

Theagility of runningcomesaboutfor two reasons:thefoot touchestheground
only at isolatedpoints,andthehigh forcesduringgroundcontact(stance)allow for
rapidchangesin velocity. This agility is possibleevenwith only oneleg—hopping
is one-leggedrunning. While two or morelegs offer morevariety of gaitsandthe
ability to move legs aboutduring flight without inducingbody rotation,one leg is
viablefor runningmachines,especiallya lightweightleg thatcanbepositionedwith
smalltorques.

The ultimategoal is the designof fully autonomousrunningmachinesthat can
crossnaturalterrain. Suchmachinesneedhigh efficiency, goodterrainperception,
mechanicalruggedness,andtheability to stopandstartandgetup from falls. The
Bow Leg Hopperdoesnotsolveall theseproblems,but doesoffer efficientandstable
hoppingwith asimplerobustmechanism.

11
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Figure1.2: Explodedview of the Bow Leg Hopper. The top servo rotatesa disk
carryingthedrivepulley thatcanengagetheBow Stringin orderto compresstheleg.
Thebottomservo positionstheleg. Thehip is anunactuatedjoint with aball bearing.
Theballastandseveralpartsareomittedfor clarity. Thebodyis 4 incheswide.

12



Leg Retracted

Leg Compressed

Leg Extended

Figure1.3: Threephasesof the Bow Leg Hopperthrustmechanism.From left to
right: theBow Stringretractedto storeenergy in legcompression;thelegcompressed
from theimpact,andthestringsslack;theleg relaxedafterenergy is transferredfrom
the leg to motion. Subsequentlythe leg is retractedagainandthe cycle repeatsfor
eachbounce.

1.2 Key Ideas

The startingpoint of this dissertationis the ideathat a leggedrobot canmimic the
essentialbiological aspectsof running—i.e.,travel using a leg to bounceoff the
ground—yetbe designedto best take advantageof mechanicalcomponents.For
example,musclespackamazingforceandenergy capacityandaredifficult to mimic
mechanically. Our solution is to take the actuatorsout of the load path. The key
insight is that if energy storageandcontrol take placeduringflight, thenthemotors
nevercarrytheweightof themachineandcanbelow-power. This is acoreprinciple
of theBow Leg, which is describedin thefollowing sectionin its mostgeneralform.

1.2.1 Bow Leg

TheBow Leg comprisesa curved leaf spring,foot, freely pivoting hip, anda string
that holds the leg in compression.The namecomesfrom the resemblanceto an
archersbow. Thefunctionof theBow Stringis to controlthepotentialenergy in the
leg. It mayberetractedduringflight to storeenergy in leg compressionandreleased
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Figure1.4: Illustrationof thepassive physicsof thehopper. Thetop representsthat
the hopperis a passive spring–masssystemwhenin contactwith the ground. The
bottomfigureillustrateshow theplacementof thebodymassbeneaththehip allows
thebodyto bepassively stabilizedlikeapendulum.
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to full lengthuponimpact to releasethat energy into body motion. The leg pivots
freelyat thehip to minimizebodydisturbancetorque.

Thebasicprincipleof theBow Leg is thata singlespringcanprovide the func-
tions of leg structure,elasticity, andenergy accumulation.A singlespringcanbe
very lightweight to minimize the lossesassociatedwith sweepingthe leg. The ab-
senceof otherjoints meansthat thehigh forcesof groundimpactarecarriedby the
mechanicalcomponents—thespringandthehip bearing—andno forcesor torques
needto besupportedby actuatorsduringstance.

The leg is controlledwith stringsthat becomeslackasthe leg compresseswith
thegroundforce. As a result,all energy input to theleg occursduringflight andthe
stanceis passive. Tensionelementsaregoodfor this role becausethey guaranteethe
decouplingof theactuatorsfrom theleg duringstance.They arelow-massandmay
beacceleratedwithout significantforce. In thesimplestcase,theBow Stringcanbe
usedfor bothenergy inputandpositioncontrolby exertinglateralforcesonthestring
to positiontheleg andaxial forcesto tensionit. Alternatively, anadditionalharness
of positioncontrolstringsmayattachto thefoot.

Theseprinciplesaddressthetypical lossesof leggedsystems:negativework and
leg sweep.Negative work occursin articulatedlegswhenanactuatorappliesforce
in thedirectionoppositeits motionandthusabsorbsenergy from thesystem[Ale90]
[Rui91]. This canwastea significantamountof energy, but negative work canbe
eliminatedby designby avoidingarticulation.Leg sweeplossesresultfrom theneed
to acceleratethefoot to matchthegroundspeedandarekeptsmallby usinga very
low-inertia leg. Also, this solutionis compatiblewith thepassive sweeposcillation
solutionproposedby [AB97].

1.2.2 Bow Leg Hopper

This thesisis concernedwith theapplicationof theBow Leg to hopping.TheBow
Leg couldconceivably beusedon machineswith multiple legsandwalking modes,
but a one-leggedmachineis a simpler mechanismthat retainsmuch of the speed
anddexterity of running.This discussionpresentsthemostgeneralideas;theactual
prototypesdonot implementeverypossibility.

A fundamentalproblemfor any locomotingmachineis the regulationof body
orientationandrotationalvelocity. Extremebody tilt cancausethe joint limits to
interferewith leg positioningaswell asinterferewith sensingandpayload.Evena
moderateangularvelocity canintegrateduringflight to a bodyorientationthatpre-
ventsa safelanding.However, thelargesttorquesthatupsetbodyattitudegenerally
comefrom theleg itself.

A fundamentalprincipleof theBow Leg Hopperdesignis to minimizebodyat-
titudedisturbances.Foremostto this goal is thefreely pivoting hip: the leg rotation
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A:

B:

C:

D:

E:

F:

Figure 1.5: Samplehopper tasks; only items A-C were testedexperimentally.
A: Hoppingat constantheight. B: Hoppingbetweenfootholds. C: Accumulating
kineticenergy to crossanobstacle.D: A forwardflip. E: Accumulatingpotentialen-
ergy in theleg to crossanobstacle.F: A high/low gait createdby alternatelystoring
andreleasingenergy on successive steps.ItemsE andF requirean enhancedBow
Leg with partialenergy release.
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is decoupledfrom thebody during stanceto precludehip torques.The secondele-
mentis a low heightbody designwith the centerof massnearthe hip to minimize
thetorquesproducedby groundforces.Thebodyattitudeof thehopperprototypeis
passively stabilizedby designby locatingthecenterof massslightly below thehip.
Alternatively, bodyorientationcouldbeactively controlledby manipulatingtherela-
tive locationof thehip andcenterof massduringflight to controlthetorqueimpulse
producedby the leg during stance.This form of attitudecontrol would involve no
work sincethelow-massleg wouldberepositionedwhennoforceswereactingupon
it.

Another basiclocomotionproblemis the control of kinetic energy. Energy is
constantlyflowing from gravitationalpotentialto kinetic energy to leg springpoten-
tial andback. Energy mustbe provided to make up for lossesin this cycle. In the
hopper, thrustenergy is transferredfrom a low-poweractuatorto bodymotionusing
the leg springasa buffer. Energy is storedin the leg springby retractingthe Bow
Stringduringflight. Typically, flight is longerthanstance—thisapproachallows the
accumulatedenergy of alow poweractuatorto bereleasedin ahighenergy burstdur-
ing stance.TheBow Stringcouldalsobeusedto capturekinetic energy by allowing
only a partial leg extensionduring takeoff. During the impactthe leg storeskinetic
energy until thepoint of maximumleg compression.If thestringwerebroughttaut
beforetheleg fully extendedthenenergy wouldstill bestoredasleg potentialenergy.
In this mode,kinetic energy would beretainedasspringpotential;this featurecould
beusedto storegravitationalpotentialfrom a high fall to belaterreleasedaskinetic
energy.

Thetrajectoryof thehopperis governedthroughcontrolof energy andchoiceof
foot placement.During stance,the leg exertsa large forceon thebody. By placing
the leg far forward,thenethorizontalvelocity changewill benegativeandthehop-
perwill slow down or move backward. Of course,the foot placementmustalsobe
compatiblewith theterrain—thisis theprincipalconstraintthatmotivatesthedevel-
opmentof aplannerto controlthehopperacrossuneventerrain.

A usualdisadvantageof a one-leggedmachineis theneedfor “leg recovery,” the
swingof the leg duringflight from thetakeoff positionto thenext landingposition.
TheBow Leg is lightweightenoughto bemovedduringflight without significantly
upsettingbodyattitude.Theswingmotiondoesrequiretime,however, soat low al-
titudesor highspeedstheleg recovery timecanbecomeanoperationallimit. Within
thesebounds,this new designmakeshoppingfeasibleasaprimarygait.

A typical one-leggeddisadvantagethat is not addressedis thedifficulty of con-
trolling yaw rotation in an unconstrained“3D” hopper. The leg force is alongthe
leg axis, which symmetrydictatesshouldlie nearthe centerof the body. It might
bepossibleto displacethehip sidewaysto produceyaw torquesbut they will always
be small. Onesolutionmight be to usea sphericaljoint at thehip so thehopperis
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symmetricaroundtheverticalaxis.Suchahoppercouldnot controlyaw but instead
wouldbeinsensitiveto it—it wouldbouncealong,freely rotating,andstill beableto
changedirectionat will.

1.2.3 Hopper Physics

An essentialaspectof theBow Leg conceptis thatthenaturaldynamicsof themech-
anismproducehoppingmotions. Even with no power or control applied,the pro-
totypecanbe droppedandwill bounceseveral timesbeforefalling over. The Bow
Leg embodiesa minimalist designphilosophythat emphasizesfashioningmechan-
ical oscillatorswith motionsthat solve a task. This leadsto simplicity andenergy
efficiency.

The Bow Leg Hopperis a simpleconfigurationof a mass,pivot, andspring. It
closelyresemblesan idealizedhopperwith a masslessleg andfrictionlesship, and
exhibitssimilarly predictablephysics.Theidealmodelassumesmechanicalstability
of thebodyattitude,amasslessleg, a frictionlesship, bodymasscenteredat thehip,
andaninfinitely stiff leg. Sincethemechanismpassively stabilizesbodyattitudethe
modelmayneglectbodyorientation.Thephysicsof this modelis very muchlike a
stiff ball bouncingon a surfacewhoseslopecanbecontrolledat eachimpact. That
is, the impact is instantaneous,the slopeof the effective surfaceis perpendicular
to the leg, andthe angleof reflectionis equalto the angleof incidence. With the
additionof fixeddissipationin theleg anda controllablethrustenergy, therearetwo
degreesof freedomto controla planarhopperor threedegreesof freedomto control
anunconstrainedhopper.

In practice,this modeloffers a reasonableapproximationof the actualbounce.
The chief differenceis that real hoppershave a finite stancetime andso the body
movesduring stance. This violatesthe pure reflectionmodel but straightforward
empiricalmodellingcancompensatesufficiently for controlpurposes.

Another aspectof physics-baseddesignis the considerationof the energy in-
volved in the phasesof locomotion. At impact, kinetic energy is transformedto
potentialenergy in theleg in ahigh-power transfer, thenbackagainat takeoff. If ex-
ternalwork on thesystemis performedduringthelongerflight interval, theactuator
power canbemuchlower. TheBow Leg designkeepsall high power in mechanical
form andusesonly small electricalactuatorsto restorelossesandprovide control
forces.

In thesamevein is theideaof eliminatingnegativework. Articulatedlegsalways
have thepossibility thatanactuatormaymove in a directionoppositeits force,and
thusabsorbenergy from thesystem.This typically representsdissipationof energy
beingaddedby anactuatoron anotherjoint. Animalsavoid this to somedegreewith
elastictendonsthatconnectacrossmultiple joints. TheBow Leg solutionis to have
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Figure 1.6: A view of the long rangegoal. The Bow Leg Hopperillustratedcan
captureimpactenergy in theleg andreleaseit later. As it leapsdown from thehigh
ledgeit storeskinetic energy in theleg thatis releasedduringsuccessivehops.(The
energy storingleg andterrainsensingarebeyondthescopeof this thesis.)

only onejoint, thehip joint, which is not actuatedat all duringstance.It is a simple
mass-springsystem:any energy absorbedfrom themotionis storedin theleg, to be
eitherdissipated,stored,or released.

Energy analysisalsomotivatescontroldesign.For example,total systemenergy
(kinetic plus potential)may be invariantacrossa pathcomprisingseveral bounces.
Theenergy maybe transformedfrom altitude(gravitationalpotential)to lateralve-
locity (kinetic energy) alongtheway asthehoppertradesoff altitudefor speedand
back.Energy makesasuitablecontrolvariablebecauseit reflectsthedissipationpro-
cess:on eachbouncea predictablefraction of energy is lost, a controlledamount
may be addedby actuatorsor storedmechanically, and so total energy may be a
propertyof apaththatvariesslowly. Energy constraintsmaybederivedfrom terrain
geometry;energy boundsaredefinedby thesetof pathsnavigatingeachobstacle.

Thechoiceof energy asa controlvariableis especiallynaturalfor theBow Leg
becausethethrustmechanismdirectlycontrolstheenergy addedby thepowersource.
Also, thedissipationof theleg asa springcompressingandrelaxingcomescloseto
anidealrestitutionin whichenergy dissipatedis proportionalto energy stored.
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1.2.4 Planning for Terrain

Theultimategoalof building leggedmachinesis for themto move freely aboutthe
world. In largeenvironments,gettingto a locationinvolvesbothrouteplanningand
controlling eachfoot placementto safely traversethe local terrain. This thesisis
concernedwith thesecondproblem:planningashorttermpathacrossuneventerrain
andusingit to controlthemachinein thepresenceof errorsanddisturbances.

When locomotionis treatedasa planningproblemthe emphasisis on finding
solutionsto a constraintproblemratherthangeneratinggaits. In generalthe prob-
lem is underconstrainedandheuristicsplay an importantrole. The ideaof a gait is
transformedfrom a specificstatemachineor oscillationto a setof constraintsand
heuristicsthatdefinea family of hoppingtrajectories.

The critical constraintis making surethe foot always landsin a safelocation
withoutslipping.Of course,asafefootfall canstill launchthehopperona trajectory
towarddisaster, andsopathscomprisingmultiple footfalls mustbeconsidered.Al-
thoughtheterrainprovidesgeometricconstraintson thefoot, eachfoot placementis
associatedwith anarcof bodypositions.This meanseachterrainconstraintapplies
to asetof adjacenttrajectories.

This researchassumestheplannerhasavailablea geometricmodelof theterrain
in which theregionsarelabelledassafeor unsafefootholds. The“unsafe” regions
may be either unsafeor unknown; the controller never choosesto placethe foot
insidethem.Thegeometricmodelis alsonecessaryfor avoiding collisionsbetween
any bodypartandtheterrain.Terraingeometryalsoinducesenergy constraints;each
terrain featuresuchasa hole or high point definesa minimum energy requiredto
crossit.

Thefull physicalstateof a hopperincludesthebodyDOF, controlDOF, andthe
correspondingvelocities. However, planscanbe representedin a smallerspaceby
definingthehopperstateasthesetof parametersthatdescribea flight trajectory;for
theplanarhopper, this canbejust threenumbersthatdescribethepositionandhori-
zontalvelocity at theapex of a parabola.Althougha hoppermayfollow a complex
trajectoryduringstance,ultimately it breakscontactwith thegroundandthecenter
of massfollowsaparabola.For this reason,apathfor any hoppercanberepresented
asa seriesof parabolicsegments:the gapfrom the endof oneto the beginning of
thenext is thedistancethatthehopperbodymovedduringa stancephase.With this
representation,a plannercan leave the detailsof the stancephaseup to the hard-
wareor low-level controller, providedtheplanneris givena modellingfunctionthat
representsthetrajectoryresultingfrom aninitial trajectoryandavectorof controls.

With this formulation,thecontroltakestheform of a functionspecifyingcontrol
parametersasa functionof theflight trajectory. This functionis appliedonceduring
flight to settheactuatorsfor thenext stance.If this functionis a linearfunction,the
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controller is a discrete-timelinear controller. If the function is a plan specifyinga
particulartrajectory, it is definedfor isolatedpointscorrespondingto thetrajectories
in theplan,andanothercontrolfunctionis neededto specifyactionsfor otherstates
thatconvergebackto theplan.

This researchmakesthe assumptionthat the plannermustoperatein real time.
Thatis, thehopperwill traversedistancesgreaterthantherangeof any terrainsensor
without stopping,soit will needto produceplanswhile moving. If theplansdo not
coverevery local state,thenerrorsmaysuddenlyleave thehopperfarenoughoff the
plan that it must immediatelyreplanduring a singleflight phase.Therearehigher
level strategiesthatmight dealwith this problem,suchasrunningto safepointsand
stayingin placewhile computing,but this work makesthe simplifying assumption
thattheplannermustalwaysproduceausefulresultwithin oneflight period.

Realtimeoperationis theprimaryconstraintonthechoiceof planningalgorithm.
The correctchoiceis highly dependenton the availablecomputinghardware; with
enoughcomputingpower, this problemcanbesolvedwith brute-forcedynamicpro-
grammingor abreadthfirst searchbackwardsfromthegoal.Thisthesisdemonstrates
thatasimplegraphsearchwith appropriatelychosenheuristicscansuccessfullycross
simplelaboratoryterrainusingcurrentinexpensivecomputinghardware.

1.3 The Bow Leg Hopper Project

Theprevioussectionsketchesthegeneralideasdevelopedin this dissertation.Many
of theseideascouldbeappliedto any hoppingrobot including futureBow Leg ma-
chines. This sectionfocusseson the specificsof the Bow Leg Hopperprototype
development,includingthelaboratorywork, plannerdevelopment,andanalysis.

Theprojecthasinvolvedconstructionof aseriesof Bow Leg Hoppersconstrained
to threeDOF. The first few operatedon an inclined air tableanduseda Bow Leg
madeof pianowire, followedby severalversionsof a boom-mountedhopperwith a
laminatedfiberglassleg. This progressionof prototypesis addressedin moredetail
in Chapter2. It is thefinal versionof theboom-mountedhopperthat is presentedin
themostdetail. This prototypehasdemonstratedcrossingof simpleuneventerrain
in thelaboratoryusingthegraphsearchplanner.

1.3.1 Bow Leg Hopper Prototype

Theboom-mountedprototypeis depictedin Figure1.1. Theradialboomconstrains
thehopperto threeDOF on thesurfaceof a spherethatallows unlimited“forward”
travel, aswell asmeasuringthe positionof the hopperusingsensorson the boom
joints. A lengthof rubbertubing attachedbetweenthe ceiling and the boomacts
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Figure 1.7: Photographof the dismountedplanarhopperwith ballastweightsre-
moved. This versionusesa positioninglever to move the leg by driving the Bow
String.
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Figure 1.8: Schematicof the prototypethrust mechanismwhich storesenergy in
the leg during flight. The cycle begins in the relaxed state. During winding, the
servo disk rotates,thedrivepulley engagestheBow String,andthedisplacementof
theBow Stringcompressesthe leg (not shown). Theenergy storedis a functionof
rotationangle.During theimpact,thestringgoesslack,thestringreleasespring(not
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asa gravity compensationspringto simulaterunningin about30%of normalEarth
gravity. This is primarily an experimentalconveniencethat slows the hoppingrate
for easierobservation.

TheBow Leg isconstructedof laminatedfiberglass,with acylindrical footbonded
atoneendandaball bearingat theotherthatservesasthehip joint. It is constructed
flat andis compressedinto an arc by preloadingthe Bow String,which attachesat
the foot, passesthroughidler pulleys on the hip axis, and then throughthe thrust
mechanism.Theleg is positionedusinga pair of controlstringsthataredrivenby a
hobbyservomotor. The thrustmechanismtensionsthestringusinganoffsetpulley
drivenby a secondhobbyservo. Thetwo motorsarepoweredby batteriesmounted
on theboomnext to thehopper. Thehopperis controlledby anoff-boardPCusing
off-the-shelfI/O cards.

This hoppercanbepoweredby four on-boardNiCd “sub–C” cells for about30
minutes.The computationis off-boardbut is modestenoughthat thehoppercould
probablybe entirely self-containedif the ballastwerereplacedwith a commercial
single-boardcomputeranda batteryfor it. The leg is 25.4cm from toe to hip; the
hopperweighsabout0.5kg andcarriesabout1.5kg ballast(includingtheboomand
batteries).

Thethrustmechanismis illustratedin Figure1.8. It operatesby driving a pulley
sidewaysinto theBow Stringbetweenaring constraintat thetopandtheidler pulleys
at thehip. This pulls the leg tautduringflight. During stance,thestringgoesslack
astheleg compressesfurther;this allows thestringto benudgedoff thedrivepulley
by the“String ReleaseSpring.” With slackstringreleased,theleg extendsto its full
lengthduringtakeoff andthestoredenergy is released.Theprototypecanaddkinetic
energy but not captureit; kineticenergy is reducedby applyinga thrustsmallerthan
thenormaldissipative losses.

1.3.2 Real Time Planner

Thisthesisseeksto demonstratethataplannerusinggraphsearchwith heuristicscan
computepathsacrosssimpleterrainin realtime. Somegeneralideasfor constructing
hoppingplannersareoutlinedin section1.2.4,andtheprototypeplanneris described
in detailin Chapter5. Whatfollowsis abrief overview of aparticularsolutiontested
in this thesis.

Partof thesystemlookslikeatraditionalrealtimecontroller. Positionsensorsare
sampledat uniform intervalsandthebodyvelocity computedby anestimator. The
phasesof the hoppingcycle aretracked by a statemachinetriggeredby the sensor
data. The leg actuatorcommandis continuouslyupdatedto keepthe leg pointed
along a designateddirection in world coordinatesusing a simple control law that
negatesthebodypitch.
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However, the interestingcontrol occursjust onceper bounce.Becausethe ma-
chineis passive duringstance,thetransitionfrom onetrajectoryto anotheris deter-
minedby the leg angleandstoredthrustenergy at themomentof impact,so trajec-
tory controlis performedby selectingtheseparametersduringflight. The“real-time”
infrastructureis neededto processthecontinuous-timesensorinformationinto anes-
timation of the flight parabola.Oncethe flight trajectoryis accuratelydetermined,
however, asinglecalculationmaypick thecontrolparametersto governthenext im-
pact.Thismeansthelinearcontrollerthathopsatconstantvelocityoverlevel ground
takestheespeciallysimpleform of asingleproportionalfeedbackruleevaluatedonce
perbounce.

This work tries to blur theboundariesbetweentraditionalplanningandcontrol.
Whentheplanneris consultedfor outputsonceper flight, thecontrol calculationit
performsmayincludefeedbackmodificationof anexistingplan,switchingto alinear
controller, or initiating aplanningoperationthatusesgraphsearchto find asequence
of trajectories.

Mostof thediscussionof theplanneris concernedwith that“planningoperation,”
a graphsearchthat testssequencesof trajectories,usingheuristicsto discretizethe
continuouscontrol vectorassociatedwith eachbounce.Theplanneris real time in
the sensethat it completesa plan within onehoppingcycle. The searchalgorithm
is a best-firstsearchthat computespath cost basedon a heuristiccombinationof
energy consumptionandestimatedrisk. A planis definedto beasequenceof trajec-
torieswith control parametersfor the interveningimpacts,followedby an optional
transitionto a linearcontrollerthathopsin placeat thegoal.

Theevaluationof pathsis cheapbecausetheimpacttransitionis computedusinga
closedform modelbasedonanidealhopperwith empiricallydeterminedcorrections.
Theterrainmodelis relativelycheap,involving intersectionof adescentparabolaand
a setof connectedline segments.Therearea few behavior parametersthat specify
preferredvelocityandtotal energy.

The laboratoryexperimentswith the plannerhave focussedon crossingsimple
artificial “terrain” in the laboratory. The laboratoryfloor itself is concretecovered
with asphalttile. Configurationsof bricksarestackedon thefloor to form stepping
stones,staircasesand walls. “Holes” are simulatedby designatingregions in the
plannerasunusablefoot placements.

Theemphasisof theexperimentsis onstabilityanddexterity ratherthanspeedor
altitude.Samplerunsareshown in Figure1.9andFigure1.10.
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1.4 RelatedWork

TheBow Leg Hopperhasmuchin commonwith one-leg hoppersbuilt by Matsuoka,
Raibert,Papantoniou,Buehler, andseveralothers.It hasarigid bodyandacompliant
leg with an angularpositioningaxis andan axis that controlsthrust. The tasksare
to maintainbody stability andtravel acrossroughground. Raibertstyle threepart
control [Rai86] canbeappliedto this hopperwith only minor modification: the leg
anglecontrolsfootplacement,thrustcontrolshoppingheight,andthethird part,pitch
controlwith hip torque,is not required.

Thereareseveral differences.The leg is a flexible bow-shapedspring instead
of a solenoid[Mat80], telescopingspring [GAB93] [LPK93], or linkage [BD96]
[Pap91].Pitchis stabilizedpassively by designingthecenterof massbelow thehip.
Most importantly, thehopperis “mechanicallyprogrammed”duringflight to setthe
initial conditionsfor impact. Any control musttake placeonceper hoppingcycle.
High bandwidthcontrolis eliminatedalongwith negativework, andthecontrolleris
discretein thesensethatthemachineachieveswidely separatedstatesbetweeneach
controlcycle.

Philosophically, our emphasisis on planningeachstepindividually insteadof
controlling a steadystateoscillation[AB97] [HR91]. Ratherthandefiningspecific
gaits,behaviors, andtransitionsbetweenthem,theplannerfindsphysicallyfeasible
trajectoriesthatsatisfythetaskconstraints.In principle,thisplanningapproachcould
be appliedto otherhopperdesignsby treatingthe closed-loopcontrol of stanceas
a black box. This low-level control would be modelledby a function predicting
a takeoff trajectoryfrom a landing trajectoryand set of control parameters.The
plannerwouldstill searchoutsequencesof trajectoriesandtheoutputwouldbelow-
level controllerparameters.

A moredetaileddiscussionof relatedwork maybefoundin Chapter7.

1.5 Discussion

TheBow Leg Hopperideasstemfrom somebroadmechanicalprinciples.Themost
fundamentalarerelatedto energy: usemechanismsthat actively direct energy be-
tweenavailableforms, pay attentionto eliminatingdissipation,andusenaturalos-
cillators to incorporateconservative physics.Theseleadto suggestionsfor efficient
control: keepactuatorforcesorthogonalto dynamicforces,eitherin spaceor in time;
andusemechanicalfeedbackwhereverpossible.In mechanicalterms,thismeansus-
ing configurablemechanismssocontrol forcesareexertedwhenloadsareminimal
anddynamicforcesaresupportedusingbearingsinsteadof actuators.

In this thesistheseprinciplesareappliedto a rethinkingof one-leggedhopper
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designby exploring themin theform of theBow Leg. Justbecausethemachinehas
adopteda function of a biological systemdoesn’t meanit needsto copy the form.
Theresultis developmentof ahoppingrobotusingafiberglassspringasanefficient
locomotionoscillatorandbearingsthatdecoupletorquedisturbancesfrom thebody.
The designof the body, the control system,andthe terrainplannerarea response
to createmotionsthat take bestadvantageof the Bow Leg. The consistency and
simplicity of thedynamicsallow for closedform physicsmodelswhich greatlyease
theapplicationof planningmethods.

In a sense,dynamiclocomotionis a processof manipulatingtheground,andso
many of themechanismandplanningideascouldapplyto manipulators.Thehopper
is an intermittentdynamicsystemthat is abstractlysimilar to juggling, tapping,or
batting.In fact,if theBow Legweresimplymountedas-isonaconveyorbelt,it could
be usedas an impulsive manipulator[Hua97] that would be triggeredby contact
with a part. The directionof the impulsewould be determinedby positioningthe
leg (i.e., arm)beforecontact.Of course,thedynamicforceswould bemuchlower
andso thestiffnessesandtrigger thresholdsmight needto berescaled.Someother
programmablemechanismsarediscussedin AppendixD.

Theultimategoalof this work is thedevelopmentof fully autonomousrunning
machinesthat may boundtheir way acrossruggedterrain. The Bow Leg Hopper
movesuscloserto this goal: it hasdemonstratedtheefficiency andnaturalstability
thatmakesself-containedrunningrobotsfeasible.

1.6 Contrib utions

I believethis thesismakesanumberof contributions:1 the useof mechanicallyprogrammablepassive mechanismto exploit natural
systemdynamics;1 developmentof theBow Leg Hopperinto thefirst runningrobotwith on-board
batterypower;1 theapplicationof planningmethodsto dynamiclocomotion;1 demonstrationof terraincrossingtasksusingplanning,includinga solutionto
thesteppingstoneproblem;1 graphicalterrainanalysistechniques;1 developmentof practicalclosed-formhoppermodelssuitablefor control.
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1.7 ThesisOutline

Furtherdetailsarepresentedin the following Chapters.Thedocumentis organized
asa progressionfrom mechanicaldetailsto high level control,but mayalsoberead
asself-containedchapters:1 Chapter2 discussesthemechanicalprinciplesof theBow Leg andthedesign

of themechanism.1 Chapter3 discussesthephysicsof thehopper, thedevelopmentof closed-form
modelsfor control,andthecalibrationprocedures.1 Chapter4 discussestheabstractcontrol formulation,somesimplecontrollers,
andgraphicalterrainanalysis.1 Chapter5 discussestheterrain-crossingplanner.1 Chapter6 discussesthelaboratoryexperiments.1 Chapter7 presentstherelationto previouswork andaconcludingdiscussion.

Following theChaptersareseveralappendiceswith subsidiarydetails.
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Chapter 2

Bow Leg Hopper Design

TheBow Leg Hopperis a new typeof hoppingrobotwith a highly resilientleg that
resemblesanarcherybow. Theguidingprincipleis thatthebodyandleg form anat-
uralspring-massoscillatorthatcanhopby bouncingoff theground.Thedesigngoal
of the mechanismis to control the trajectorywhile still allowing this oscillationto
proceedasfreelyaspossible.Oursolutionis to treatthehopperasa“programmable
mechanism”with severaldegreesof freedomthatguidethe trajectoryby determin-
ing the initial conditionsof the bounce.Thesefreedomsarethepositionof the leg
andtheelasticenergy storedin leg compression;they arecontrolledduringflight and
determinethechangeof velocity thatoccursduringstance.

Another principle is to createstability throughcareful location of the natural
forcesandtorques.Theapplicationto thehopperis theplacementof thebodymass
below a freely pivoting hip. The free pivot allows the leg to swing freely during
stanceto precludeapplyingdisturbancetorquesto thebody. This meanstheground
forcealwayspointsalongtheaxisof theleg. Placingthehip abovethecenterof mass
allows thebodyto “hang” from thehip muchlike a pendulum,sothenaturalforces
duringstancecausetorquesthattendto restorebodyattitudeto aneutralposition.

Much of the motivation for theseprinciples is efficiency. The leg spring can
load and unloadvery efficiently if no “negative work” is performedby actuators.
Indirectly, shiftingthecontrolforcesto flight meanstheactuatorsarelow power, low
force,andlightweight.

This chapterpresentsa discussionof how theseprinciplesaffect eachof theme-
chanicaldesignchoicesembodiedin the hopper. The paletteof bow leg ideasin-
cludes:anefficient leg, afreelypivotinghip, storingenergy duringflight, performing
controlactionsduringflight, placingthecenterof massfor passive stability, captur-
ing energy during impact,andcontrollingbody torquethroughhip offset. Of these
ideas,all exceptthelasttwo areimplementedin ourprototype.
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2.1 The Bow Leg

The Bow Leg itself is a combinationof a bow-shapedspringanda string from tip
to tip thatmayhold it in compression.Theoperatingprincipleis thatthespringcan
slowly storeenergy by tighteningthestring,quickly storeenergy by applyinga large
externalforce,andreleaseenergy quickly by releasingthestring. It maybeusedas
a leg or a bumper, or even for generalpurposeenergy storage.In locomotion,the
stringtighteningis performedby anactuatorduringflight, theexternalforceis from
thegroundduringstance,andtheenergy is quickly releasedduringtakeoff.

The leg needsa pivot at eachendto functioncorrectlyasa compressionspring.
For ahopper, theroundfoot rolls slightly on thegroundto functionasonepivot, and
abearingat thehip is theother. A pivot cannottransmitamoment,sothisguarantees
that leg forcesact alongthe axis of the leg andtransmitno momentaboutthe hip.
Theonly torqueon thebodyis dueto any offsetbetweentheleg axisandthecenter
of mass.

Someof theearlyair tableprototypesusedpianowire for the leg material.The
boom-mountedprototypeusesa leg constructedof laminationsof unidirectional
fiberglass(all fibersparallel),bondedto a rigid foot at the bottomanda ball bear-
ing at the top. The laminationsvary in width to provide a relatively constantforce
anduniformly distribute the strain. The leg is constructedflat, but is pulled into a
shallow arcby preloadingtheBow Stringduringassembly. This leg is about25 cm
longandweighsabout30 grams.

TheBow Stringis a tensionelementthatattachesto thefoot andrunsupthrough
thehip centerline.Its chiefpurposeis to controltheleg compressionduringflight. In
thelowestenergy stateit holdstheleg at thepreloadedtension;thethrustmechanism
canfurthertensionit to storeenergy in theleg. A futurepossibilityis to usethestring
to captureimpactenergy (discussedlater). The Bow String canalsobe usedasan
attachmentfor theleg positioner;this possibilityis discussedin Section2.2.2.

The Bow String becomesslack during stanceas the leg compressesunderthe
groundforce. During takeoff, it snapstight asthe leg extendsto the string length.
This “string collision” imposescompetingrequirementson thestiffnessof thestring
material.Thestiffnessmustbehigh soenergy isn’t storedin thestringstretch;that
energy is comingfrom theleg andwouldbebetterput into kineticenergy. However,
thestiffnessmustnot be sohigh that theshockloadingwill breakit. In theboom-
mountedprototypethestring is a pieceof 275 lb-testSpectraR

2
brandpolyethylene

line. This hasperformedwell in termsof shockloadingandabrasive wearagainst
thepulleys.

During the string collision the leg stopsextendingand the foot is accelerated
from zero velocity during groundcontactto takeoff velocity. This is an inelastic
collision; the relative velocity betweenthe body andthe foot goesto zero. Ideally,
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thefoot would have zeromassto minimizelost energy. This is balancedagainstthe
needsfor foot rigidity, sufficient contactareaandroundedshapeto allow pivoting,
groundtraction, and attachmentpoints for strings. In the prototypethe foot is a
plasticcylinderwith a rubbertractionsurface.

Bow Leg Spring Design1

Thedesignof aBow Leg for aparticularapplicationdependsonanumberof factors,
including the elasticenergy storage,the force/deflectioncharacteristics,the length,
and the maximumdeflection. Current implementationsof the leg have beenfab-
ricatedfrom unidirectionalfiberglasscompositesasusedin archerybows, andex-
hibit specificenergies on the order of 1000 N-m/kg. A 100 g leg can thus store
about100N-m of elasticenergy, sufficient to lift theweightof theleg approximately
100 metersin earthgravity. If this leg were usedon a hoppingmachinemassing
1 kg total, theelasticenergy of theleg couldlift thewholemachine(i.e.,hop)about
10meters.Similarly a10kg machineshouldbeableto hopabout1 meterhighbased
ontheenergy storage.Formaximumenergy storage,thelegmustbedesignedto have
nearlyconstantbendingstressalongits length;thiscanbeaccomplishedwith acon-
stantmaterialthicknessandawidth thatvariesfrom amaximumat themid-lengthto
theoreticallyzeroat thetip, with anapproximatelysinusoidalwidth profile. Further
improvementsin performancecanbeobtainedby usinglightweightcorelaminates,
prestressingthe laminations,tailoring thestiffnessandelongationcharacteristicsof
individual laminations,andothertechniqueswell known in thecompositematerials
industry.

The force/deflectioncharacteristicsof the leg canbe affectedby the laminating
processand the preloadingof the leg. If the leg is laminatedin a straightshape
(accordingto the thicknessandwidth constraintsdescribedabove) thecompressive
forceis effectively thatof acolumnin compression.Theforceis nearlyconstant,be-
ing reducedby only about20%from theinitial straightshapeuntil thespringis bent
to a 180 degreecurve. In this design,it behavesnearlyasa constant-forcespring.
If theleg is laminatedto aninitial curvature,thecompressive forcewill bezeroini-
tially and increasemonotonicallyto maximumat the maximumdeflectiondefined
by theallowablebendingstress.In thelimit, theleg will behave like a conventional
compressionspringwith a fixedspringrate.Theforce/deflectioncharacteristicscan
thenbetailoredby meansof theinitial curvatureto getconstantforce,constantrate,
or somewherein between.Oneadditionalfactoris thepreloadproducedby theten-
sionedBow String; this causesin initial a discontinuityin the force suchthat the
appliedcompressive force changesfrom zero to the preloadforce with negligible

1Thanksto BenBrown for thesedesignnotes.
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deflection.
The designsfabricatedthus far have utilized a single, unidirectionalfiberglass

material. However, becausethe bendingstrainvariesfrom zeroat the neutralaxis
(roughly themiddleplaneof the laminate)to maximumat theouterfiber (surface),
usingdifferentlaminatematerialsin differentlayersor prestressingindividual lami-
natesmight produceimprovedenergy storage,reducedweightor loweredcost. For
example,a lightweight corelaminate,suchaswood, plasticfoam or a honeycomb
material,might beusedfor themiddle laminationsto reduceweight andcostwith-
outgreatlyreducingenergy storage.Laminationsof differentstiffnesscouldbeused
(stiffer closerto theneutralaxis)suchthateachlaminateis stressedto its limit, max-
imizing energy storage.Anothertechniqueis to prestresseachlayersuchthatamore
beneficialstressdistribution is achievedat the fully loadedstate;for example,lam-
inating the leg beamin a curvedshape,thenflexing it paststraightandoperatingit
with thecurvaturereversedcanproduceamorenearlyconstantstressprofile in each
laminatelayer.

2.2 Hopper Design

In thefollowing sectionis adiscussionof specificdesignissuesandanalysesfor each
of theotherhoppercomponents.

2.2.1 Thrust MechanismDesign

Thethrustmechanismis responsiblefor controllingtheleg compressionandis used
to control the hoppingenergy. During flight the Bow String is retracteda variable
amountto storea controlledquantityof energy in leg compression.In our hopper
prototypesall storedenergy is releasedat takeoff, but in principle thethrustmecha-
nismcouldcontroltheextendedBow Stringlengthfor partial leg extension.

Thecurrentmechanismis illustratedin Figure1.8.TheBow Stringis essentially
pinchedbetweenthe upperconstraintandthe lower fixed pulleys by the drive pul-
ley that rotatessidewaysinto the string. This action increasesthe lengthof string
betweenthe idlers; the additionallength is pulled up from the leg. The releaseis
self-timed:whenthe leg compressesduringstance,thestringbecomesslackandis
nudgedoff thedrive pulley by thestringreleasespring(madeof plasticshim). The
slackstringallows the leg to extendto full (preloaded)lengthandall energy stored
in it is released.The drive pulley mustrotatebackto the centerpoint to re-engage
thestringandthenmaydrive it theotherdirectionfor thenext flight cycle.

Thefull drivepoint is at 35476 radians.At thisanglethetorqueon themotordrops
to zeroastheforceof thestringis supportedby thedriveshaft.This togglingeffect
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Figure2.1: Operationof thethrustmechanism.Eachcaseshowsthework performed
by themechanismasareaunderthestatetrajectory, plottedasleg forcevs. leg com-
pression.Thetop caseis aneutralbouncewith no network. Themiddlecaseshows
energy release;the leg is initially compressedbut releasesto the full (preloaded)
length. The bottomcaseshows energy storage;during takeoff the leg is clamped
beforeextendingto full length. The leg potentialfunction illustratedis anapproxi-
mationof thefiberglassleg. Our prototypecanreleasebut not absorbenergy.
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meansthat the full drive positioncanbe held indefinitely. For smallerangles,the
hobbyservomotorin useasthethrustmotorexpendsasignificantpowerholdingthe
pulley underconstantload.

The advantagesof this designaresimpleconstructionandreliableaction. The
stringreleaseis self timedsotheonly controlrequiredis a selectionof a new thrust
driveangleat thebeginningof flight. Thedisadvantagesarethatpartialwind angles
consumepower to hold thepulley againstthestringforce,andthatdriving thepulley
through?5@BA radiansto re-engageis wastedtime.

An analysisusefulfor sizingthemechanismandthemotorsis presentedin Sec-
tion B.2. A resultreproducedhereis theidealaveragemotorpower:C5DFEHGIEKJ5LNMPORQTSVUXWZY\[ ]_^a`cbd (2.1)

The leg restitutionis
S
, gravity ] , hoppermass

Y
, andhoppingaltitude `cb . The

thrustmotor may have moretime to wind during high-altitudeflights, but needsto
addmoreenergy to makeup for thehigherlosses.Sonotonly doesthethrustenergy
increasemonotonicallywith hoppingaltitude,but sodoestherequiredmotorpower.

Also partof thethrustmechanismis amicroswitchactuatedby thetautstringthat
is usedto sensetheonsetof stance.Theupperstringconstraintis mountedon astiff
cantileveredfiberglassspringthatpressesagainstaswitchat thefreeend.As theleg
impactstheground,thestringquickly goesslackandtheswitchopens.

Theprototypeinitially useda thrustmechanismbasedon a ratchet.This hadthe
advantagesthat it couldhold thecompressionat any point with no power consump-
tion, and that oncethe thrust motor compressedthe leg it could be backed off to
the neutralstate:the leg extensionresetthe ratchetdrum,andthe motor could im-
mediatelybegin winding againwith no delay. Thedisadvantageswereunreliability,
fragility, andkinetic loss.Thethrustpawl wasnot engineeredsufficiently to reliably
disengage,andif theleg prematurelyhit thegroundthethrustmotorwouldnot have
backedoff completelyandtheratchetdrumwouldcollidewith themotorratherthan
thelimit stop.Morefundamentally, theratchetdrumwasacceleratedto highvelocity
duringstanceonly to collide inelasticallywith thelimit stop. In otherdesigns,only
thelow-massstringneedmoveat highspeedwhich reducesinternallosses.

A designfeaturemissingfrom bothof thesemechanismsis controlof thedegree
of leg extension—theleg alwaysextendsto full lengthandreleasesall storedenergy.
With avariableextensionandpartialenergy release,energy couldbeaccumulatedin
the leg over multiple bounces,or thehoppercouldcapturetheenergy storedduring
impact.This functionwould beusefulto rapidly reducehoppingheightor to absorb
energy on descendingterrains.
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2.2.2 Leg Positioner Design

The function of the leg positioneris to control the anglebetweenthe body andthe
leg duringflight. This is usedto govern theanglebetweenthe leg andbody veloc-
ity at the momentof impact; togetherwith the storedenergy this angledetermines
the trajectorythe body follows during groundcontactandthe takeoff positionand
velocity.

Sincethe control stringsgo slackduring stance,the positioneris automatically
decoupledfrom theleg sweep.This hastwo effects.First, thepositioneris detached
from any high groundforcesandneedonly applyforcescommensuratewith theleg
inertiato move it duringflight. However, theleg is alsofreeto sweepduringstance,
soat takeoff theremight be large forceasthestringsbecometight andthe leg jerks
the positionerto the new leg position. The positionermust be designedto move
quickly andpreciselyundersmallloadduringflight, but withstandapotentiallylarge
shocktorqueat eachtakeoff.

The currentdesign(illustratedin Figure 1.2) usesa triangularharnessof two
controlstringsthatattachesto theendsof a yoke on a hobbyservomotorshaft.The
stringsarejoined above the foot, thenpassthrougha hole in the foot andarecon-
nectedto theleg with a rubberband.Therubberbandgivestheharnesscompliance
sotheleg canbemovedfar to eithersideof thecommandedposition;at takeoff the
leg extensionstretchesthe rubberbandandthe leg begins to move backto theset-
point. The trianglearrangementgivesthe positionersomestiffnessat the setpoint:
the restoringforce is fairly constantuntil both stringshave tensionwhenthe leg is
perpendicularto theyoke. Ideally, the two would meetright at the foot (passsepa-
rately throughholesin thefoot), but in practicethetwo areknotteda shortdistance
above thefoot. In general,thedisadvantageof thecontrolharnessdesignis theneed
for two additionalstringsandan elasticelementto be placedalongthe leg at risk
from thesharpterrain.

An earlierdesignusedtheBow Stringfor positioning,asillustratedin Figure2.2.
A positioningarmwith a spring-loadedtorquelimiter extendedfrom theservo and
moveda tubewrappedaroundtheBow Stringabouthalfwaydown. TheBow String
couldbepulledthroughthetubefor thrust,andthetubemovedsidewaysfor position-
ing. This designhadfewer partsneartheground,but wasnot asprecise:thelateral
stiffnessat thecommandedpositionis zero,so the leg wasfree to rattlearoundthe
desiredleg angle.

It isconceivablethatthelegcouldbemovedbyapplyingtorquesdirectlyto it near
thehip. This would placeall fragile positioningcomponentsin thebody, but would
introduceanew calibrationproblemsincetheleg anglewoulddependontheleg cur-
vature,which is a functionof thethrustcompression.Suchamechanismwould also
needa reliablemethodfor detachingfrom theleg duringstanceto accommodatethe
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hip rotationdueto leg swingandcompression;this decouplingoccursautomatically
with thestringdesigns.

2.2.3 Body Design

Thehopperbodyprovidesa structurefor mountingthemotors,power supply, thrust
mechanism,andany othercomponentor payload.In theboom-mountedprototype,
thebodyhousesthemotors,thrustmechanism,andballastweight,andis attachedto
a constraintboom.Thebatteriesaremountednearthebodyon theconstraintboom;
thefour NiCd sub-Ccellsaresufficient for about30–45minutesoperatingtime.

Thedesignissuesfor thebodyaremassdistribution,groundclearance,rotational
inertia,rigidity, andmaintenance.Thecenterof massmustbeplacedbelow thehip
for passivestability, but thebodymustnotbesolow it is easilyhit by theground.The
worst casefor vertical clearanceon level groundis a fall from a high altitudewith
the leg at the friction limit (far to theside)sincethe leg will compressa greatdeal
andthe geometrybringsthe body closestto the ground. The worst casefor lateral
clearanceis climbing a step: sincethe hoppercaneasilyclimb or fall two to three
timesits own height,crossableobstaclescanbe taller thanthebody. If thebody is
wide, the hoppercannotapproachthe obstaclecloselybeforeascending,andstairs
with shallow treadsareimpossible.

Competingwith theserequirementsis adesirethatthebodyhavesignificantrota-
tional inertiato helppassivestability. Thependulumfrequency of thebodyhanging
from thehip needsto besignificantlyslowerthantheslowesthoppingrate(i.e.,high-
estaltitudehopping).Thefrequency is loweredby closerplacementof theCOM to
the hip and increasedrotationalinertia. Along the samelines, the leg is not actu-
ally masslessandso leg positioningduringflight doesrotatethebody; higherbody
rotationalinertiareducesthedisturbance.

Sothebodyshouldbecompact:shortfor COM position,high for groundclear-
ance,wide for inertia,but not sowide it will interferewith obstacles.

Rigidity of the body and componentmountingis essentialto precludeenergy
dissipationthroughrelative displacementsandvibrationsduringstance.This could
becomea seriousissueif payloadsare to be carried,sincethey would needto be
internallyrigid andsecurelymountedto thebody.

The prototypebody is a frameconstructedof two parallelplateson which the
motorsaremounted.(SeeFigure1.2.) Thiswaseasyto fabricatealthoughreplacing
any individualcomponentgenerallyrequireda fair amountof disassembly. Thebal-
last consistsof stacksof steelwashersfastenedon the endof adjustablealuminum
barsthatareclampedbetweenthebodyplateandtheboommount.Theballastbars
extendout anddown andarenecessaryto lower the centerof massbelow the hip
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sincethebodyby itself is top heavy. Ideally, batteryandpayloadmasswould used
to locatetheCOM andballastwouldbeunnecessary.

2.2.4 Boom Design

The prototypehopperis a “2D” hopperconstrainedto threedegreesof freedom.
Theconstraintis a tubular boomthatextendsfrom a universaljoint mountedon the
floor to a pivot at theattachmentto thehopperbody. Theboomservesaskinematic
constraint,positionsensor, andgravity compensator. Theuniversaljoint allows the
hopperto move in “X” and“Z” directionsandthepivot allows the j body rotation;
thepivot is alignedwith hip axissotheboommassactsasanextrapoint massat the
hip. Thekinematicsareactuallytwo degreesof freedommoving on thesurfaceof a
sphereandrotatingaboutanaxisat afixedoffsetfrom thenormal,but areotherwise
treatedasplanarmotion. The two axesin theuniversaljoint have opticalencoders,
and the pivot in the endhasa potentiometer. Thesepositionsensorsare usedfor
controlanddatacollection.

The“gravity compensation”is performedby a pieceof elasticrubbertubingat-
tachedbetweenapointon theceilingdirectlyoverthefirst boomjoint andapointon
theboomabouta third of thewayout from thebase.Thetubingactsasaspringthat
supportsboththeboommassandsomebodymass.Thisreducestheeffectivegravity
andlowersthehoppingfrequency; theprototypetypically operatesin about

O @7k nor-
mal gravity, which increasestheflight time by a factorof l k . This is primarily an
experimentalconvenienceto facilitateobservation.

The designissuesfor the boom are toe tangency, gravity linearity, and boom
stiffness.If theradialcomponentof thetoevelocity is zerowhenthehoppertouches
down, the toe canmake firm contactwithout scuffing sideways. The boomis de-
signedfor this behavior by placingthebasejoint at groundlevel sothevertical tan-
gentto thespherethatthetoetraversesis atgroundlevel. Of course,thehopperbody
movesverticallyduringstancesothebodywill alwayshavesomesidemotionduring
groundcontact.We choseto have thehopperverticalat impact,sothethetapivot at
the endof the boomis angledrelative to the boomaxis in orderto be level at the
typical impactaltitude.

Theeffectivegravity onthehoppervariesas monBp M b @rq�s7tvuIwvp W asit movesvertically.
Usingalinearspringasthegravity compensationspringhelpsflattenthisabit; asthe
hopperrisesandandeffectivegravity diminishes,thecompensationforcealsodimin-
ishes.A springwaschosenover a counterweightto avoid inertial effects;however,
thespringdoeshave transversevibrationmodeswhich dissipatesomesmallenergy.
In practice,boththeseeffectsarenegligible andthemeasuredflight trajectorieslook
likeparabolaswith uniformacceleration.

Moresignificantis theeffectof compensationforceonpassivepitchstability. The
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hopperisn’t truly in a low gravity environment,it hasa constantforcepulling up on
thepivot asgravity pullsdownonthemass.Thisproducesaconstantrestoringtorque
aroundthepitch axis. It is smallcomparedto themagnitudeof thetorqueproduced
by the groundforce but of much longerduration. This significantlyenhancesthe
passive pitch stability. Also, the boompitch pivot is a ball bearingbut doeshave
dampingfriction that alsohelpsstability. It is yet to be seenhow passive attitude
stabilitywill performin anuntethered3D hopperwithout thesecompensationforces.

Duringstancetheleg forceis approximately150N appliedto thebodyfor about
70 msec. The boomdoesvibrateunderthis shockload anddissipatesenergy. In
general,higherboomstiffnessis moreefficientanddesirable.

2.2.5 ElectronicsDesign

The boomprototypeis controlledby a 133 MHz PentiumPC.The interfaceto the
robot consistsof a 2 channelquadraturedecodercardanda multifunction I/O card
with many analoganddigital inputs,somegeneralpurposedigital outputs,andsev-
eraltimercontrolleddigital outputs.Theboomhasa512lineopticalencodermounted
oneachof thetwo basejoints to measureXY positionandapotentiometerin theend
thatmeasuresbody attitude. The timer outputsareusedto generatetwo PWM po-
sition control signalsfor theservomotors.Thesensorsaresampledat 200Hz by a
softwareinterruptandvelocitiesareestimatedusingdigital filters. Theservo control
signalis a200Hz positive-goingpulsetrainwith widthsbetween600and2200 x sec.
The hopperis connectedto the interfacethroughan umbilical cord that runsalong
thefloor andout alongtheboom. Electricalpower for thehobbyservo actuatorsis
providedby batteriesonboard.Also connectedthroughthis I/O interfaceis alapbox
with four analogslidersandseveralmomentarycontactswitches;this is thephysical
“userinterface”for operatorcontrol.

Thehoppercontrolneedsonly onestateestimationperflight so thesystemgets
away with low-resolutionencodersby fitting a parabolato 61 samplestaken strad-
dling thepeak;this yieldspeakposition,velocity, andtime at resolutionhigherthan
thesamplingrateor theencoderresolution.

Thegenerallessonsof this designare: useoff-the-shelfinterfacecards;useen-
codersratherthanpotentiometers;hobbyservosseemto work moresmoothlyat the
higher-than-normalsignalrates.

2.3 Specificationsand Performance

The specificationsfor the boom-mountedprototypeare as follows: leg length is
25 cm and the running circle is 1.5 m in radius. The machinemassis about2.5
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kg, including730g in thehoppermechanismitself, 200g of batteries,500g ballast,
1150g-wt of boomweight(measuredat toe,sincetheboompivot supportssomeof
the boomweight). The leg itself weighsonly 30 g excluding the hip bearing. It is
noteworthy that the hoppermechanismcomprisesonly 30% of the total mass;the
batteries8%;andtheleg 1.2%.A full 60%of themassis in the“deadweight” of the
ballastandboom.

Theeffective gravity is generallyabout0.35G (3.4 yz@{p U ). Bouncingpassively,
thehopperlosesonly about20-30%of its energy eachhop.However, thethrustservo
is sizeda little toosmallto maintainaltitudein full gravity. Themachinehashopped
ashighas50cm;80cmis theoreticallypossiblebasedonleg elasticenergy capacity,
with thepresentmachinemassandreducedgravity.

The highestrunningspeedhasbeena little higherthana meterper second,al-
thoughhighspeedhasnotbeenthefocusof thework. Thepassivepitchstabilization
effectively dampspitchoscillationsupto about0.5radiansamplitude;thechief limit
is leg sweeptravel, sinceat steepbodypitch thejoint limits arerotateduntil theleg
cannolongerbeplacednearthegroundsurfacenormal,andthehopperlosescontrol.

Energy consumptionis surprisingly low: the machineruns for 45 minuteson
a single charge (approximately5 W-hour) of the four sub-Ccell nickel cadmium
batteries.Most of thepower is consumedby the thrustmotor. Theworstefficiency
comesfrom holding the thrustmotor at partial wind; the servo canconsume5 W
stayingin place.With full windstheholdingpower is closeto zero.

The first Bow Leg loggedbetweenapproximately5 and10 hoursof operation
beforebeginning to delaminate,at which point the efficiency decreasedandit was
replaced.Thehopperbodyhashadno majormechanicalproblems.

Theprecisionof thehoppermotionis limited by theinaccuraciesanduncertain-
ties in the flight andstancemodels,andalsoby the precisionof actuatorcontrol.
The motion is very sensitive to errorsin the leg angleat touchdown: for example,
a 0.04 radianerror in leg angle(1.0 cm lateralerror in foot position) translatesto
a 17 cm error in lateral positionat the next touchdown, basedon typical hopping
conditions(0.3m hoppingheightand0.2m/sforwardspeed).

Somere-engineeringwould likely improve basic performance. If the ballast
weightswere replacedwith batteries,the hoppingtime would increaseby at least
a factorof threewithout any othermechanicalchangesor increasedmass.A lower
massfoot would decreasecollision lossesat touchdown and liftof f. Other refine-
mentscouldincludehigherprecisionsensingof bodyattitudeandleg position,more
rigid positioningdrives,andamoreprecisepositioningservo.
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2.4 Early Prototypes

The boom-mountedhopperis actually aboutversionsix. For thoseinterestedin
projecthistory, here’s abrief review of theearlierversions,all designedandbuilt by
BenBrown.

Thefirst four hoppersweredesignedto floatonaninclinedair hockey tablewhich
provided a low-friction air bearing. The effective gravity wasabout10%, directed
towardthe“groundsurface,” apieceof plywoodrestingon thelow sideof thetable.
Eachhopperwasconstructedonaflat fiberglassdisc,with aBow Leg madeof piano
wire. The first two werepassive testbeds,onejust to seeif the leg would bounce,
andonewith a manuallysetone-shotthrustmechanism(a beadon a Bow String,
supportedby a hook) to seeif the leg compressionwould relax thestring. Thenext
prototypehada leg positionerbut no thrust; theBow Stringwassimply attachedto
the endof a control arm mountedon a hobbyservo shaft. The servo waswired to
anoff-boardreceiver andthemachinecouldberemotelycontrolledfor a numberof
bouncesuntil it lost too muchenergy. The fourth air tableprototypehadan offset
pulley thrustmechanismnotunlikethefinal version,exceptthetiming wascontrolled
with a relayandtwo switchessoit would fully wind aftereachbounce.

Prototypethreeandfour werebothflown with humanremotecontrolanda linear
controller. For thecomputer, acoloredrectangulartargetwasattachedto thetopand
thepositionwastrackedby anoverheadvision system.Thecontrollerwasa simple
proportionalpositionfeedbackthatcontrolledthe leg angle.Thevision systemwas
very noisy andproducedpoor orientationestimates,so leg positioningwasn’t very
accurate.The systemwasn’t engineeredmuchbeyond a marginally stabledemon-
strationof hopping.

Althoughtheseprototypescarriedtheir batterieson board,theservo controlsig-
nalsweresentalongatetherof several30gaugewires.With thelow gravity andlow
massof thesemachines,thetetherwasasignificantdisturbanceforce,or if placedin
thecorrectplace,stabilizingforce.Overall,therotationaldampingwasvery low and
they weredifficult to control,but they did displayanencouragingdegreeof passive
pitchstability.

A difficulty of theair tablewasthat thehopperneededto below-massandlow-
profile in order to float without excessive out-of-planerotation. The decisionwas
madeto move to a boom,andversionfive wasa testbedfor thenew fiberglassleg
thatconsistedof aleg mountedonapieceof wood,attachedto theendof ametalpipe
with a simpleuniversaljoint. This motivateddesignof the presentboom-mounted
prototype.Variouscomponentsof versionsix havebeenreplaced,but thebasicframe
is thesame.
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2.5 Discussion

Theultimategoalof this line of researchis thedevelopmentof fully autonomousrun-
ning machinesthatcancrossrugged,naturalandman-madeterrains.While walking
machinesareboundedby theirkinematiclimits, runningmachinesareboundedonly
by dynamiclimits. A high strengthcompositespringcanhave a specificenergy of
100metersor more,thusa machinehaving 5% of its massin the leg couldtheoret-
ically hop5 metersvertically or more. Parabolicflight meansthe widestcrossable
holewouldbeabouttwice thatdistance.

The Bow Leg hasthe efficiency and low power requirementsthat make self-
contained,electrically-poweredmachinesfeasible. The designtakesadvantageof
thedynamicsto separatethemotorforcesfrom theimpacteventby displacingthem
in time, andenablesthehopperto handlehigh mechanicalpower without requiring
high controlpower. Thehigh energy storagecapacityof theleg maypermitvertical
andhorizontalhoppingdistanceson theorderof meters,allowing mobility on very
ruggedterrain. While thecurrentresearchfocuseson single-leg machines,theBow
Leg is equallyapplicableto multi-legmachines.WeanticipatethatBow Leg hopping
andrunningmachineswill becapableof practicaloperationon real terrains,includ-
ing small footholdsspacedirregularly andseparatedby largehorizontalandvertical
distances.

Thekey to theBow Leg ideais thefreelypivotinghip. It is literally theideaabout
which everythingelserevolves. It rejectsbody disturbancetorquesby design,per-
formingwell enoughto bethesolemechanismstabilizingbodyattitudein theplanar
prototype.This allows the leg to sweepfreely andthe leg to bendfreely, generally
eliminatingdegreesof freedomthatmustbecontrolled.Of courseit wouldn’t work
nearlysowell if the leg weren’t low-massto begin with or didn’t automaticallyde-
couplefrom theactuators.But theselectiveuseof uncontrolledjoints in locomoting
machinesbeyondsimplepivoting toessuggeststhatroboticbalancemaybeasmuch
amechanicalcreationasacontrolphenomenon.

In all fairness,thereareadvantagesto designsthatplacethecenterof massabove
thehip, namelythatthelow andwide machinessuffer from a lack of payloadspace.
In theuprightdesignthe freely pivoting hip still hasmerit for reducingleg to body
coupling,but anadditionalinvertedpendulumproblemmustbeaddressed.TheBow
Leg itself thoughis still admirablywell-suited:high efficiency, high capacity, direct
energy control,well-definedforcevectors,ruggedmaterials,andlow massaresuited
to solve theproblemsof efficiently sweepingtheleg, rapidlychangingdirection,and
carryinganenergy supply.

The hip designeffectively solves the pitch problemfor the prototype. It also
greatlysimplifiesphysicalmodellingandthe control of the machinesincethe dy-
namicbehavior is quiterepeatableandpredictable.Thispredictabilitystemsprimar-
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ily from the passivity—a mass-springsystemis easyto model—but also from the
efficiency, sincethesourcesof lossareconcentratedandconsistent.

Themanagerialcommentis thatadoptingdifferentconstraintscanleadto inter-
estingsolutions. The projectgot startedbecausetherewasan air tableandhobby
servos availablewith which to build a hoppingrobot. The constraintsof low mass
andlow power ledBenBrown to theideaof theBow Leg.

Anotherideaexploredis theprogrammablemechanism.It is an ideafamiliar to
designersof low-costdeviceslike answeringmachines,in which complex camsare
frequentlyuseto multiplex onemotor to several tasks,usingvery small actuators
to guide the stateat decisionpoints. But the samenotion canbe appliedto much
moredynamicsystemslikefast-moving runningrobotsor manipulators.Thegeneral
schememightbesimilar to somethinglike theBow Leg: build a mechanicaloscilla-
tor (bodyandleg) whosestatecanbegovernedat key points(impacts)usingsmall
actuators(e.g. leg positioner)with forcesorthogonalto theloads,eitherin spaceor
in time. Usemechanicallytriggeredfreedoms(e.g.thrustpulley) to deliver forcesat
precisetimes.Tensionelements(e.g.Bow String)areveryusefulas“inequalities”to
decoupleforces.This is not a formalizationbut rathera suggestionof how to apply
theseideasin generalroboticspractice.

2.6 Futur eWork

Thebasicfuturework is improvementof thedesignsoutlinedin this chapter. More
preciseleg positioningcould lead to substantialimprovementsin repeatability. A
morepowerful thrustmotor could operatecontinuouslyin full gravity. Adding the
hip translationaxiswouldallow directcontrolof bodyattitudeandgymnasticmoves.

Themostexciting directionin which futurework maymove is thedevelopment
of unconstrained“3D” Bow Leg Hoppers. Somenotesspecificallyrelatedto the
mechanicaldesignmay be found in AppendixC. Conceptually, the Bow Leg idea
seemsto generalizewell to 3D. Thepivoting hip becomesa 2-axispivoting hip, the
Bow Leg needsa foot that handles2-axis roll but otherwiseis the same,and the
thrustmechanismis exactly the same.Many systemproblemssuchassensingthe
bodypositionandorientationbecomemuchharder, andpracticalmachineswill need
someform of local terrainsensing.

The passive pitch stability of the planarprototypeshasbeena striking simpli-
fication over previous leggedmachines. Thereare reasonsto doubt it will be as
successfulin 3D howeverbecausethefrictional dampingof boompitchbearingwill
beabsent.Our closestexamplesaretheair tablemachinesin which thepassive sta-
bility wasapparentbut lessreliable.Thecleareststrategy for augmentingthepassive
stabilizationis to introducea translationstagethatpositionsthebodywith respectto
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thehip. This canbeanothermechanicalreconfigurationthatoccursduringflight for
no energy cost,but which determinesthe lever armfor thegroundforce to produce
a controlledtorqueimpulseon thebody. This would enableactive control for body
torquesin afashionverysimilar to thecontrolof bodyforces.It wouldalsoprovidea
meansfor transferof energy betweenrotationandtranslation,whichmightbeuseful
for dramaticbodyrotationssuchasareinvolvedin gymnasticmotions.

We expectthat lateralvelocity controlwill decomposereadily into two indepen-
dentprocesses,muchlike theRaibertmachines[Rai86]. Controllingyaw, however,
is difficult with a single, small foot that cannotgeneratesubstantialtorques. One
intriguing possibility is the constructionof a machinesymmetricaboutthe vertical
axis. Although animalshave a sagittalplaneanda well-defined“front”, this ma-
chinewouldhaveasymmetrichip andnopreferreddirection:it wouldbouncealong
any desireddirection in the world, freely rotatingaboutthe vertical, yet changing
courseat will. Practicallyspeaking,many designsdo have a preferredtravel direc-
tion andsomeotherpossibilitiesareasfollows: usingmultiple legs;direct torquing
with ayaw actuatorandoversizedfoot; coordinationof eccentricsteppingandthrust
control to generateyaw impulses;andcreatingstabilizingtorqueswith momentum
wheelsor gyroscopes.
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Chapter 3

Bow Leg Physics

TheBow Leg Hopperis alocomotingmachinedesignedfor predictablebehavior. For
mostpurposes,thecontinuoustime dynamicsof themachinemayberepresentedby
adiscretetimedynamicmodelthatpredictstheresultof groundcontactusingclosed-
form functions. This is possiblebecausethe statetransitionfrom onetrajectoryto
thenext is describedby thepassivephysicsof thebounce,asgovernedby theinitial
conditionssetby themechanicalcontrolfreedoms.

Thefirst idealizedmodelspresentedareintendedto illustratethehopperphysics.
Theseform thebasisfor empiricalmodelsusedby theplannerfor predictingmotion
and by the controller for interpretingthe continuoustime sensorsand computing
controlfeedback.Theessentialprocessesthataremodelledaretheimpactagainstthe
groundandtheflight phase.Themachineis designedsotheinternalprocessesmay
be largely neglected,e.g. string forces,actuatormotion, andstructuraldynamics.
The bulk of themodellingis concernedwith impact. Thediscretemodelis further
divided into an abstractmodelusedfor planninganda mechanicalmodelusedto
translateplansinto theactualhardwarecontrols.

This chapteris divided into several analyses.First is consideredthe ideal hop-
per with a movablehip andinstantaneousstance.Next is the impactmodelof the
idealizedhopperwithout movablehip, followed by a practicalmodelof the actual
hopper, with discussionof the calibrationprocedure.This discussionis generally
independentof thecontrollerin use;a specificdiscussionof controllerstateappears
in Section4.1.

3.1 Ideal Hopper Model

Thissectionpresentsananalysisof theimpactphysicsof anidealBow Leg Hopper.
Theresultis asetof closed-formfunctionsthatmaptheimpactvelocityto thetakeoff
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Figure3.1: Schematicof an idealizedplanarhopper. The leg is a masslessspring
with perfectrestitution.Thefrictionlesship pivot canmovedistance� alonganaxis
during flight and clamp rigidly during stance. Body attitudeis j , measuredwith
respectto the world � axis, and is illustratedwith a positive value. Leg angleis�

, measuredwith respectto the world
Q b axis, alsoillustratedpositive. Gravity is

assumedto point in the
Q b direction.Thecenterof masspositionis definedby

M ��� b W ,
measuredfrom theworld origin. The hip offset � andgroundforce momentarm �
illustratedhave negative values.Not illustratedis � , the energy storedin the thrust
mechanism.Theimpactis analyzedin theleg frame ���� ����

.

velocitygiventhreemechanicalcontrolparameters.
Themodeldiffersfrom theactualprototypeby assumingthatthehopperhasahip

translationcontrolaxisandthat the leg is infinitely stiff. TheBow Leg mechanism
is designedto approximateaninstantaneousbounce,sothis idealizationis not just a
illustrative example,it forms the coreof a usablemodel. The actualmachinedoes
havesignificantstancetime,which is takenup laterin thepracticalanalysis.

3.1.1 Preliminaries

Thebodyof thehopperis a rigid structureattachedto a Bow Leg with a frictionless
pin joint at thehip. Theassumptionsarethattheleg is massless,thefoot connectsto
thegroundwith apin joint duringstance,andthegroundis rigid. Theleg is assumed
to bestiff enoughthatimpactis instantaneous,whichmeansthebodyorientationand
leg angleremainconstantduringtheinfinitesimallylongstance.

It is assumedthatthelegpositionis actuatedduringflight but movesfreelyduring
theimpact.Thehip is assumedto bemountedon a leadscrew thatpositionsthehip
alongan axis on the body during flight andlocks rigidly in positionduring stance.
Theleg alsoassumesa mechanismto addenergy oneachbounce.

Thismachinehopslikeanelasticbouncingball. It falls,impacts,reversesvertical
direction,flies,andfalls again.Kinetic energy is storedin theleg duringtheimpact
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Figure3.2: Thehoppermovesmuchlike a bouncingball; thehopperleg angle
�

is
analogousto thegroundslope

�
for aball.

andreleasedduringtakeoff.

Unlikeaball, thehopperhasaleg. Theleg angleis analogousto thegroundslope
undertheball, andtheangleof restitutionis proportionalto theangleof impactwhen
measuredrelativeto theleg. Thehoppercontrolsits speedanddirectiononeachstep
by positioningtheleg beforetouchdown. Thetakeoff trajectoryis determinedby the
impactvelocity, theleg position,theenergy lossfrom leg dissipation,andtheenergy
gainfrom theleg energy mechanism.

Figure3.1illustratesthecoordinateconventions,andAppendixappendix-symbols
listsall thesymbols.Thecenterof masspositionis describedby thevector �P� b ���
andthebodyanglewith respectto theworld by j . Theleg angle

�
is measuredwith

respectto the
QR�

axisin theworld frame.Theanglesj and
�

follow theright hand
rule in theplane.

Theleg is masslesswith apin joint at thehip andaneffectivepin joint wherethe
foot makespoint contactwith theground.With no inertia,thefreebodyequilibrium
dictatesthat theforceappliedto thepin joints mustlie alongtheaxisof the leg and
beof equalmagnitudeandoppositedirection.Theforcefrom thegroundto thebody
thereforeis directedalongthe leg axis. Theforceon thebody is thesumof gravity
andthe leg force. Sincethe hip transmitsno momentthe only body torqueis due
to leg forceappliedalonganoffset from thecenterof mass,denotedasthemoment
arm � .

Theleg coordinateframe ���� ����
is definedat thepointof contactandspecifies

the tangentandnormaldirectionsof the leg at impact. The groundforce is in the
direction �� . Thespringhasrestitution

S
thatdefinestheratio of impulsereleasedto

impulseabsorbed.Thevalueof
S

is assumedto beconstant.

Sincethepivotsat thefoot andhip guaranteethattheleg only exertsforcealong
thelegaxis,thetangentvelocityof thebodyis unchangedin aninstantaneousbounce.
With no thrust,thenaturalleg dissipationleadsto a changein bodyvelocity that is
purelyrestitutive:
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�F� L�� O �� Q�S	��� � �¢¡¤£�¢¥o£ � (3.1)

Thevelocitiesareexpressedin theleg coordinateframe;thesubscript¦ indicates
“impact” and the subscript � indicates“rise,” synonymouswith liftof f or takeoff.
Thisequationstatesthatthetangentvelocity is unchangedandthenormalvelocity is
reversedwith amomentumloss.As shown in thetopof Figure3.5,if therestitution

S
equals1, thentheangleof restitutionequalstheangleof impactasmeasuredabout
theleg position.

3.1.2 InstantaneousBounce

The previous sectionsketchesthe generalassumptions.Now is consideredthe in-
stantaneoushopperbouncegiventhethreemechanicalcontrolinputs:positionof the
leg at impact,energy releasedduringstance,andtherelative positionof thehip and
body centerof mass. The leg position is treatedimplicitly sinceit determinesthe
orientationof thenormalandtangentframe.

The positionof the hip relative to the centerof masscontrolsthe body torque
impulseproducedby thegroundimpact.Sincethehip is a freepivot this is theonly
torqueactingonthebody. Moving thehip duringflight is akinematicreconfiguration
of a masslessleg thatrequireszeroforce,andthehip positionrigidly clampsduring
stanceto carrythehighgroundforcespassively. In this fashionthehip actuationis a
conservativemechanismthatinvolvesno lossor negativework.

Thefollowing analysisof thebodytorqueis formulatedasanimpulsiveanalysis
of two rigid bodiescolliding. The control variablesare the leg angle

�
, the hip

translation� , andthethrustenergy � .
The body torqueis the crossproductof the foot vector and the groundforce

(illustratedin Figure1.4): § L�¨ª©¬«
(3.2)

Thegroundforcelies in thenormaldirection:«L�® ¥ �� (3.3)

The hip translation� andthe body torque
§

arescalarquantities.The moment
arm � definesthebodytorque: � ¯ �°m±nBp M j Q � W

(3.4)§ L � ® ¥ (3.5)
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Figure3.3: Illustrationof impactphysicsin velocity spacefor a translating-hiphop-
per. The horizontalaxis is scaledby the radiusof gyration À so the units arem/s
on both axes. The bold arrow representsan impactwith the hip offset setat max-
imum. At the beginning, the normalvelocity is negative androtationalvelocity is
zero. During impact,thehoppervelocity movesfrom initial to final statealongthe
impulseline. Assumingelasticimpact,thecompressionimpulseÁoÂ equalstherestitu-
tion impulseÁXÃ . Thefinal stateis on thesameenergy circlewith apositiverotational
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position � DFÄÆÅ .
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ThenormalimpulseÁ ¥ resultingfrom thegroundforcedefinesthechangein both
translationalandangularvelocities:Ç ` �¢¥ L Á ¥ (3.6)

Ç À U `ÉÈj L Á ¥ � (3.7)

Theimpactanalysisis phrasedlikeaPoissonimpactanalysis,graphicallyshown
for thehopperin Figure3.3. In this form thevelocity stateof anobjectmovesalong
the“impulseline” in velocityspaceduringtheimpact,accumulatingimpulseÁ±Â until
it reachesthe“compressionline.” At this point themotionchangesdirectionandthe
springreleasesimpulse,continuing

S ÁoÂ further to the final state. The locationand
orientationof theimpulseandcompressionlinesaredeterminedby thekinematicsof
thecontact.

Thevelocity spaceis plottedwith theangularaxisscaledby theradiusof gyra-
tion À to make theunitsequal.Theimpulseline in � �¢¥ À Èj � spacehasthefollowing
slope: À ` Èj` �¢¥ L �À (3.8)

ThecompressionimpulseÁoÂ definesthestateat maximumcompression:�r¥ Â L �¢¥o£ËÊ OÇ ÁoÂ (3.9)ÈjÌÂ L Í £ËÊ �Ç À U Á±Â (3.10)

Thecompressionline is reachedwhenthenormalhip velocity reacheszero:�¢¥ Â Ê � ÈjÌÂ L �
(3.11)ÈjÌÂ L Q �¢¥ Â� (3.12)

This relatestheprevioustwo expressionsto find ÁoÂ :Q �¢¥o£� Q O� Ç ÁoÂ L Í £ËÊ �Ç À U Á±Â (3.13)ÁoÂÏÎ Q O� Ç Q �Ç À UBÐ L Í £ËÊ �¢¥o£� (3.14)
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Á±Â L ÑÒ� Í £ËÊÓ�r¥±£� Ô Î � Ç À UQ À U Q � U Ð (3.15)Á±Â L Q Ç À U M � Í £ËÊÕ�¢¥o£ WÀ U Ê � U (3.16)

Applying Poissonrestitution:Á ¥ LNMPO Ê SaW Á±Â L\QªMPO Ê S�W Ç À U M � Í £ËÊÕ�¢¥o£ WÀ U Ê � U (3.17)

Substitutingthis yieldsthetakeoff velocity:Ö×Ø �¢¡ Ã�¢¥ ÃÍ Ã ÙÛÚÜ L Ö×Ø �r¡¤£�¢¥o£ QÞÝ�ßáàvâäã¤åVæVÝ Ãèçêé à	ëHì é ãå æ à Ã æÍ £ Q ÝIßáàvâíã Ã Ý Ãèç¢é à	ëKì é ãå æ à Ã æ ÙÛÚÜ (3.18)

Sincethealtitudedoesn’t changeduringstance,theenergy dissipatedin theim-
pactis thechangein kineticenergy:îðï�ÄÆñòñóL î Ã QÓî £ (3.19)L Ç

A M �r¡ Ã U ÊÓ�r¥ Ã U Ê À U Í Ã U WôQ
Ç
A M �¢¡¤£ U ÊÕ�¢¥o£ U Ê À U Í £ U W

Whichmaybesimplifiedwith equation3.18to thefollowing:îðï�ÄÆñIñõLÞMáS U QO¢W �
Ç À U M �¢¥o£	Ê � Í £ W UA M À U Ê � U W (3.20)

Thepreviousderivationsolvesthecaseof anidealizedlegwith restitution
S

but no
thrustenergy. However, thehoppermay increaseits kinetic energy by compressing
the leg using the Bow String during flight, then releasingit to full length during
stance.This storesa well-definedenergy � in the leg that is a function of the leg
compressionandmaybedeterminedby measuringtheleg potential.

However, thevelocity changeandthedissipationwerederivedfrom a pureresti-
tutive losswithout regardto whatever impulseis producedby thethrustmechanism.
This mayberesolvedby assumingthatthegainandlossprocessesareindependent:
in theinstantof impact,thespringdissipatesenergy asafunctionof theimpactstate,
andthe thrustprocessproducesan extra impulsethatdoeswork on thebody. This
assumptionis motivatedby the actualhopperin which the spring loss is uniform
whetherit is flexedarounda low-energy stateor ahigh-energy state.

With this assumption,theliftof f statemaybederivedby rewriting equation3.18
with anadditionalfictional restitutionterm

S ¡ thatrepresentstheeffectof thrust:
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Ö×Ø �¢¡ Ã�¢¥ ÃÍ Ã ÙÛÚÜ L Ö×Ø �r¡¤£�¢¥o£ Q\Ý�ßáàvâäàvâíöòã÷åVæVÝ Ãèç¢é à	ëKì é ãå æ à Ã æÍ £ Q ÝIßáàvâäàvâòöíã Ã Ý Ãáç¢é à	ëKì é ãå æ à Ã æ ÙÛÚÜ (3.21)

This may solved by satisfyingthe following constrainton the kinetic energy at
liftof f; thenetenergy changeis writtenas ` î :` îøL � Ê îðï�ÄÆñòñ

(3.22)OA
Ç �r¥ Ã U Ê OA

Ç À UZÍ Ã UùL OA
Ç �¢¥o£ U Ê OA

Ç À UZÍ £ U Ê ` î (3.23)

The inclusionof
S ¡ maybe justifiedby consideringthat thesolutionrepresented

by equation3.18is a locusof solutionsalonga line in velocity spaceparameterized
by the restitution

S
. The kinematicsare fixed in an instantaneousbounceso the

impulsedirectionsarefixed but the magnitudesdependuponthe restitution. Since
thethrustmechanismmodifiesthemagnitudeof theleg impulse,it will producethe
samelocusof solutions.

The energy constraintof equation3.23 is an ellipsein the samevelocity space,
andthesolutionof thetakeoff velocity is theintersectionof the line andtheellipse.
This is not presentedsymbolicallybut is illustratedin a velocity spaceimpulsedia-
gramin Figure3.3.

Storingthrustenergy in theleg effectively makesit aspringwith avariableresti-
tution that may be greaterthan one. This is true becausethe impact assumesan
instantaneousbounce:in practicethepartsaremoving andthetimehistoryof theleg
andthrustforcesaffectstheoutcome.But althoughboththeleg potentialandthrust
forcesare unknown, the fact that the body position doesn’t changeduring stance
meanstherelationshipbetweenangularandtranslationalaccelerationdependsonly
uponthekinematics.This is reflectedin thedefinitionof theimpulseline: no matter
how far thestatemoves,theslopeis fixed.

3.2 IdealizedTwo-Control Model

Theprevioussectionanalyzedan idealizedBow Leg Hopperwith a translatinghip.
Thissectionpresentsanotheridealizedmodelwith afixedhip. This is in preparation
for the empiricalmodelbasedon the actualprototypespresentedin the following
section.

In thismodelthebodymassisplacedexactlyonthehip axis.Theleg forcealways
passesthroughthecenterof massandno torquesat all areexertedon thebody. This
leadsto astraightforwardreductionof thepreviousequationswith � and � setto zero
in which thebodyorientationno longermatters:
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Figure3.4:Cartoonof theplanarBow LegHopper. Theleg is alightweightfiberglass
springwith high restitution.Thehip is a ball bearingpivot thatexertsminimal body
torque. The thrustactuatorandleg angleactuatorare locatedon the body but not
illustrated.TheBow Stringattachesthethrustactuatorto thetoeandcanberetracted
to compresstheleg. Thecenterof mass(not illustrated)is locatedjust below thehip
for naturalpitch stability. Thehopperpositionis definedby thebodycenterof mass
positionandorientation

M ��� b �aj W andtheleg angle
�
, which is measuredwith respect

to theworld -Y axis. Gravity pointsin the -Y direction. The impactis analyzedin
theleg frame ���� ����

.

� �¢¡ Ã�¢¥ Ã � L�� �¢¡¤£QªMáS Ê S ¡ W �r¥±£ � (3.24)îðï�ÄÆñòñ�LNMáSZUýQþO¢W �
Ç �¢¥o£ UA (3.25)OA

Ç �r¥ Ã UÏL OA
Ç �¢¥o£ U Ê ` î (3.26)

Thecontrolsareleg angle
�
, appearingastheorientationof theanalysiscoordi-

nateframe,andthrustenergy � , acomponentof ` î .
Thesemaybecombinedto find thereducedform of thegeneralsolutionthatwas

presentedgraphicallyin Figure3.3:�¢¥ Ã L [ A � �Ç Ê S U �ê�r¥±£ U (3.27)

The transformfrom the impactvelocity to the leg coordinateframeis a rotation
matrixusingtheleg angle:� �¢¡¤£�¢¥o£ � L � monBp � pVuòÿ �Q pVuòÿ � m±nBp �°� � � È� £Èb £ � (3.28)
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With basicfalling bodydynamicsmaybederivedsomespringlimits. Thevertical
velocityat impact: Èb £ L�� A ]Ë`cb (3.29)

Themaximumenergy storedin thespringduringstance:î�� D����°L Ç
A MPQ È��pVuòÿ � Ê � A ]Ë` b mon7p � WPU (3.30)

Theenergy dissipatedby thespring:îRï�ÄÆñIñõLÞM SZU QOêW Ç A MPQ È��pZuòÿ � Ê � A ]Ë`cb m±nBp � W U (3.31)

3.3 Empirical Modelling

Modelsareapproximationscreatedwith apurposein mind. Thissectionpresentsthe
modelof thephysicsusedby thecontrollerandplanner.

The idealizedmodelsaddressedin the previous two sectionsareobviously un-
realistic: no hoppercanbounceoff the groundinstantaneously. Nevertheless,the
modelsareclosed-form,which is highly desirablefor planningpurposes.Thestrat-
egy adoptedwasto considerthe likely waysthe physicalhopperdeviatesfrom the
ideal,measurethedifferences,andform anempiricalmodelthatexplainsthebehav-
ior accurately enoughfor control purposes.The appropriatelevel of accuracy was
determinedsubjectively throughexperimentationto judgewhichcandidateempirical
modelsover-fit typicaldataandwhich left residualerrorattributableto experimental
noise.

Anotherissueis calibration.Themodelsincludebothparametersandcalibration
functions;a few examplesaregravity, leg restitution,andthe functionmappingde-
siredthrustenergy to thrustmechanismangle.On a finer scalearefunctionsto map
servo angleto servo commandpulsewidths. A few of theseareconvenientto cali-
bratewith directmeasurement,but mostaredeterminedby fitting parametersbased
on testdata. Thedatais acquiredfrom thehopperasit performsa special-purpose
calibrationprocedure.

3.3.1 Modelling Physicsfor Planning

Thephysicalmodeldefinestheworld for theplanner;it definestheavailableactions
andtheir results.Theplanneris treatedin detail in Chapter5, andthemoreabstract
definitionof acontrollerin Section4.1,but thebasicphilosophybehindthedevelop-
mentof themodelusedfor planningis asfollows: it needsto beaccurateenoughto
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Figure3.5: Thetophalf illustrateshoppingwith aperfectlyelasticinstantaneousim-
pact.Theangleof restitutionwith respectto theleg angleequalstheangleof impact,
and the body positiondoesnot changeduring impact. The bottomhalf illustrates
theempiricalmodelthatassumesa finite stancetime. Theeffective leg angleis the
midpointof thesweeparc.
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produceaplausibleplan;modellingerroris toleratedby useof feedbackcontroldur-
ing planexecution.It shouldbe fastto evaluate,ideally closed-form.It is desirable
for it to haveacomputableinverseto allow planningpathsbackwards.It is desirable
for it to beabstractenoughto representmultiplemechanismssotheplannercouldbe
easilygeneralized.

An abstractview of the hopperis asa point particlemoving betweendiscrete
pointsin the statespace.Eachpoint representsoneflight trajectoryandeachtran-
sition betweenpoints representsonebounce. The transitionmadefrom eachstate
is controlledby the leg angleanda generalizedthrustthat includesnegative values.
Eachpossibletransitionmay be categorizedascolliding with terrainor not. Each
statedefineslimits on thecontrols;the leg angleis limited to foot placementscom-
patiblewith theterrainandthethrustrangesbetweennaturaldissipation(zerothrust
mechanismangle,but negativeenergy change)andthemaximumenergy gain.

This particulargeneralizationis closely relatedto the Bow Leg; it may safely
ignorethebodyorientationanddetailsof thestancebecausetheBow Legmechanism
is sosimplethat thehardwarebehavescloseto an abstractmodelin the first place.
Nevertheless,this model is universalenoughto be usableby any terrain crossing
hoppingrobotthatdoesn’t careaboutincorporatingattitudechangeinto its plans.

3.3.2 Differ encesfr om Idealization

Theinstantaneousanalysisassumesthattheleg angledoesn’t changeduringstance.
If theleg is alignedwith theimpactvelocity, thisassumptionis closeto thetruthsince
thetangentvelocitywill becloseto zero.If theleg is notaligned,theleg will sweep:
this meansthebodyforcedirectionchangesduringstanceandthetakeoff positionis
differentfrom theimpactposition.Anotheralignmentis with gravity; if theleg is not
vertical,thengravity will acceleratethebodyaboutthefoot. Bothof theseeffectsare
morepronouncedwith longerstanceduration. In general,the instantaneousmodel
becomeslessaccurateasthehoppertravelsfasteror bounceshigher.

Anotherassumptionis that theleg is massless.In practice,theleg inertiameans
the reactiontorquesfrom rotatingthe leg duringflight will counter-rotatethebody.
Inertia alsoleadsto energy lossesduring impactdueto the inelasticfoot collision.
And the leg lengthis not generallyconstantfrom impactto takeoff sincethe thrust
mechanismshortenstheleg anamountproportionalto theenergy stored.Thismeans
thehoppermakesgroundcontactatalowerpotentialenergy statethanwhenit breaks
contact.

Generallysolving for theseeffectsrequiressolutionof the equationsof motion
duringstance.Sincetheleg potentialis a non-linearfunctionthatmustbemeasured
from thehardware,thiswould leadto asolutionbasedonnumericalintegrationfrom
the impactconditions.With certainleg potentialfunctionsthis maybeaddressable

57



analytically [SK95] [SK97], but for this project the pragmaticneedfor a efficient
modelled to theapproximationssketchedin thefollowing paragraphs.

Leg Sweep

The leg sweep
� ñ��������

is theanglesweptby the leg during stance.Sincethe foot is
stationarythis representsbodymotion.Typically thehopperstancetime is shortand
themotionduringstanceis relativelysymmetric.Themodelassumesthattheintegral
of thestanceforcesover time is symmetricaboutthemidpointof thesweeparc.The
midpointof thesweeparcis approximatelythe“effective leg angle”

� ������ äGòÄ !"�
, which

is theleg anglefor theidealizedmodelthatproducesthesamechangein velocity.
In general,theleg sweepangleis a functionof thestateanddependson thetan-

gentialvelocityandthestancetime. In practice,thestancetimeis relatively constant.
Experimentationwith a varietyof formsled to thesimpleapproximationof a sweep
angleasaconstantmultiplied by thetangentialvelocity:� ñ#�$����� L %7ñ�������� � Q �r¡¤£ (3.32)� Ã L � £ËÊ � ñ#�$������ �&���� �GIÄ !"� L � £ËÊ O @BA � � ñ��$�����

If theeffective leg angle
� �&���� äGIÄ !"�

is usedasthevaluefor
�

in theidealmodel,the
result is goodenoughto be a usefulpredictorof takeoff velocity within the typical
Bow Leg operatinglimits. The takeoff position is computedusing the takeoff leg
angle

� Ã andthelocationof thefoot contact.

Thrust Calibration

The leg anglemodel in the previous sectionapproximatesthe dynamicsof stance.
Thethrustmodelis concernedwith calibratingthrustmechanism,approximatingthe
relationshipbetweenthe thrust motor angleand the energy storedin the leg. In
practicetheenergy dissipatedby theleg wasobservedto follow theidealrestitution
modelclosely, sonoapproximationwasrequired.

Theenergy storedin theleg is afunctionof thrustmotorangleandis independent
of theimpactstate.Thefollowingapproximationincludesthekinematicsof thethrust
mechanism,leg potential,andany lossesin transferto kineticenergy:� L(' ß*),+ Ê ' U )-+ U (3.33)

Thetwo termsinvolving thethrustmotorangle)-+ formaquadraticapproximation
of theenergy storedin theleg. In practiceenergy is representedin unitsof “velocity-
squared”sothatthemachinemassis eliminatedfrom all calculations.

58



Flight Model

The flight modelcomputesthe trajectoryresultingfrom a positionandvelocity at
takeoff. Themodelassumesconstantgravity andaconstantlateralfriction force;the
effective gravity producedby theconstraintboomandgravity compensationspring
variesslightly with altitude, but the effect is negligible. The measurablebut low
horizontaldecelerationis presumablydueto bearingfriction andtetherdrag.

The impact occurswhen the foot touchesthe ground. Given the position and
velocityof thehopperat theflight apex �P� b È� � , theleg length . , theleg angle

�
,

and the altitudeof the groundunderthe foot b0/ ÅZï , the following finds the stateat
impact: b £ L b1/ Å�ï Ê .¢monBp � (3.34)243 �4565ÞL � A M b £ Q b W @ ]� £ L � Ê È� 243 �4565 Ê O @BA �87� 59�èG 243 �4565 UÈ� £ L È� Ê:7� 59�èG 243 �4565Èb £ L ] 243 �4565

The effective gravity is ] and the lateral force is modeledby the acceleration
constant7� 59�èG .

At takeoff, thehopperrisesfrom theliftof f state �K� Ã b Ã È� Ã � to thenext apex:2 Ã L Q Èb Ã @ ] (3.35)� L � Ã Ê È� Ã 2 Ã Ê O @BA �87� 59�èG 2 Ã Ub L b Ã Ê Èb Ã 2 Ã Ê O @BA � ] 2 Ã UÈ� L È� Ã Ê;7� 59�èG 2 Ã
3.3.3 Calibration Procedure

Most of the model coefficients and physicalparametersare determinedby fitting
themodelpredictionsto observeddatagatheredwhile thehopperbouncedbackand
forth in aspecialtestprocedure.Thefitting is brokendown into aprogressionof low-
dimensionalleast-squaresoptimizationsusingPowell’s Method.Part of thework of
developingthecalibrationwasinvolvedwith identifyingasequencewith no forward
dependencies.

The samesensorsandactuatorsthat areusedfor control are usedto build the
model. In fact, someof the leg calibrationthat might be measuredmanifestly is
insteadcalibratedby measuringtheeffecton thevelocityprediction.
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Exploration

Theexplorationprocedureis typically run for about400bouncesover level ground.
Thepurposeis to samplethestatespaceandthecontrolspaceover thefull operating
domain. The thrustprogressively advancesthroughfour discretevaluesintermixed
with zerothrust. This allows the hopperto reachdifferentaltitudeequilibria,mea-
suringboththepassivebounceperformanceandthethrustperformance.

While thehopperis cycling throughaltitudes,it is hoppingbackandforth across
a point on the ground. At eachdirectionswitch, it choosesa randomvelocity; it
may movesoneor several bouncesin eachdirection. On eachbouncethe hopper
computesaleg angleusingnormallinearvelocityfeedbackbut discretizestheoutput.
Leg anglesnearzeroareclampedto zeroto increasethenumberof samplesusable
for estimatingleg restitution.

The datacollectedincludethe normalsensorreadings,the control outputsand
trajectorydata.Thesensorreadingsincludethestateandtime at thetrajectorypeak
andbodyattitudebeforeimpact.Thetrajectoryis thepositionandvelocity recorded
at every tick duringflight.

Fitting

Theflight parametersareestimatedfirst. A quadraticis fit to eachtrajectoryto esti-
matethe time andaltitudeof thepeakandtheverticalacceleration.This is usedto
cull potentiallyerroneoustrajectoriesby checkingthe individual gravity parameters
againstthedistribution,andthefitted peaktime with thatrecordedby thecontroller.
Thisculling removestrajectoriesthatwerenot freeflight, i.e., thestarttrajectoryand
collisions.

After culling, thegravity parameteris estimatedby a globalminimizationof po-
sitionerroroverall valid flights. Thereferenceparabolais computedusingthenewly
estimatedpeaktimeandposition.After finding theverticalacceleration,asimilar fit
computesthe(typically small) lateralflight accelerations.

The thrust mechanismis calibratednext. Estimatingrestitutionand thrust in-
volvescomparingtheenergy of successivetrajectories,henceit dependsonthenewly
fitted flight model.Therestitutionis estimatedfirst by consideringall bounceswith
no thrustandzeroleg angle.Sincethepositiondatais moreprecisethanthevelocity
estimate,only caseswith zeroleg angle(hencenonominalchangein lateralvelocity)
areincluded:theenergy restitutionfor thesecasesis thefollowing ratio:SZU=< M b ¥ à�ß Q . W @ M b ¥ Q . W (3.36)

Thevaluesb ¥ and b ¥ à�ß arethepeaksof successive bounces.Theestimatedenergy
restitutionis theaverageof the

S U
values.
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ParametersComputedfrom TrainingSet98-02-21
Parameter Value Definition> ?A@CB6D1EGFIHKJMLON U effective gravityP Q BSRT@ restitutionP U Q BSUTR energy restitutionV ñ�������� Q BXWOU sweepanglecoefficientY ß Q B6D1Z [ vs. thrustangle,lineartermY U ? Q B Q1\ [ vs. thrustangle,quadraticterm

Error StatisticsonTrainingSet98-02-21
Statistic Value Definition]_^ RAF`F std.dev. of x error]_a \ F`F std.dev. of y error]cb^ W \ F`FdHKJ"LON std.dev. of ef errorg DTD1@ samplesin trainingset

Table3.1: ModelParametersandFitting Statistics

Next the quadraticthrustcalibrationcurve is estimatedusing the newly fit leg
restitution. Again only caseswith zeroleg angleareconsidered.Thepredicteden-
ergy is asfollows: î ¥ à�ß L Ç ] MVM b ¥ à�ß Q . WôQÓSZUrM b ¥ Q . WZW (3.37)

Theerror is thedifferencebetween
î ¥ à�ß andthepredictionof thequadraticmodel,

andthemodelparametersaretunedto minimize thesumof squarederrors.A final
stepis to computethe rangeof permissiblethrustenergiesby evaluatingthe thrust
positionlimits in themodel.

Having generatedamodelto computeactualthrustenergy from thethrustcontrol
value,the impactmodelmaybefit. It is actuallyperformedtwice, onceto estimate
outliersandcull them,andagainto retuneparametersbasedon theremainingdata.
This fitting computesthe two remainingparameters,a leg angleoffset andthe leg
sweepcoefficient. Theleg offsetis nominallysetby directly measuringtheposition
of theleg for variouscontrolinputswhencalibratingthehardware,but anadditional
tuningfreedomis allowedsotheorigin of theleg positionis estimatedfrom theeffect
on themotion.

A samplesetof parametervaluesandstatisticsis shown in Table3.1. Theerrors
listedarethe residual;i.e., thedistribution of thedifferencesbetweenthepredicted
andactualtrajectoryparametersonthesamedatasetwith whichthemodelwasfitted.
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3.3.4 Terrain Model

The“terrain” usedin theexperimentsconsistedof flat concretefloor with brickslaid
out as footholdsor obstacles.This projectdid not addressthe problemof sensing
terrain;in all casestheterrainwasdesignedin advance,compiledinto thecontroller,
andthenthepieceslaid out on thefloor. Holeslower thanfloor level werenot phys-
ically practicalbut weresimulatedby labelling particularfloor regionsas“invalid
footholds.”

The chief function of the terrainmodel is to computethe groundcontactgiven
a flight stateandimpact leg angle. The terrain is modelledasconnectedline seg-
ments,eachlabelledwith a friction coefficient. Horizontal segmentsare deemed
“safefootholds.”

3.4 Discussion

Thosereaderspatientenoughto readall the way throughSection3.3 may well be
wondering:“why all the fussover a few quadraticfudgefactors?”Therearea few
answers:oneis that theempiricalmodelswere considerablymoreelaborateuntil it
becameapparentthat theperformanceof thesimplestmodelswasjust asgood.But
therearetwo particularlessonshere.

Thefirst is that theBow Leg Hopperhassuchsimpledynamicbehavior that the
idealizedmodel is almostgoodenoughfor planning. This is especiallytrue if the
hopperis picking its way slowly amidstobstacles,in which casethelateralvelocity
is low andtheleg sweephaslittle effect.

The secondis that the hopperhasenoughsensornoiseandactuationerror that
theresidualmasksthesubtlemodelerror. This is acaseof makingit “goodenough,”
albeitthestandardwasdefinedby errordesigned-inelsewhere.Certainlyimproving
the stateestimationandmakingthe leg positionermoreconsistentwould put more
pressureon themodelling.

In thefuture,thecontrolmodelneedsto includethechangeof pitchvelocitydur-
ing stance.Thismightbecontrolledmechanicallyby implementingahip translation
axis. This would put the analysisof Section3.1 fully to work andintroduceaddi-
tional calibrationneeds.At theminimum the radiusof gyrationandthe translation
servo calibrationwould needto bemeasured.And sincethis mechanismwould in-
volvepotentiallylargebodytorques,thechangeof bodyattitudeduringstancemight
differ substantiallyfrom theidealcase.

Anothermechanicaldevelopmentcouldbea leg equippedto captureimpacten-
ergy by clampingthe Bow String beforethe leg reachesfull length. This involves
only a modestchangein modellingsincethe forceswill still lie alongthe leg axis.
Thebig differenceswill berepresentingasymmetryin thestancetimeandtakingoff
with lowerpotentialenergy.
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Chapter 4

Hopper Control

The Bow Leg Hopperis a naturalhoppingoscillator. Its efficiency stemsfrom the
useof springsandbearingsto conservatively carry the forcesof locomotion. For
thesamereason,it is discretelycontrolledby configuringtheleg mechanismduring
flight. This is primarily motivatedby adesirefor highefficiency andsmallactuators,
but a sidebenefitis that the controllerneedonly computeoneset of controlsper
bounce.By the sametoken, the controllermayonly apply onecontrol per bounce,
so disturbancesthat occurafter sensingor during the bouncemay only be rejected
on successive impacts.If thegroundcrumblesbeneaththefoot, thehoppercanonly
helplesslywait until it is in theair again.

Everypossiblecontrollerfor theplanarhoppertakestheform of a functionmap-
ping threetrajectoryparametersto two control outputsonceevery hoppingcycle.
Thesimplestcontrollersarelinear feedbackrulesnot unlike Raibertthreepartcon-
trol [Rai86]. Theseonly work on level ground;theplanningcontrollerfor crossing
“terrain” usesa combinationof graph-searchplanningand feedbackcontrol. The
plannersearchesto find sequencesof foot placementscompatiblewith the terrain
andthe physics. Feedbackcontrol is computedonceper bounceto reject local er-
rors;whentheplanis exhaustedor accumulatederrorbecomestoogreat,anew plan
is generated.

Thischapterdefinesthecontrolproblemimpliedby thismechanism,presentsthe
linearcontrollersanddetailsof the real-timecontrol implementation,andgraphical
methodsfor deriving statespaceconstraintsfrom terrainconstraints.The planner
is presentedin Chapter5. The discussionis limited to thecaseof a planarhopper,
althoughmuchof theargumentalsoappliesto future3D hoppers.

Thefirst sectiondefinestherelationshipbetweenthedegreesof freedomandthe
relevantcontrolfreedomsin orderto justify thecontrolmodel.

63



4.1 Controller Formulation

TheBow Leg mechanicaldesignpermitsonly onecontrolcycle perbounceandthis
definesthe propertiesof the controller. The controllerfunction takesthe following
form: hKi-jlk8mn jTk8mporqtsvu�w jyx{z0j|x~}w j��

(4.1)

In this functionthevariables

u i-jTk8m�x n jlk8m*�
aretheleg angleandstoredleg energy

at impactand � w j z1j }w j��
definesthetrajectoryprecedingtheimpact.This func-

tion summarizesthecontrolandcomprisesthephysicalmodelusedfor feedforward,
terraingeometricconstraints,thetaskbeingperformed,anderrorfeedback.Thedis-
creteform canbejustifiedby examiningtheeffectof eachactuatorandthedefinition
of state.

Theleg servomotordeterminestheangleof theleg prior to impact.Duringflight,
the leg carriesno loadandcanbepositionedquickly. This motiononly slightly af-
fectsbody pitch sincethe leg massis approximately1% of thebody mass.During
stance,theleg positioningmotoris physicallydecoupledfrom theleg. It is conceiv-
able the leg servo could be repositionedduring stancein order to exert horizontal
groundforcesastheBow String regainstensionat liftof f, but this analysisneglects
this possibility. Thustheleg motioncanbeentirelydescribedas

i-j
, theleg anglein

world coordinatesat impact � .
Thethrustmotordeterminestheenergy storedin leg tensionprior to impact.The

leg alwaysbeginsflight at its lowestenergy state.During flight, themotorperforms
positivework on theleg spring.It is conceivableit mightbeimmediatelyreversedto
dissipatesomestoredenergy but thenet work during flight is alwaysnon-negative.
During stance,the thrustmotor becomesphysicallydecoupledfrom the leg asthe
now-slackstringis released.Theleg thenextendsto full length,andall storedenergy
is released.Thethrustcanbeentirelydescribedas

n
, anon-negativepotentialenergy

addedto thekinetic energy. As describedin Section3.1.2,thesumof thrust
n

and
dissipation���{�6��� is the net energy change��� . The rangeof ��� available to the
controllerincludesnegative valuesandmayevenbeentirelynegative in stateswith
highdissipation.

Thefull physicalstatenominallyhastendimensions:threebodyDOF, two actu-
atorDOF, andthecorrespondingvelocities.Wemakeseveralassumptionsto definea
trajectoryusingonly threedimensions.First,wemayneglectpitchandpitchvelocity
sincethe body is designedto passively stabilizeorientationandrotateslike a slow
pendulum. This axis is decoupledfrom the othercoordinatessincebody rotations
only slightly affect thedirectionof leg forces,andthe leg positionis independently
definedin world coordinates.Second,theactuatorshave insignificantdynamicson
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thetimescaleof thehoppingcycleandmaybetreatedsimplyasoutputs.
The hopper may thus be treated as a point particle with four state vari-

ables � w z }w }z��
. However, we assumethat all constraintsare time-invariant

andthusonly the geometryof the trajectorymatters. Sincethe free flight physics
is known, eachtrajectorycan be describedby only three parameters;we usethe
vector � w j z0j }w j��

which specifiesthe position and velocity at the apex of the
trajectory.

Notethattheleg andthrustvaluesareafunctionof timeduringflight (

i u�� �Ox n u&� �
),

but only thefinal values(

i�j�x n j
) affect theimpact.Theabstractcontrolproblemmay

bedescribedwith discretefunctionsbut theimplementationdoesrequirecontrolover
time. Theabstractcontrolvaluescloselycorrespondto themechanicalfreedoms:the
storedenergy is a monotonicfunctionof the thrustservo angle,andthe leg angle

i
is thesumof thebodyattitude � andtheleg servo angle.

Thelow powerof themotorsdoesimposetiming constraints.Theminimumtime
requiredto storeleg energy dependson themagnitudeof

n
andthemaximummotor

power. In practice,theentireflight timeis requiredto storealargeimpulse,soenergy
storagefor impact � musttypically begin immediatelyaftertakeoff ����� ; thisenergy
will affect thetrajectoryfollowing impact � . In contrast,theleg servo cantypically
positiontheleg shortlybeforeimpactsinceit is moving anunloadedlow-massleg.

4.2 Linear Controller

The simplestcontrollersof this form are linear feedbackrules. For example,the
linearpositioncontrollertakesthefollowing form:����� q }w-� ���1� z (4.2)� }w q �0� � �$u �w � w �i q �0� �{�{ {� u � }w � }w �n q � �  {¡£¢¤� � u ������ � �O�£� �

Thevector � w z }w �
specifiestheapex of thecurrenttrajectory. Thefirst line

computesthe total energy ����� in units of velocity-squared(i.e, the �T¥���¦ term is
factoredout). The secondline is a proportionalgain to choosethe desiredlateral
velocity

� }w
asa functionof positionerror. Thelast two lines implementindependent

proportionalfeedbackthat computesthe leg angleandthrustenergy to regulatethe
velocity andtotal energy to thedesiredvalues.This leg anglemustbe translatedto
bodycoordinates;bothcontrolsarethentranslatedto motoranglesusingcalibration
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functions.Thevelocity-squaredenergy unit is usedfor all energy values(includingn
) so themachinemassdoesn’t needto be explicitly known (it is implicitly part of

thethrustcalibration).
Thelinearcontrol is relatedto theRaibertthreepartcontrol [Rai86]: thetouch-

down leg angleis similar to foot placementandtheleg retractionat impactanalogous
to thrustduringstance.The leg anglecontrolsforwardspeedmuchlike theRaibert
model,andthethrustcontrolstotalenergy, roughlyequivalentto hoppingheight.The
“third part,” bodyattitude,is passively controlledsothereis no counterparthere.So
althoughthecontrolleris discretein timeandexertsnoactuatorforcesduringstance,
thephysicsof legsleadsto similarcontrolrelationships.

This is averysimplecontrollerbut is sufficient for holdingapositionor hopping
at constantvelocity (by skipping the secondline of equation4.2). Next is exam-
inedthedetailsof putting this controllerin operation.Themoreelaborateplanning
controlleris presentedin Chapter5.

4.3 Real-time Implementation

Thehoppercontrolmaybediscretein timebut themotionis continuous.Thissection
documentsthedetailsof connectingtheabstractcontrolto theactualmechanism.

The real time componentof the hoppercontrol readsthe sensors;estimatesthe
state;continuouslyissuesservo positioncommands;managesastatemachinerepre-
sentingascent,descent,andstance;andschedulesthecontrolcomputations.At the
lowestlevel, thehobbyservosuseinternalpositionfeedbackto moveto commanded
positionsencodedasPWM (pulse-width-modulated)signalsfrom the control com-
puter.

4.3.1 StateMachine

Schedulingis controlledby a statemachinethat cyclesthoughfour phases:ascent,
descent,pre-impact,andstance.At liftof f, theonsetof theascentphase,the thrust
commandfor the following impactis translatedto a thrustmotor angleandsentto
theservo. Shortlyaftertheapex is theonsetof thedescentphase,at which point the
trajectorystateis estimatedby fitting parabolasto theraw

w
and

z
sensordata.The

discretecontrolis thencomputed,which includescalculatingerrorestimates,adjust-
ing the plan, andpossiblyinitiating replanning.During descent,the statemachine
continuouslyupdatesthe leg servo angleusingthethecommandedleg positionand
thebodyattitudeestimate.At thepre-impactaltitude,theleg positionis frozento al-
low settling.Duringstance,themotionevolvesaccordingto thespring-massphysics
of themachine.
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Thestatemachineupdaterateis 200Hz. On eachcycle thesensorsfor

u&w x{z,x � �
positionandthestring tensionswitchareread.Theraw positionmeasurementsare
filtered to estimatepositionandvelocity, andthe filtered valuesareusedto trigger
statemachinetransitions.

4.3.2 SensorProcessing

Discretecontrol only needsdiscretesensing. For the hopper, sensingtakes place
on two time scales;a high-qualitystateestimationfor thediscretecontrolleris per-
formedonceduringflight, andacontinuousstateestimationis generatedfor thereal
timesystem.Thehigh-qualityestimateis generatedby fitting quadraticpolynomials
to the 61 samplepointscenteredon the apex of the trajectory, andthe continuous
estimatesarecomputedwith asimpleestimatorusingEulerintegration.

The continuousestimatorcomputesbody state(positionandvelocity) by inde-
pendentlyprocessingsampleddatafrom thex, y, and � positionsensors(Figure3.4).
The

u�w x�}w �
estimatortakesthefollowing form:§w�¨©q w ¡«ª�¬ ¨ � w�¨� m

(4.3)w�¨©q w�¨£ m~® u }w�¨� m�® � m §w�¨ ��¯ � �}w�¨©q }w�¨£ m~® � � §w�¨ ¯ � �
Thevariable

w ¡£ª�¬ ¨ is thelatestpositionsensorvaluescaledinto realworld units;u�w�¨ x~}w�¨ �
is the new stateestimate,

§w�¨
is the computedpositionerror, and � � is the

tick interval (5 msec).Thegains

u�� m�x � � �
arehand-tuned;typicalvaluesfor the

w
and

z
estimatorsare

u�°$± x °�±�± �
.

Theestimatorfor bodyorientationandangularvelocity

u � x }� � hasthesameform.
Theestimatorfor

u z8x~}z|�
is similarbut hasonedifference;thevelocityupdateincludes

a feedforwardacceleration²z � � � to modeltheeffect of stanceforces:}z ¨pq }z ¨£ m³® u ²z � � � ® � � §z ¨ �v¯ � � (4.4)

In practicethe feedforward term waschosento be zero exceptduring stance(de-
spitegravity). During stanceit took a positive value(typically around20) thatwas
hand-tunedto minimize the error in the

}z
estimationafter stance,asjudgedby the

z
estimatorerrorduringascent.

Theencodersusedon the

w
and

z
axesareinexpensive512line opticalencoders

thataredecodedto 2048positionvalues.Thehoppingcircle is 9.29m in circumfer-
ence,sothe

w
encoderresolutionis approximately4.5mm of lateraltravel. At very

low speedsthisgranularitydoesleadto aslightcoggingin thesensordata.Thebody
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rotationaxisusesa potentiometerfor historicalreasons;theanalognoiseis a source
of errorandrequireslower filter gains(e.g.

u � ± x � ±�± � ) for smoothing.This causesa
noticeablelag,whichcanleadto leg positioningerror.

Eachquadraticfit is computedusinga fitting matrix multiplied by thevectorof
61sensorreadingś

w ¡«ª�¬ to find polynomialcoefficients:

� w-µ w m w � �#¶ q¸· ¯ ´w ¡£ª�¬ (4.5)� z µ z|m z � � ¶ q¸· ¯ ´z ¡£ª�¬
Thefitting matrix

·
is a constantmatrix generatedoff-line with a singularvalue

decompositionandcompiledinto the controller. The ideais thatan approximation
to a function may be generatedat a discretenumberof pointsby multiplying basis
functionssampledin time by a setof coefficients.Thebasisfunctionsaretheterms
of aquadraticevaluatedat thetimesof interest:¹ q»º � � � �

...
...

... ¼ (4.6)

Thematrix
¹

hasasmany rows astime samples;in this case,61 rowsgenerated
with valuesof

�
rangingfrom ����½ ± � � ½ ± � � � . Sincethesamplinginterval is 5 msec

this represents300 msecof flight time. Runningin highereffective gravity would
requireasmallersamplelength.

Thefitting matrixcanbecomputedby consideringtherelationbetweenthefitted
coefficients

w j
andtheraw sensordata:´w ¡£ª�¬ q ¹ ¯ Ö×¾ w-µw mw ��¿SÀÁ (4.7)

Thepreviousequationmaybesolvedfor thecoefficientsusingtheSVD to gener-
ateapseudoinverseof thebasismatrix; thispseudoinversecalled

·
hastheproperty

that multiplication by discretelysampleddatacomputesa least-squareestimateof
thecoefficients. u4Â xOÃ�xOÄÅ� q Æ_ÇÉÈ�u ¹ �

(4.8)· q Ät¯ u �Ê¥ Ã=� ¶ ¯ Â ¶
Theterm �Ê¥ Ã representsasquarematrix in whicheachelementof thediagonalis

thereciprocalof thecorrespondingdiagonalelementof

Ã
if thatelementis non-zero;

zerovaluesremainzero.
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In operation,theroughtimeof theapex is foundby observingthesignchangeof
verticalvelocity computedby the

z
estimator. After 30 moresamplesarecollected,

thecoefficientsarecomputedandtheprecisionestimateof thestateis formed:��Ë q � z_m ¥ u � z � � (4.9)w q w-µ ® w m ��Ë ® w � ��ËT�z q z µ ®�z|m ��Ë ®(z � ��Ë �}w q w m�® � w � ��Ë
Sincethe basisfunction matrix wasgeneratedwith symmetrictime values,the

apex time

��Ë
is relative to thecenterof thefilter data.Theactualtime of thepeakis

asfollows: � � � ª4Ì qÍ��Ë ® u&� �(½ ± � � � (4.10)

In this expression,

�
is thetimewhenthefit is performed,i.e., thetimeof thelast

of the61samples.

4.3.3 Control Output

The controllercomputesvaluesfor thrustenergy andleg anglethat mustbe trans-
lated into servomotorcommands.The desiredleg angle

i
, measuredwith respect

to the vertical, is transformedto an anglein body coordinatesÎ-Ï using the body
orientation� andestimatedvelocity

}� :Î-Ï q i �Ð�É�ÐÑ¤Ò ¯ }� (4.11)

The servo commandangle Î-Ï is thenlinearly scaledusingmeasuredscaleand
offsetto a servo PWM commandvalue.Thedesiredthrust

n
is specifiedin termsof

energy andis transformedto a servo value Î-Ó usingthe inverseof the thrustmodel
presentedin Section3.3.2.

The two motorsarehobbyservos thatperformpositioncontrol internallywhen
supplieda PWM position commandsignal. The PWM is generatedwith a timer
chip configuredasapositivegoingone-shotthatis softwaretriggeredon the200Hz
sensorsamplingcycle. Theservo commandcanrangebetween600and2200 Ô sec
beforehitting internallimit stops;thetimer circuit resolutionis 0.5 Ô sec.Theservo
only suppliesmotorcurrentwhengivena commandpulse;whenthehoppergoesto
sleepthe pulsesareno longersentandthe motorsbecomebackdrivable. Dif ferent
commandrateswereevaluated;ouroperatingrateof 200Hzhasnoticeablysmoother
motionthanthetypical 20–50Hz.

69



4.3.4 Other RealTime Issues

A considerableeffort wasspentensuringthat the 200 Hz control cycle operatesin
hard real-time. The controller runs under the QNX operatingsystem,a POSIX-
compliantreal-timeUNIX variantfor standardPChardware.Thecontrollerrunsas
aseparateprocessona timer interruptandonly interactswith I/O cardsandmemory
buffersto avoid filesystemandgraphicsdelays.A separateprocessactsasaFIFOfor
buffering real-timedebugginginformationandwriting log files. Theuserinterface
is a third processthat allows modificationof most of the controller stateusing a
semaphore-controlledsharedmemory;theuserseesacompletereadoutof controller
stateandan animationof the motion andmay interactively modify gainsandissue
commands.Notethatthiseffort wasnecessaryto ensureaconsistentsensorsampling
interval; thediscretecontrol thatonly runsonceduringflight hasconsiderablereal-
time latitude.

4.4 StateSpaceDiagrams

Therestof thischapterdiscussesgraphicalmethodsfor analyzinghoppertrajectories.
This is somethingof ashift from theprevioussubjectbut hasthis in common:this is
a continuationof exploring how physicsmotivatesa controlapproach.In this case,
thediscretecontrolmodelis well suitedto diagrammaticanalysis.Thenew element
is considerationof terraingeometry:geometricrepresentationsof statecannaturally
includeterrainconstraints.

For thefollowing few sections,thehopperis assumedto beanidealizedhopper
with aninstantaneousbounceandperfectefficiency. For clarity it is assumedthatat
groundcontactthehopperbodyis alwaysdistanceÕ abovetheground;normallythat
altitudeis Õ0ÖØ×�Ù i . The perfectefficiency is an idealizationof constanttotal energy
hopping,with the graphicaladvantagethat the hopperstateis reducedto just two
dimensions. The differentdiagramschoosedifferentcoordinatepairs to illustrate
varioussituations,but theconstraintis alwaysasfollows:�Ê¥�� ¯TÚÛ}w-� � Ú � z q � (4.12)

In practice,mostof the thrustenergy is usedto make up for leg lossesandthe
dynamicrangeof the thrustmechanismis small comparedto the combinedkinetic
andpotentialenergy (the“total energy”). Thismeansthehopperneedsto accumulate
energy overtimeto climbslopesandcrosshighobstacles.But for shorttermanalysis,
constanttotal energy is a reasonablelocal policy andeasyto implement.
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Figure4.1: Theelliptical curve is the locusof apexesof trajectoriesthat landat the
specifiedpoint; alsothelocusof trajectoriesreachedtakingoff from thegivenpoint.

4.4.1 Umbrella Diagrams

An “umbrelladiagram”is anillustrationof asetof hoppertrajectoriesplottedastheu�w x{z��
locationsof the apexes. They areusefulaspictorial representations,but are

ambiguoussinceeachpoint representsaparabolicpathbut not thedirectiontravelled
along the path. The implicit constraintis the total energy constraint,which also
imposesanupperboundon theallowablestatesat

z q ���Å¥ u Ú � � ; thesestateshave
lateralvelocityof zero.

Figure4.1 illustratesthesetof statesthat landat a givenpoint. The locusis an
ellipsecenteredbetweentheimpactpoint andthemaximumpossiblealtitudeandis
twiceaswideastall. Thesameellipseis alsothesetof statesthatarereachablefrom
a givenpoint; in this guiseit is relatedto thesolutionto theartillery rangeproblem.
Thefull curveis shown but will sometimesbetruncatedonthelowersideat thepoint
wherethe trajectorylandsor takesoff at 45 degrees.On level groundthesepoints
arethemaximumrangepoints;in generaltheanglesin theupperhalf arepreferred
sincethehopperworksmuchbetter“hopping” than“skittering.” Sincetheenergy is
specifiedonanabsolutescale,at lowerlandingelevationsthiscurveis broaderbut the
centerpoint remainsfixedat theupperenergy bound;this canbeseenin Figure4.4.
Theillustrationis symmetricandthedirectionalambiguityconvenientlysummarizes
behavior for bothdirections.In theasymmetriccasesto comethedirectionof travel
will beexplicitly defined.
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Figure4.2: The shadedregion is the locusof apexesof trajectoriesthat crossthe
vertical line. Crossingis definedasa takeoff andlandingon oppositesidesof the
line.

Thecurve maybederivedasthesimultaneoussolutionof theenergy constraint
andthelateraldisplacementasa functionof thevelocityandthefalling time:

� q �Ê¥�� ¯TÚÛ}w-� � Ú � z (4.13)� w q }w ¯ �4ë ª4ì6ì q }w ¯$í � u z ¨ � z�� ¥1�
Thesolutionmaybesuccinctlyexpressedasa functionof

z
; thesignambiguity

selectstheright or left half:� wîqtï �ñð u z ¨ � z�� u � ®�Ú � zò�Ú � (4.14)

This may alsobe written in termsof the maximumaltitude

z1ó
; from this form

may be derived the equationfor an ellipsewith the centerat

u z0ó�®ôz ¨ � ¥�� , halfway
betweenthemaximumaltitudeandtheimpactposition:

� q � Ú � z0ó (4.15)� w q ï � í u z ¨ � z�� u z � z1óõ�
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Figure4.3: Thedarkregion is thelocusof apexesof trajectoriesthatcrossthehole.
Crossingis definedastakingoff from theleft sideof theleft edgeandlandingonthe
right sideof theright edge,or viceversa.

� w-�÷q °-u z ¨ � z�� u z � z0óG�
(4.16)q u¤u z ¨ � z1óõ� � u � z � z0ó � z ¨ �ø�v¯ u¤u z ¨ � z0óG��® u � z � z0ó � z ¨ �ø�q u z ¨ � z0óG� � � u � z � z1ó � z ¨ � �

� w �u z ¨ � z0óG� � ® u z � u z0óù®(z ¨ � ¥�� � �uøu z ¨ � z0óõ� ¥�� � � q � (4.17)

Theellipsein equation4.17hasa minor axisof length

u z ¨ � z1óG� ¥�� anda major
axis twice the lengthof theminor axis. Both dependonly on thegeometry;i.e, the
total energy is expressedgeometricallyandthegravity parameterdoesn’t affect the
geometry.
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Figure4.4: Thedarkregion is thelocusof apexesof trajectoriesthatcrossthehole.
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right sideof theright edge,or viceversa.

Thefirst useof this diagramis Figure4.2 which illustratesthesetof statesthat
crossagivenverticalline. Thisis definedasthesetof statesfor whichthetakeoff and
landingbody positionsareon oppositesidesof the line. This particulardiagramis
symmetricandmayrepresentacrossingin eitherdirection.A few particularsolutions
in theregion areillustrated,but theregion maybederivedby consideringtheupper
boundary, which representsstatesthat lie exactly on thegivenline. Theleft portion
might representstatesthat land moving toward the right; this segmentis an open
boundaryof the region sinceall statesbetweenthat curve andthe vertical line are
guaranteedto land on the right sideof the line, andthey musthave taken off from
theleft side.Similarly, theright portionof theumbrellacurvemight representstates
thattookoff from theline moving towardtheright; thissegmentis anopenboundary
of theregion sinceall statesbetweenthatcurve andthevertical line areguaranteed
to have taken off from the left sideof the line, andclearly land on the right side.
Thetotal region is theunionof thesetwo regions. Theargumentis symmetricfor a
left-moving hopper.

This resultis appliedin Figures4.3and4.4 to theproblemof determiningwhich
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Figure4.5: The shadedregionsarethe locusof apexesof trajectoriesthat succeed
or fail in crossinga thin wall. Thehopperis treatedasa point andthewall haszero
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to pointson theboundaryof thesuccesslocus.

states(at thespecifiedenergy level) maysuccessfullycrossa hole. Sincethehopper
shouldn’t landin thehole,thismaybereducedto thesetof statesthattakeoff on the
left sideof the left edgeandland on the right sideof the right edge,or vice versa.
In otherwords, the solution is the setof statesthat crossboth edgesin oneflight,
which is the intersectionof the crossingregions for the two edges. This senseof
“crossing”only considersbodyposition;theholein actualitydefinesaconstrainton
foot position. For example,thereareextremalstateswith body positionsover the
hole not consideredby this definitionof “crossing.” In general,the foot placement
constraintinvolvesnot just thegeometrybut alsothepreviousstate:for thepurposes
of thesediagramslandingsandtakeoffs arealwaysassumedto have thefoot placed
straightdown, sincethediagramsaremeantto illustratethe trajectoriesthatsatisfy
the terrain constraintwithout illustrating whetherthosetrajectoriesare achievable
from otherstates.

Figure4.5extendstheline crossingcaseto a thin wall. In thecaseillustratedthe
wall is higherthantheimpactheightandthereexist statesguaranteedto collidewith
thewall. Thebodyis assumedto beapoint; i.e.,this is aconfigurationspaceobstacle
andtheusualfinite sizedbodyrequiresgrowing theobstacleswith theusualC-space
methods.The crossingregion shown maybederivedby consideringthestatesthat
passthroughthepointat thetopof thewall: thephysicsis thesameasthecasewhere
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thebodywould landat thatpoint, andsothesameellipsemaybeconstructed.The
ellipsefor a groundlandingat the samepositiondefinesall statesthat musteither
crossor collide, and the setdifferenceyields the regionsof guaranteedcollisions.
Thisdiagramis symmetricanddescribesa crossingin eitherdirection.

Figure 4.6 illustratesthe possibilitiesfor a terrain stepthat is low enoughthe
hoppermayhopon theplateau.The threeellipsesareformedby thedimensionsof
the lower level impact, the upperlevel impact,andthe clearanceof the stepitself.
Thesmallellipsecontainsthestatesthatunambiguouslysucceed.Adjacentto it is a
region in whicheachtrajectoryhastwo possibilitiesfor groundcontact.In theupper
diagram,theambiguityresultsbecausetheparabolacrossescloseenoughto thestep
thatthestatecouldbeachievedby a bouncefrom thelower level or by a bounceoff
theplateauitself. This is possiblebecausetheconstructionrulesassumethattheleg
collision is not a factor: thatparticularparabolainvolvesthebodycrossingthestep
within a leg length,andit is assumedthehoppermaysimplymove theleg outof the
way. In thelowerdiagramtheambiguityis symmetric;theparabolacouldbelanded
on eitherthe plateauor the lower level, dependingon whetherthe leg wereplaced
down or swungout of theway duringthedescent.Also, in thelower diagrammany
statesarelabelledunreachable;in fact,any apex above theenergy limit or below the
impactaltitudeis unreachablesomostunlabelledstatesarealsoin this category.

One fact this diagramdoesnot make clear is the rangeof leg anglesthat may
achieve a particular region from a particular takeoff. However, if one draws the
reachableellipsearoundany takeoff from theplateau,thecrossingregion presentsa
largertarget that from thebottom,in thesensethata greaterfractionof thepossible
trajectoriesresultin a statein theregion of success.In this senseit is easierto hop
down thanup: hoppingup requiresmoreprecisecontrolof thetakeoff trajectoryto
landin thewindow betweenlandingshortandnotachieving sufficientaltitudeto land
on top.

Thelastexampleillustratedin Figure4.7shows threecasesof finite sizedwalls;
thefirst is uncrossable,thesecondcrossable,andthethird is low enoughthehopper
mayeithercrossor landontop. Eachof thesediagramsis essentiallyasuperimposed
pair of stepclimb andstepdescenddiagrams,andtheambiguitiesresultfor similar
reasons.As before,“landing” is definedonly with respectto a leg pointingstraight
down, andit is assumedtheleg mayswingclearof obstaclesduringflight.

4.4.2 DiscretePhaseSpaceDiagrams

Thedirectionalambiguityof theumbrelladiagrammaybeavoidedby insteadplot-
ting the locusof trajectoryapexeson

u�w x�}w �
axes. Normally, this would be a phase

plot, but unlike a phaseplot eachline on this plot doesnot representa trajectory,
but representsa setof trajectories,onefor eachpoint on theline. Like theumbrella
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Figure4.9: A discrete“phase”diagramillustratinga threebouncetrajectoryendingwith a
verticaltakeoff. Thetrajectoryis representedby transitionarrows. State	 liesonthelanding
curvefor theorigin; thecorrespondingtakeoff curve representsasupersetof reachablestates.
The hoppertakes off with slightly higher lateralvelocity, and the secondlandingpoint is
determinedby intersectingthenew stateandthelandingcurves.Thisprocesscontinuesuntil
State	�
� , which takesoff at the zerolateralvelocity point on the takeoff curve andwill
landat thesamepoint.
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diagram,thetotal energy boundstheareaof admissibletrajectories.
Thelocusof trajectoryapexesthatlandat agivenpoint is derivedfrom thesame

constraintsof equation4.13,but eliminating

z
insteadof

}w
:� w�q }w ð �C�t� Ú }w � ® � Ú � z ¨Ú � � (4.18)

This mayberecastwithout referenceto the

z
axisby statingtheenergy in terms

of themaximumlateralvelocitypossiblefrom thetakeoff:� q �Ê¥�� Ú�}w-�ó � Ú � z ¨ (4.19)� w q ð }w �ó }w � � }w��� �
The left half of Figure4.8 illustratesthepre-imageandpost-imageof a landing

point. The pre-imageis the setof trajectoriesthat land at that point, andthe post-
imageis thesetof trajectoriesreachablefrom thatpoint. In thefigure,thecomplete
pre-imageis shown but only a segmentof thepost-imagein orderto emphasizethat
the set of statesavailableafter takeoff is constrainedby the rangeof possibleleg
angles.Eachpoint on the landingcurve is associatedwith a segmentof the takeoff
curve; the extent of that segmentis a function of the impactvelocity andthe foot
friction atthatlanding.Thepointsonthetakeoff curveareplottedassumingavertical
fall (

}w�qÍ±
) andareplottedfor valuesof theleg anglespaced0.01radiansapart.

Theright half of Figure4.8extendsthatcaseto two bounces.Eachcurve repre-
sentsthechoicesavailableon thesecondbounce;theentireregion is thesetof states
reachableafter two bounces.The first leg angleis plotted at discrete0.02 radian
intervalsandthesecondbounceleg angleplottedcontinuously.

Figure4.9 representsa threebouncesequenceover level ground. In this case
only the trajectoriesnearverticalhave beenplotted. Thediagrammaybe tracedas
follows: State� is on a curve thatintersectsthex axisat thelandingposition.From
thelandingpositionis plottedanothercurve illustratingall possiblereachablestates;
it is assumeda leg angleexists to put the hopperon the trajectoryrepresentedby
thepoint at the endof the first arrow. This chainis iteratedfor two morebounces.
State� ® ½ representsa trajectorywith averticaltakeoff (i.e.,zerolateralvelocity

}w
)

andreturnsthehopperto thesameposition.
This diagramoffersa differentview of thestatetransitionprocess,but doesnot

illustrateterraingeometryasliterally astheumbrelladiagrams.As shown in equa-
tion 4.19,theterrainaltitudedoesenterinto thecurvesvia theimpactaltitude

z ¨
; the

lowerthealtitude,thegreatertherangeof possiblelateralvelocitiesandthetaller the
takeoff andlandingcurvesbecome.
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assumesthelandingaltitudeis thesameasthetakeoff altitude.

4.4.3 ReflectionAngle Diagrams

Thediagramsof theprevioussectionillustratethephysicsbut fail to show thecontrol
choicesclearly: the rangeof leg angleat eachimpactis not representedin thedia-
gram.An alternative is thereflectionanglediagramwhich parameterizestheimpact
ratherthanthetrajectory. Givenconstanttotal energy, a trajectorymaybedescribed
by a takeoff positionandtakeoff angle;this may be easilygraphicallytransformed
to thesuccessive impact,andthe leg control rangeplottedon thesameaxes. These
diagramsarebestsuitedfor describingpathsover level groundwith holes.

Theangleconventionis illustratedin theinsetin Figure4.10.Theimpactangle� ¨
is measuredwith respectto the � z axis;a verticalfall hasa valueof zero,anda fall
moving to the right hasa positive value. For convenience,the rise angle(liftof f
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angle) ��� is measuredin a left-handsensewith respectto the

®rz
axis. A vertical

liftof f hasavalueof zero,anda liftof f moving to theright hasapositivevalue.Given
theinstantaneousbounce,thebouncefunctionis asfollows:��� q � ¨ �(� i (4.20)

Theflight functionis considerablymessier:

� ¨�q �����! � " Ù$#  ��� í �C�Å¥ Ú;® �1� z � x
(4.21)í �1� u z ¨ � z � �~® ��ÖK×CÙ � �%� u � ¥ Ú ® � z � �'&

� w q ��Ù(#  ���)**+ u � ¥ Ú:® � z � �-, z ¨ � z �� ® u � ® Ú � z � � ÖØ×�Ù � �%�Ú � � .
(4.22)� u � ¥ Ú � ®�z � � Ù(#  �/�%�

Figure4.10presentsareflectionanglediagramfor averticalfall andaflight. The
verticalaxisindicatesangleandthehorizontalaxisis thelateralpositionof thebody
at impact.Thehopperimpactswith � ¨ equalto zero.Therangeof leg angleswithin
the friction cone

ï i�0
is illustrated;after the bounce,the takeoff rangespanstwice

thatrange:1d� i�0 .
In thisdiagramatakeoff rangeis alwaysaverticalline atthesame

w
coordinateas

theimpactpoint. Theeffect of flight is to “shear” this line into a curve representing
how differenttakeoff angleslandatdifferent

w
positions.Onlevel ground,theimpact

angleis equalto the takeoff anglefor a given flight ( � ¨Éq ��� ), so this curve maps
pointson theverticalline directlyhorizontallyto acorrespondingimpactpoint.

4.5 Discussion

This chapteris somethingof a collectionof oddsandends;thehopperis sosimple
it waseasyto put togethera linearcontroller, somostof theinterestingcontrolwork
falls in the planningchapter. But the themeof the chapteris that discretephysics
leadsto discretesolutions,whetherin controlor in analyticmethod.This chapteris
intendedasa preludeto theplanningchapterto motivatethedevelopmentof search
basedplanningandto illustratetheunderlyingsearchspace.Thediagrammaticmeth-
odsarenot usefulto themachinepersebut might helpthereaderto understandthe
controlproblem.
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Chapter 5

Planning

TheBow Leg Hopperwasconceivedwith realterrainin mind. It hastheefficiency to
useon-boardpower andenoughenergy storageto hopseveral timesits own height,
importantattributesfor jumping up anddown stepsandboundingbetweenrocks.
We believe thesimplicity of thedesignwill meanthat the reliability in the lab will
translateto ruggednessin anoutdoorenvironment.

The big questionis whetherthe device can be controlledwith enoughagility.
Ideally, a controllerwould always placethe foot on a securefoothold andalways
direct itself to a trajectorythat leadsto other footholdsandeventually to the goal,
working from noisy sensordataaboutthe shapeof the terrainandthe stateof the
robot.Whatthis thesisrepresentsis work towardthis ideal.

Chapter4 discussesasimplelinearcontrollersuitablefor level ground.However,
for crossingterrain the “control” for the hopperlooks more like “planning” than
typical closedloop feedback.It usesgraphsearchto considersequencesof footfalls
that satisfyterrain,friction, andtaskconstraints.The control outputsfor eachstep
arecomputedusingtheclosedform modelof thephysicspresentedin Chapter3. The
plannercomputespathsin realtimewhile themachineis in motionandcanproduce
a partialplanin thefew hundredmillisecondsavailableduringflight. As thehopper
approachesthe ground,it configuresthe mechanismusing the bestavailableplan.
After the impact,the trajectoryis measuredagainandthe plannerdecideswhether
it may apply feedbackcontrol to stayon the plan or mustreplanfor the next step.
Thethesisdoesn’t includetheproblemof sensingterrainfrom a moving vehicle,so
theplannerhasanaccuratemodelof the terrainavailableandhigh-qualityposition
informationfrom theconstraintboom.

Thefollowing sectionsareorganizedfrom generalabstractissuesto thespecifics
of the implementedsystem.At the endis a discussionandconclusionsectionand
suggestionsfor future work. Readerswho wish to skip the pedanticcoursemay
examinethefollowing roadmap:
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2 Section5.1developstheformalspecificationfor ahopperplanner.2 Section5.2outlinesgeneralsolutionsandsystemdesignissues.2 Sections5.3and5.4presentstheplanningsystemsimplementedandtestedin
thelaboratory.2 Section5.5presentsideasfor offline planning.2 Section5.6wrapsupwith asummarydiscussion.

5.1 Formulation

Section4.1developedthegeneralform for any hoppercontroller. This is reproduced
asfollows: u i�jTk8mOx ��� jTk8mø� q s�u�w jyx{z0jyx~}w j��

(5.1)

This is graphicallydepictedin Figure5.1.A moreplanner-centricview is to view
theplanasamapfrom onetrajectoryto another:u&w jTk8m�x{z1jTk8m{x }w jTk8mø� q43 u&w j�x{z1j|x }w j$�

(5.2)

This formulationwasinspiredby [BRK99]. This mapabstractsthedetailsof the
bounceitself anddefinesthelocalgoalfor everytrajectoryin thedomain;successive
trajectoriespresumablychainto thegoal.Thecontrolactionfor eachstateis implicit
in the successorstateandmay be computedby inverting the physicalmodel. This
mapmaybe visualizedasa vectorassociatedwith eachpoint that representsa one
bouncetransitionto anotherstate.In theplanningsearch,thismapis discretizedasa
graphwith nodesrepresentingsamplepointsandarcsrepresentingthesevectors.

For thepurposesof this discussion,theprocedurethatgeneratesa plan

3
is the

planner, andthe procedurethat usesplan

3
to computea specifictransitionvector

is thecontroller. Togethertheseform a real time control systemthatusesplanning
methods.

This is a very generalformulationintendedasa startingpoint for discussingthe
specificplannerstestedin this thesis.Theseplannersall searchout specificpathsin
statespace,thenusea linearcontrollerto accommodatemodestdeviationsfrom the
path. The combinationof a sequenceof specificstates(a singlepath)anda linear
controller may be viewed as a map definedover isolatedpoints. This map hasa
domainsurroundingeachpoint (eachstate)whoseextentis thedomainof thelinear
controller. As thehoppermovesthroughstatesthe linear feedbackshouldconverge
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Figure5.1: Illustrationof thehopperstateasseenby theplanner. Eachflight parabola
is representedby threeapex parameters.Eachstanceis a transitionbetweenflights
controlledby the leg angle

i
andenergy change� � . Thepathshown hasconstant

totalenergy sothehopperreachesapproximatelythesamealtitudeevenastheterrain
dropsaway.

on the plannedsequence.This particulardescriptionof the problemwas inspired
by [BRK99].

5.2 Planning Issues

This sectionenumeratesthe physicalconstraintson plansin order to motivatethe
plannerdesign. The diagramsof Section4.4 illustrate someof the physicalcon-
straintsbut arenot sufficient to write a planner, andtheplanningformulationof the
previous sectionoffers little hint asto how suchplansmay be produced.This is a
generaldiscussionof issues;many of thesethoughtswerenot directly testedby the
actualplanner, but all wereconsidered.

Theplannerchoosesapathin a statespacein which eachflight trajectoryis rep-
resentedby a point. The setof trajectoriesreachablefrom that point is a manifold
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parameterizedby thetwo physicalcontrols.Theshapeof thatmanifoldis thecombi-
nationof all thephysicsandconstraints:leg kinematics,bouncetransitionfunction,
flight dynamics(principally gravity), terrainshape,friction limits, andmechanical
limits.

This is anopenformulation,but is betterthoughtof asa form of foot placement
planningthanrouteplanning;someotherapproachwouldbebettersuitedfor choos-
ing thelong-termpathacrossa largeswathof terrain.Sogiventhatsomeotheragent
will handdown shorttermpositiongoalstheproblemis finding a sequenceof foot
placementsthatget to a positionandis tolerantof errorduringexecution. This ap-
proachis opento arbitrarypathconstraintsthatmightexpressauxiliarygoalssuchas
performingaparticulargait duringthesequence.

5.2.1 Foot PlacementConstraints

Themostbasicconstrainton a candidatepathis thequality of eachfoot placement.
The kinematicelementis whetherthe terrain geometryand the joint limits allow
contact,andthedynamicelementis whetherthe leg forcescanbesupportedby the
strengthandfriction of thecontactpoint.

Oneway to visualizethe geometryis to draw a open-side-upsemicirclewith a
radiusequalto the leg lengtharoundevery point on theflight trajectory, andrecord
whichpositionsintersectusableground.Onflat ground,everyanglein thesemicircle
is geometricallyfeasible.

Theplannermeasurestheleg anglewith respectto theworld coordinatesystem.
Thejoint limits on theleg, however, arewith respectto thebody— if thebodypitch
rotatesenough,leg anglesthatareotherwisesafemight beoutsidethelimits of joint
travel. If thehopperis successfulat keepingthebodypitch nearzero,the leg limits
aregenerallywider thanthe friction limits anddon’t enterinto planning;this work
assumesthatthebodypitch is not anissueanddoesn’t considerjoint limits.

Thefriction constraintspecifieswhich leg positionsarelikely to leadto asuccess
bouncewithout the foot slipping. For the Bow Leg, this is especiallysimple: the
freely pivotedhip meansthattheleg forceis alwaysdirectedalongtheaxisbetween
thefoot andthehip. Assuminga Coulombfriction cone,the leg anglemustalways
stay within �!6 Ö ���� Ô radiansof the normal to the surface. For level ground, the
normalpointsvertically; for example,afriction coefficientof 0.5meanstheleg angle
must stay within about27 degreesof vertical or the static friction force won’t be
enoughto keepthefoot from slipping.

The actualfootfall occurswithin a distribution that dependson the error in the
model, the trajectorymeasurement,and the leg position control. The safetyof a
foot placementdependson this distribution and distanceof the predictedlanding
from nearbyhazards.Foot placementsafetyis anestimateof risk that is difficult to
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quantify. Furthermore,errorsin the friction estimatearequickly catastrophicif the
plannerchoosesoverly aggressive velocity changessincethe foot will slip. With-
out resortingto explicit measurementof failure probabilities,therearenecessarily
heuristicchoicesduring planningto balancerisk. A perfectlyconservative hopper
would be stuckhoppingin place,sinceit mustassumeno foot friction is available
(small leg angles)andthatthephysicalmodelis wrong(minimizevelocity).

In this planningformulationthemostrestrictive physicalconstraintsareon foot
placement.Theseactuallyconstraina combinationof a “state” anda “control”; it
might be convenientif the foot positioncould be usedasa statevariable,but the
resultingstatedefinitionwouldnotbeof minimaldimension.Also, thereexist phys-
ical stateswithout a uniquelydefinedfoot placement,suchastheflight statesof the
ambiguousregionof Figure4.6.

5.2.2 Energy Constraints

The other control in our planningmodel is thrust, which in the Bow Leg design
directly controlskinetic energy deliveredto the body during stance.For the most
partenergy controlanddirectioncontrolmaybetreatedindependently. Theenergy
maybeplannedasa functionof terrainandonly needsto be tightly coordinatedto
pathplanningduringdramaticelevationchanges.Theadvantageof thisdecouplingis
thatmostof thetime theplannerneedonly considertwo one-dimensionalproblems,
which is generallymoreefficient thana singletwo-dimensionalsolution.

Theplannerlumpspassive dissipationandcontrol thrusttogetherasan “energy
control” whosevaluemaybenegative. Theenergy dissipationis a functionof state,
sothelimits on this controlreflectbothmechanicallimits andthestate.

The “total energy” of a stateis the sumof potentialandkinetic energy at any
point. Sincegravity is conservative the total energy is constantfor a given flight
parabola.Totalenergy is aconvenientplanningmetricbecauseit canremainconstant
over a path, including thosewith lateral velocity changes.Pathsat constanttotal
energy have peaksat lower altitudeas the lateralspeedincreases;a path hopping
down a slopeat constantlateralspeedreachesthe samealtitudeon every flight, so
theflight timebecomesprogressively longer.

Themechanismlimits boththemaximumenergy thatmaybeaddedusingthrust
andthemaximumenergy thatmaybe storedduring impact; for theplanningprob-
lemsin thelab,theplannermaysafelyignorethestoragelimit, sincethethrustlimits
thealtitudethatmaybereachedandtherearenodeepholesin thefloor. SectionB.2
includesabrief analysisof thrustmotorpower.

Eachterrainfeaturedefinesminimumandmaximumboundson thetotal energy
requiredto crossthat point. As a basecase,on level groundthe minimum is the
potentialenergy atstandingheight(with which thehopperwouldbetakinginfinitely
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smallsteps),andthemaximumis thealtitudewith potentialequalto theleg storage
limit. Thediagramsin Figure4.7illustrateexamplesof crossingwalls for aspecified
constantenergy; undertheassumptionsof thediagramtheminimumcrossingenergy
is that for which thecrossingregion shrinksto a point, andthe maximumcrossing
energy thatfor whicheverystatein thecrossingregionrepresentsapaththatexceeds
themechanicallimits on impact.

However, theassumptionsof theumbrelladiagramdo not take into accountleg
angle.For example,thelowestenergy crossingfor a hole in otherwiselevel ground
is a 45 degreetakeoff with thefoot placedon theedgeandtheleg at theedgeof the
friction cone; the body is actuallyover the hole during stance,and landswith the
foot extendedto the oppositeedge. A stepis minimally crossedby a near-vertical
takeoff closeto thebaseof thewall thatlandswith thefoot extendedto therim. Note
thattheseenergy boundsdo not guaranteethatthe“success”statesdon’t collide one
bouncelater, let aloneachieve thegoal.

5.2.3 The Clock

If the plannerassumesthe terrainto be static thenthe plansaretime-independent.
However, energy storagedoesimposea time constrainton plan execution. It is
mechanicallyadvantageousto storeenergy at low power, so the processcontinues
throughthe entireflight. The energy releasedat bounce7 mustbe storedstarting
immediatelyafterbounce7 �î� . Thisrequiressomeanticipation;duringflight 7Í� �
themeasurementis madeto determinetheenergy storedduringflight 7 � � , which
affectsflight 7 . This is acceptablebecausetheenergy dissipatedateachimpactmay
be reasonablypredicted.Note that the plan itself only needsto specifythe energy
releasedaftera givenstate.

Themoredifficult timeconstraintis on theplanningprocessitself. It takessome
initial portionof flight to measurethestate,andsomefinal portionto move the leg;
if the planneris to usethe most currentstatewhen generatinga new plan, it has
only theshortinterval in betweenin which to comeup with thefirst stepof theplan.
Computationmaycontinueduringstanceandbeyond,althoughby thatpoint thefirst
stepof theplanwill have beencommitted.If a plannercananticipatea futurestate
andbegin planningbeforeit is reached,muchmoretime is available.

If dissipationwere zero then the idealizedphysicswould be time-reversible.
However, evenwith somedissipationpathsmaybetime-reversibleif thedifferencein
energy betweenadjacentstatesis bothlessthanthedissipationlimit in onedirection
andlessthanthethrustlimit in theoppositedirection;this maybetrivially satisfied
by maintainingconstantenergy sothedifferenceis zero. By reversingthestartand
goala forward-timeplannercouldbeusedto planpathsbackwardsfrom asubgoal.

Evenwith just forward-timeplanning,pathscanbechosenthatmaybereversed
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ateverybounce.Thiscouldbeusedasastrategy for hoppingacrossunknownterrain:
if at every bouncea hoppercouldguaranteethat it mayreversedirectionat thenext
bounce,it wouldguaranteeit could“backout” alongthesamepath.

5.2.4 Terrain

Theplanningprocessis limited by theavailableterraininformation. On thecoarse
scale,a limited rangeof perceptionlimits the planningdistance.On the fine scale,
limited precisionof perceptionlimits theplanningprecision.

For thiswork theplannerassumestheterraingeometryandfriction coefficientare
known. (In theexperimentstheterrainwasconfiguredto matchthemodel.) In gen-
eralpracticeeithermightbeperceivedincorrectly;in particular, remotelyestimating
friction requiresperceptionof materialtype, a generallyunsolved problem. How-
ever, only discretepointsof theterrainevercomeinto contactwith thefoot so“f alse
negatives” that incorrectlydeclarea footholdunusablearetolerableif footholdsare
otherwisesufficiently dense.

Anotherpropertythatmight beworth consideringduringplanningis impactdis-
sipation. The hopperperformsbeston rigid terrain; a segmentof high-dissipation
terrainreducesthedynamicrangeof thehopperandimposesaconditiononthemin-
imum initial energy thatcouldsuccessfullynavigatethesegment.

Oneminorpoint: everytrajectory“collides” with theterraineventually:thereare
no infinitely deepholes.Onascent,a trajectorymaybeevaluatedto seeif it collides,
but on descent,it is thecombinationof a trajectoryanda leg anglethatdetermines
whetherit collidesor makessafecontact.In otherwordsif thetime-until-bounceis
lessthanthetime-until-collision,thatcontrolis safefor thattrajectory.

Mostof thisdiscussionof constraintscouldbeappliedto thecaseof a3D hopper.
However, planargeometrymakesglobal proofssimpler. The 2D geometryimplies
thatevery

w
coordinatebetweenthestartandgoalmustbecrossed.Barringtwo-level

bifurcations(multi-platformgeometry),this defineseithera vertical ray or segment
for each

w
coordinatethatmustbecrossed,dependingonwhetherthereisanoverhead

obstaclein additionto theground.Thesetof statesthatcrosseseachvertical ray is
definedby Figure4.2.

5.2.5 Graph Search Planning

Up to thispoint,thediscussionof planninghasbeenindependentof any particularal-
gorithm.Thisthesisseeksto demonstratethepossibilitiesandlimitationsof applying
ordinarygraphsearchtechniquesto thefoot placementplanningproblem.

Graphsearchis hardly ideal. The problemdoesnot definea symbol system;
it hasdiscretetransitionsbut all statequantitiesare continuous,so trajectoryand

89



controldiscretizationis necessary. By thesametoken,graphsearchis amenableto
heuristicsandgeneratessolutionsincrementally. Thecontinuousgenerationof valid
partialsolutionsis well-suitedto on-lineplanningin orderto alwayshavesomething
to do whentime runsoutduringdescent.

Discretization

Theproblemis naturallydiscretizedin time sinceeachbouncerepresentsa discrete
choice.Somevariationson theenergy mechanismaddenergy in specificquanta,but
otherwiseboth leg angleandthrustenergy controlsarecontinuous.A samplingof
thecontinuousrangeof feasibleleg anglesandthrustmustbeselectedateachbounce
for expansionin thesearch;thenumberof samplesis thesearchbranchingfactor.

Therearesomenaturaldiscretizations:terraincanoftenbetreatedaspatchesfor
whichany landingis roughlyequivalent.Thisdefinestwo dimensionalpatchesin the
statespacewith correspondingtwo dimensionalpatchesin thecontrolspace.

If whennearthe goal the control discretizationdoesnot include a choicethat
reachesthegoalstate,thentheplanwill not reachthegoalexactly.

Heuristics

Thehoppingtaskis specifiedthroughthesearchheuristics.It is theestimateof the
costto thegoal(thecost-to-go)thatdetermineswhichpathsareexploredandthecost
of partialpathsthatdeterminestherelative ranking.Sincethebasictaskof hopping
to a locationis underconstrained,any gait choicesor “style points” areexpressedin
therelativecostof differentmotions.

The fundamentalsearchheuristicis themeasurementof pathcostandtheasso-
ciatedestimateof cost-to-go.Ideally, costwould bemeasuredin somerealunit that
could be measuredandnormalized. Onepossibility is measuringenergy expense.
However, theenergy costfor falling down is infinite sincethehoppercannotgetup
and hencewould never reachthe goal. Sincesomeheuristicsencoderisk proba-
bilities (e.g.,chanceof the foot slipping), the non-zeroprobabilitiesmultiplied by
infinite costswould leadto all pathshaving infinite cost. Even if the hoppercould
getup from a fall, any terrainrequiringthecrossingof a deepholewould againin-
volveinfinite pathcosts.Suchaplannerwouldbeentirelyrisk-averse;encodingcost
encodesa life philosophy.

5.3 A Planning Solution

This sectiondiscussesthe final versionof the planner“as-built.” Following this is
a discussionof its predecessor, which wasmoreelaboratebut illustratessomeother
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usefulideas.

5.3.1 Algorithm

This following algorithm is a straightforward best-firstsearchin which eachnode
representsa path endingon a flight state,and eacharc representsa bounce(i.e.,
a transitionbetweenflights). Much of the behavior is wrappedup in the heuristic
functions.

To initialize thesearch,createa priority queuewith a singlenodethatrepresents
thecurrentflight state.Theniteratethefollowing until termination:

1. Remove the highest-scorepartial solution 7 from the headof the priority
queue. If 7 is null, return the bestsolution found so far. If 7 satisfiesthe
goal,return 7 .

2. If thedepthof 7 in thesearchtreeis within a depthlimit (i.e. thenumberof
bouncesbelow a threshold),expandthenodeasfollows:

(a) Testtheresultfor eachof fiveevenlyspacedleg anglesbetween

ï`±98 ½/: ra-
dians:

i. Computethelandingpositionfor 7 and

i
.

ii. If thefoot landsonanon-level segmentthenreturnfailure,elsecon-
tinue.

iii. Computethe approximateresult of the bouncebasedon half-max
thrust.

iv. Computetotal energy of resultingflight, thedifferencefrom thede-
sired total energy, and the energy to be addedon this bounce(the
thrustcontrolvalue).

v. Recomputethebounceusingthenewly computedthrustcontrol.

vi. If the takeoff is within 45 degreesof vertical, returnsuccess,else
returnfailure.

(b) If thebouncewassuccessful,createa new searchnoderepresentingthe
new flight state,computethecostheuristicsandascore,andaddit to the
queueof unexpandednodes.

(c) If thenew nodehasa scorehigherthanany foundsofar, recordit asthe
new “bestsofar” solution.

3. If memoryfor treestorageis exhausted,returnthebestsolutionfoundso far,
elseiterate.
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This algorithmwaschosenbecauseit is unbiasedandsimple. New nodesare
back-linkedto theirparentnodessomany plansmaybestoredin limited memory. It
is simpleandbruteforce,however, andits performanceis sensitiveto thehand-tuning
of theheuristicfunctions.

Theevaluatedcostof a partialpath(a node)is thesumof costsfor eachbounce
(eacharc). Thescorefor a nodeis thenegationof thesumof thecostandtheesti-
matedcost-to-go.Thecostof abounceis thesumof afriction penalty, a“verticality”
penalty, a footholdrisk penalty, andaconstantcost:

Ù¤ÖØ× 6(; q � u ÖØ×�Ù � ® ÖØ×�Ù �<� ×>=�× � (5.3)ÖØ×�Ù � q ÖØ×�Ù �@? ® ÖØ×�Ù �(A ® ÖØ×�Ù � � ® � 8 ±
Thefriction penaltyis a smoothfunctionthatrisesquickly astheleg anglenears

the edgeof the friction conefor the terrainat a particularplacement.The variable
iCB(D ¡FE is the leg anglenormalizedto � ± x � � in which the value

±
is the centerof the

coneand � is thefriction limit; thecostis asfollows:ÖK×�Ù ��? qHG ¯1iCBID ¡JE'K (5.4)

Thenumericconstantsin eachof theseexpressionswerechosenthroughtrial and
error, evaluatingtheplanneron asetof sampleproblems.

The“verticality” penaltyfavorsbouncesthattake off closerto vertical. Themo-
tivationis thatthemorehorizontaltakeoffs involvemoreleg sweepandareharderto
predict;this penaltyfavorspathsfor which thethemodelsaremorereliable.A side
effect is to limit thelateralspeedfor a givenhoppingaltitude:to go fasteracrossthe
terrainthehopperalsoneedsto go higher. Thecostis a smoothfunctionof theratio
betweenthetangentandnormalvelocityof thebodyexpressedin theleg frame:ÖK×�Ù �IA q � ± ¯ uML%N ¥ L j�� K (5.5)

Thefootholdrisk penalizesfoot placementsneartheedgeof safefootholds.This
preferslandingwell insidea region to accommodatethe inevitable trajectoryerror.
ThevariableO�×|× �QP B(D ¡FE is thenormalizedpositionof thefoot which takesthevalue0
at the“safetylimit” 6 cm from theedgeof theterrainsegmentandthevalue1 at the
edge.Footplacementsinsidethesaferegionhaveanormalizedvalueof 0.ÖØ×�Ù � � q � ± ¯ O�×y× �$P BID ¡FE � (5.6)

The primary factor in the estimateof the cost-to-gois the numberof bounces
remainingto thegoal,undertheassumptionthat thereexistsa locally safepaththat
minimizesthe risk factorsso the constantbouncecost dominates.An admissible
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heuristicin this caseis oneguaranteedto underestimatethecostandhenceoveres-
timatetheaveragespeed.A tunablecompromiseis to computethemaximumspeed
allowedby thedesiredtotal energy andscaleit by ahand-tunedfactor.

If thebestpathtravelsatuniformvelocity, thentheestimatednumberof bounces
to thegoalis thedistancedividedby theproductof themaximumlateralvelocityand
thetimeof flight. ÖK×�Ù �<� ×R=�× q¸�0�(S D � � ¯UT w � �w T ¥ u }w ó � ? � (5.7)

Thevariable

}w ó
is themaximumlateralvelocity, computedfrom thedesiredtotal

energy,

� ? is theestimatedtimeof flight, and

�0�(S D � � aheuristicscalingfactor, typically
around4 or 5; this indicatesthe averagelateral speedfor the test planningcases
generallyinvolvedaboutfour timesasmany bouncesasthemaximumvelocityacross
level ground.

5.3.2 Plan Execution

Theplan is consistentwith themodelof thephysicsbut is not naturallystable.The
sourcesof uncertaintythatleadthehopperoff theplanincludesystematicerrorin the
physicalmodel,mechanicalbacklashin the leg servo, error in the stateestimation,
andfriction andbacklashin the constraintboom. After eachimpactthe controller
computesan adjustmentto the plan for the next two impactsintendedto return to
theplannedtrajectory. If theerror is too large,thecontrollerabandonstheplanand
beginscreatinga new onefrom themeasuredstate.

The leg angles

i~m 8V8 i�j
at � successive impactsmay be considereda vector that

definesthereachabletrajectories.In general,a trajectoryis definedby threeparam-
etersandthreesuccessive impactsmayspanthetrajectoryspace.However, hopping
at constantenergy reducesthetrajectoryspaceto two dimensions.Thusa deviation
from thepathcanbecorrectedby adjustingtwo successive leg anglesto reattainthe
plannedtrajectory. Thecorrectioncombineslinear feedbackandfeedforwardcom-
putedusingthephysicalmodel.

If the correctedfoot placementfalls outsidea saferegion definedaroundthe
plannedfoothold, the controller cannotguaranteethe safetyof that bounceand a
new plan is generated.Planningoccursconcurrentlywith execution; the planning
systemis ananytime plannerandcomputesusablepartialplansimmediately. When
startingfrom scratch,thebestplanavailablebeforeimpactis used,but is thenrefined
during the remainderof the hoppingcycle. Oncecompleted,the plan is useduntil
accumulatederrorforcesa replanor theplanis exhausted.

Theenergy of thehopperis regulatedusinga feedbackloop thatvariesthrustto
maintaina constanttotal energy. The hopperis designedso that the dissipationis
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relatively independentof forwardspeed.Theplannerestimatestheoperationof this
controllersothatinitial energy ramp-upor ramp-down will becorrectlytreated.

Several hoppingperformancesarepresentedin Chapter6, andsomestatistical
dataon theperformanceof theplanningcontrollerarepresentedin Section6.3.

5.3.3 Comments

The plannerrequiresa limit on searchdepthsincethe goal may be arbitrarily far
away. This plannerjust keepssearchinguntil it runs out of time or memory; the
“best” pathwith the lowestsumof costandcost-to-gois theonereturned.Usually
this is apartialpathheadedtowardthegoal.

But how far maythepathbetrustedat all? As anopen-loopplantheerroraccu-
mulatessofastthatmorethanabounceor two is just fantasy. Closingtheloopduring
executionmeanstheplanis a referencepatharoundwhich to control.This raisesthe
questionthough,of how tightly a referencepathneedsto conformto detailsof the
hopperphysics.It is possiblethedynamiclimits of themachinecouldbeabstracted
to somesimpleconstraintsonpathgeometry. A purelygeometricplannercouldthen
fit parabolasacrossthe terrain,only approximatelymatchingthe endof oneto the
beginningof thenext.

5.4 Other Solutions

During the courseof its evolution the plannerwascontinuouslyrefined,but three
distinct points in the progressareworth describing. The plannerpresentedin the
previoussectionwasthethird majorrevisionthatresultedfromstreamliningthemore
elaboratesecondversion. However, the secondversionincorporatedsomefeatures
thatmight beusefulunderparticularcircumstances,which aredescribedin thenext
section.Following thatis brief descriptionof thefirst revision for historicalinterest.

5.4.1 SecondRevision Planner

Thesecondplannerrevision is similar in mostrespectsto thethird. Thechief differ-
enceis thealgorithmfor choosingthediscretesetof leg anglesto beevaluatedwhen
expandinga node.An exampleresultis illustratedin Figure5.2 in which noden is
expandedto successorsa, b, andc thatwill eachlandon a distinct terrainsegment,
i.e., themiddlestone,thenarrow right stone,andthesaferegion on theright. This
wasgeneratedusingthefollowing ideas.

One featureof a terrainmodelbasedon line segmentsis that eachfoot place-
mentregionhasanidentity andis orderedwith respectto theothersegments.When
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Figure5.2: An exampleof thethreesuccessorstatesa,b, andc, heuristicallychosen
for planstaten. Eachis associatedwith theillustratedleg angle.

evaluatingtheleg anglesataparticularbounce,eachresultingtrajectorycanbecate-
gorizedaccordingto theidentityof theterrainsegmentonwhichthattrajectorymight
land. In otherwords,from a particularlandingstate,eachnearbyterrainsegmentis
associatedwith a rangeof leg angles,andtherangesdonotoverlap.

Thisselectionalgorithmrecursively subdividestherangeof allowableleg angles
to identify the boundariesof the segmentsalong the

i
axis correspondingto the

nearbyterrainsegments.Givena flight stateandtwo pointson the

i
axis,theflight

trajectoryfor eachis computedandprojectedto thefollowing landing.If thesegment
indicesof the landingsare the same,then all leg anglesin the rangeland on the
samesegmentand the procedurereturns. Otherwise,it divides the segment into
two partsand recurseson each. The result is a list of segmentsalong the

i
axis

correspondingto terrainregions,possiblyseparatedby leg anglerangesresultingin
collisions. Giventhis list, thediscretizationroutineselectsa leg angleat thecenter
of eachsegment. If a segmentis wide enough,otheranglearechosenby coarsely
griddingacrossit.

The assumptionsare that the trajectoriesthat land on a particularsegmentare
fairly similar, andthat it is goodto maximizethe variety of pathssearchedby in-
cludingall discretelandings.Thismethodalsoaimsto guaranteepathsto individual
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Figure5.3: An automaticallygeneratedplanfor traversingterraincomposedof step-
ping stones.This wasgeneratedby thefirst plannerrevision that modelsterrainas
discretesegments.In the initial stateon the left thehopperis falling straightdown.
Thegoalis to reachthelaststateon theright with negligible lateralvelocity.

narrow footholdsby searchingin theleg anglespace.
Thechiefdisadvantageof thisprocedureis thecomputationalexpense.Therecur-

sive segmentationof leg anglesinvolvesanevaluationof thebouncephysics,flight
path,andsecondlandingpoint for eachleg anglesampled.A secondissueis the
particularbias introducedby this samplingheuristic. It performsreasonablywell
with mediumwidth steppingstonesseparatedby gapssinceit guaranteespathsto the
neighbors.But sincethegriddingroutinealwaysplacesthe landingover thecenter
of thestone,if thestonesaretoonarrow, thepathsmighthavenofuturesincetheleg
choicewill highly constrained.Notethatthethird revisionplannerdoesn’t solve this
problemeither, it just sidestepsthequestionwith a unbiaseduniform grid thatoften
fails in thesamecase.

5.4.2 First PrototypePlanner

Thefirstmajorrevisionof theplannerrepresentstheculminationof theplannerproto-
typepresentedin thethesisproposal.Thisplannerusesaterrainmodelthatdescribed
thegroundasdiscretehorizontal“steppingstones,” asillustratedin Figure5.3. The
advantageof theuniform gridding is that it makesfor aneasysearchdiscretization:
eachevaluationof a landinggeneratestrajectoriesto thecenterof nearbycells. The
disadvantageis thatonly highly simplifiedterrainmayberepresented.

During expansionof a node,the plannercomputesthe leg anglefor the impact
that will sendthe hopperto the centerof a nearbystone. Figure5.4 shows the set
of trajectoriesconsideredfrom an initial state.The branchingfactorfor eachstone
is thenumberof reachablestones.Theleg angleis computedusinga few iterations
of Newton’s methodon a closedform expressionthat modelsa parabolicdescent,
impact,andparabolictrajectoryto thenearbystone.

Theexpansiongeneratesastatethatplacesthebodyover thecenterof thestone.
This means,however, thatonly bounceswith a leg angleof zerowill placethefoot
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Figure5.4: Thesetof trajectoriesconsideredby thefirst prototypeplannerfor agiven
startstate. This plannercomputesthe desiredleg anglethat will reacheachtarget
stateby numericallysolving the impact function. The targetsarechosento be the
centerof eachnearbysteppingstone.Thesix trajectoriesshown arethecompleteset
of choicesthat satisfyphysicalconstraintsandrepresentthe searchgraphbranches
from this node.Theterrainhasbeenartificially dividedinto discretesteppingstones
to reducethebranchingfactor.
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Figure5.5: Experimentalrun andplansfrom October7, 1997,run 7. The top plot
illustratestheactualtrajectory. Below arethesuccessionof plans.Longonesarefull
plans,shortonesareadjustmentsto correcterrors.Realtime increasesmoving down
thefigure,andplanningtime increasesto theright.
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at thecenterof thestone,eventhoughthatis thesafestfoot position.Whatis needed
is to planatrajectorythatplacesthefootat thecenterof thestone,not thebody. This
is accomplishedby performingarelaxationprocedureaftereachnodeexpansionthat
adjuststhe previous leg anglesto recenterthe foot placements.At the beginning
of expansion,the final leg angleof the partial plan is zero. During expansion,leg
anglesarecomputedto generatenew nodesthat reacheachnearbystone.For each
new partial path, the initial sequenceis copiedfrom the parent,the new leg angle
insertedinsteadof the zero angle,and the new flight nodeis appended.The last
foot placementnow is no longerat thecenterof thestone;therelaxationprocedure
iteratively adjustsall leg anglesto keepeachfoot placementat the centerof their
respectivestonesandthefinal flight statethesame.

The advantageof this relaxationis that the plansaremuchmoreerror-tolerant
sincethefoot is alwayslandingat thesafestposition.Thedisadvantageis themem-
ory and computationalexpense;eachnew partial plan requiresa new copy of all
parentstatesin orderto modify theleg angles,andarelaxationprocedureis executed
on eachpartialplangenerated.

Thecostheuristic(taskfunction)for thisplannergeneratesascorefor acandidate
trajectoryfrom theapex position

w
, theapex velocity

}w
, andthelengthof thepath_ :§w q wC` � w}wC` q ab c }w ó�x if

� A §wed }w ó� }w ó x
if

� A §wef }w ó� A §w x otherwise
}w � ¡�¡ q }wC` � }wÙ¤ÖØ× 6(; q � T §w T � TO}w � ¡�¡ T � �/g _

Two constraintsarealwaysappliedto prunethesearch.First is friction: assuming
Coulombfriction with coefficient Ô , the leg anglemust lie insidethe friction cone
within angle �!6 Ö ���� Ô of vertical. The secondis an artificial constraintthat the leg
anglebe closeto the impactvelocity. The closerthe angle,the lessthe leg angle
will changeduring stanceandthe betterthe impactapproximation.Leg anglesare
rejectedthatlie outsideaconedefinedby a thresholdaroundthevelocityvector.

5.5 Offline Planning

Thegoalof this thesisis developmentof on-lineplanning.However, a sideexperi-
mentwasimplementationof anoff-line plannerthatgeneratesapolicy for everystate
on a grid by planningbackwardfrom thegoal. Theplannerassumesa constanttotal
energy, sothegrid coversa two-dimensionalregion of the hjilknmipo planethat includes
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Figure5.6: A policy for achieving a goalpositionfrom any statewithin a region of
the hvilklmiwo planeat aspecifictotal energy. Theupperdiagramillustratestheleg angle
andthelower diagramthenumberof bouncesto thegoal. Thehorizontalaxis is thei positionspanning8 meterson a 1 cm grid, andtheverticalaxis is the mi velocity
rangingfrom -1 m/sat thebottomto 1 m/sat thetop. Thegoalis hviyx{z9klmiyx}|~o ; the
whitediagonalbandsarethepre-imagesof fiveobstacleholes.Thenarrow horizontal
barsindicatethe(unlabelled)rangeof valuesin theassociatedimage.

thegoal. Theplannerperformsan exhaustive reversebreadth-firstsearchusingthe
stateson the grid, an inversemodelof the bouncephysics,andthe heuristicsfrom
theforwardplanner.

Thesearchbeginsbyplacingthegoalstateinto apriority queue.At eachiteration,
the cheapestpath(lowestcost to the goal) is removed. The pathis projectedfrom
thatstateto its takeoff point, andthe leg anglesat thatcontactareevaluatedto find
all trajectorieson the grid that could possiblyreachthe state. The path cost for
eachpredecessorstateis computedusing the heuristicsandcomparedagainstany
previously found from that state. It thenew pathis cheaper, it replacesthe statein
thegrid andis addedto thepriority queuefor possibleexpansion.This iteratesuntil
thequeueis empty.

Theexperimentusedan800by 100grid at1 cmby 2 cm/secresolution.Thepro-
cedureranin aboutanhourona133MHz Pentiumprocessor, withoutany particular
attentionto codeoptimization.A sampleresultis shown in Figure5.6.

Theresultwastestedon therobotby usingthepolicy asa look-uptable.Energy
wasregulatedto theconstantlevel requiredby thepolicy, andoneachflight the hjilknmiwo
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positionwasusedto index the correctleg anglefrom the policy table. The hopper
thensuccessfullycrossedthe five holesfrom a varietyof startpositions.The chief
limitation was imprecisionin the energy regulation; the energy wanderedenough
aroundthenominallevel to causea few failuresin marginal casesneartheedgesof
the holes. Ideally, a 3D tablewould be generatedto representthe policy for every
state.

5.6 Discussion

To somedegree, the opportunity to apply planningmethodsto locomotion is at-
tributableto the advancein computerspeedsincethe Raibertwork. It is a trend
thataccountsfor quitea few of theadvancesin thefield of robotics.But thesimplic-
ity of theBow Leg mechanismwasasignificantadvantage.It haspredictablephysics
thatallowedthedevelopmentof a physicalmodelcomputationallycheapenoughto
usein aplanner.

A importantcreativeconstrainton theplannerdevelopmentwasadecisionto re-
quirerealtimeoperation;thismeansnoprecomputationto analyzeterrain,nooff-line
searches,andthatpathsmustbefoundwhile moving. This assumptionincorporates
at leastsomeof therealworld constraintthatterrainmaybesensedatsufficientreso-
lution only asit is traversed.Thisalsolimits thescopeof algorithmsandencourages
thedevelopmentof heuristics.

A generalprinciplefor plannerdesignis to takefull advantageof themechanism;
that is, exploit the discreteoperationandthe simplicity of the physicsto allow all
possiblemotions.Anotheris to aim towardnaturalterrain.Laboratorysolutionsthat
dependon a planarmachineor on overly structuredworld might not generalize,so
thework mustembraceuncertainty, theeventualperceptionof theenvironment,and
operationin realtime. Theplannershouldconstantlybetestedon theactualrobotas
a realitycheck.And lastis to strivetowardaprincipledsolutionthatwill outlivethis
hardware.

Theseprinciplessuggesteda statespacegraphsearchto me. It doesneedto dis-
cretizethecontrolsandtherebylosesfull generalitybut is simpleandunbiasedand
canwork in real time. It may incorporatearbitraryconstraintsto allow for varied
taskexpression.The incrementalforward searchsatisfiesreal time by finding ap-
proximatesolutionsquickly. Thesimpleterraindescriptioncanbemodifiedon-line,
allowing theeventualincorporationof on-lineterrainperception.
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Futur eWork

Eventually the Bow Leg Hopperwill include a movablehip usedto control body
pitch by configuringthecouplingbetweenthegroundimpulseandthebody torque
impulse.Thepitchcouldbesimply regulatedatzeroduringexecution,or anexplicit
pitch pathcouldbegenerated.It seemslikely thatthedecoupledplanningapproach
will still work fine. Sincetheenergy in bodyrotationis muchsmallerthatenergy in
translation,a pitch plancouldbeaddedto thebodyplanby a modestadjustmentto
theenergy plan to accountfor energy transferredto andfrom rotation. Thehopper
will alsoincludeaBow Leg with partialenergy releasethatmayretainstoredenergy
after impact. A decoupledapproachcouldgenerateanenergy planbasedon terrain
contour. Sucha plan would take the form of a function specifyingtotal energy as
a function of terrainposition,andwould includeretentionof energy in the leg on
descendingslopes.Using this function the body pathcould still be plannedwith a
one-dimensionalsearch.

Theexisting plannercouldbemademoreefficient by cachingresults.Sincethe
planneris intendedto continuouslycrossnew terrain,sucha cachewould needto
storeresultsas templatesthat could be appliedto similar terrainelsewhere. This
couldalsotake theform of a library of canonicalterrainconfigurationsandprecom-
putedplans. It is conceivablethatplansfor onesegmentcouldbeparametricallyfit
to anotherterrainsegment.

A higherlevel problemis strategic planning. An exampleis planningwith lim-
ited terraindata. If the terrainmapalwaysincludesthegoal, thenlocal planningis
sufficient. But a horizonon terrainperceptionrequiresstrategies like “hop to the
edgeandlook across”or “make sureyou canbackout.” This mayinvolve planning
contingenciesor acceptingthepossibilityof catastrophicfailure.

The plannersexploredin this thesisproduceplanswith a constanttotal energy.
Thechiefadvantageis thattheplannerneedonly plantheleg angle;thesearchspace
is one-dimensional.Thechief disadvantageis that thehopperhasanabsolutelimit
onthealtitudeit canachieve,evenif theterrainrisesatamodestslopeandthehopper
couldeasilyaddenergy to maintainconstantfall distance.Also, terrainis measured
locally, notglobally, soabsoluteenergy is unmeasurable.Soit is desirableto planin
termsof total energy, but notnecessarilyconstanttotal energy.

Herearesomesuggestionsfor betterwaysto accomplishenergy planning:� Use an explicit analysisof the minimum energy requiredto crossa terrain
segmentto choosea lower boundon thetotal energy, andheuristicallychoose
a desiredvaluesomewhat greater. This would tendtoward “minimal energy
plans,” but planquality might suffer asthe lowestenergy statesarealsohigh
risk.
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� Varythedesiredtotalenergy asafunctionof position.It couldbegeneratedby
apiecewiseconvex hull of theterrainor a localaveraging.Thesmoothingfac-
tor is relatedto the limits of thethrustmechanism;ideally, a largestepwould
affect thedesiredenergy far enoughaway thehopperwould startbuilding up
energy in anticipationandnothave to slow down.� The desiredtotal energy could also be slowly variedas a dynamicvalueof
an individual plan. In the simplestcase,whenever the plannerfails to find a
solutionit could increasethe overall energy goal andtry againfrom scratch.
Alternatively, eachsearchbranchcould be evaluatedat several energy levels
andtheplanquality usedto choosetheappropriateenergy goal.Similarly, the
plannercouldplanataconstantlevel but propagatetheenergy goalbackafew
stepsandreplanwhenthetrial planencountersa big elevationchange.� Theenergy addedateachbouncecouldbechosenfromtheentirecontrolrange.
Thisraisestheplanningspaceto two DOFperbounce.Thiscouldfully exploit
themechanismandmight solvesomedegeneratecases,but theplannerwould
likely wastea lot of timeevaluatingplanswith similaraverageenergy but with
minor variationsin theenergy level bounceby bounce.

Energy planningcould alsobe incorporatedinto the cost functions; the energy
consumedby a candidateenergy plan is a reasonablebasisfor comparison.Unfor-
tunately, very low energy plansareusuallyhigh risk plans.As discussedpreviously,
incorporatingthe expectedcostof failure in energy termsis difficult both because
theprior probabilitiesof aplanfailing is difficult to estimateandbecausethecostfor
failing caninvolve infinities.
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Chapter 6

Experiments

Themajority of “experiments”performedduringdevelopmentof theBow Leg Hop-
per prototypetook the form of test runs while debugging the controller software.
This chapterpresentsa samplingof theseperformancesalongwith a few morefo-
cussedexperiments.Roboticsis an engineeringdiscipline; theseexperimentswere
performedin the spirit of engineeringdevelopmentratherthanscientificdiscovery.
As such,the work did not includeany comprehensive side-by-sidecomparisonof
differentmethodologies.

Experimentswith themachineincludehoppingin place,runningat low veloci-
tiesacrosslevel ground,andcrossingobstaclefieldscomposedof “steppingstones”
separatedby “holes” in which the hoppermustnot land. In many experimentsthe
steppingstoneswereall the sameheight,andin othersvariedmodestlyor formed
gentlestairs.Thesteppingstonesweregenerallyarrangementsof patiobricks.Holes
weresimplydesignatedregionson thefloor with which contactmustbeavoided.

Overall, the prototypeexhibited excellentmechanicalreliability: on nearlyany
day over the pasttwo yearsit could be turnedon anddemonstratedusing the lin-
earcontrollerto hop in placeor at moderatevelocity backandforth. The planner,
however, wasquite finicky anddependeduponaccuratecalibrationof the effective
gravity, motor calibration,and the tuning of the heuristics. It was also the most
complex softwarecomponentandrequireda greatdealof debuggingeffort to keep
runningin conjunctionwith therealtimesystem.

The first sectionpresentsa numberof hoppingtests. Following thesearemore
specificexperimentsto documentmechanicalperformance.
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Figure6.1: Earlyexperimentaldatashowing thecenterof masstrajectoryandtouch-
down positions. The top plot is run 97-03-26.1in which the hopperruns across
steppingstoneswith two gapsto a goalposition. Thebottomplot is run 97-05-03.3
in which the hopperapproachesa hole andthencrossesit. In both casesthe pitch
axisis clampedsothehopperhasonly 2 DOF. Theplannerin useis thefirst revision
with discretizedterrain.

6.1 Performances

For theinitial testsof thehopperandplannerthepitchaxiswasclampedat theboom
sothehopperhadonly 2 DOF. Two examplerunsareshown in Figure6.1.

Figure6.2 illustratesthe first recordedrun with the pitch axis unclamped.The
top plot tracesthebodypath; the remainderareplotsversustime. Thehopperwas
startedby lifting it by handanddroppingit at aboutthe52 secondmark. Thebody
attitude(third plot) wasstabilizedentirelypassively; theslight positive biasreflects
a slight imbalanceof the ballastweight. Note that the leg angle(bottom plot) is
computedat the beginning of descent,thenadjustedoncebeforeimpact. This is a
graphicdepictionof thelow controlbandwidthof theBow Leg design.

Thecontrollerstateindex (fourth plot down) illustratestheoperationof thestate
machineusedto trackthetransitionsbetweenascent,descent,pre-impact,andstance.
This is usedto signal when trajectorydatais available, when to commit to a leg
angles,andwhento begin tensioningtheleg.
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Figure6.3is anotherearlyrun,in thiscaseusingthefirst revisionplannerto jump
overasinglehole.Notethe“hunting” behavior at theendastheplannertriesto stay
in placeat thegoalby constantlyreplanningpathsfrom nearbylocations;theterrain
discretizationcausesplandiscretizationthatmakesthehopperovershoot.

Figure6.4showsthehoppertraversingfour holesusingthesecondrevisionplan-
ner. Theholesarelocatedin the intervals [1.0, 1.2], [1.4, 1.6], [1.8, 2.0], and[2.2,
2.4]. Thehopperpausesfor threebounceson thestone[1.6, 1.8] astheplannerfails
to find a plan for someunknown reason.Note the pitch wasproneto slow oscil-
lation in this run; thepassive stability dependson thecarefulbalanceof theballast
weightandmayfail dramaticallyif thependulumfrequency getscloseto thehopping
frequency.

Figure6.5shows thehoppertraversingtwo glassblocksanda trapezoidalbrick.
Theglassblockswere8 cmtall, occupying theregions[91.500,91.673]and[91.800,
91.973],anddefinedwith a friction coefficient of 0.2. The top of the trapezoidal
brick was9.2 cm tall andoccupied[92.150,92.228],definedwith theusualfriction
coefficient of 0.4. Thesefriction coefficientswerenot preciselydetermined;for the
glassblock thevaluewassimply reduceduntil theplannerstoppedusingleg angles
thatcausedtheblock to slip.

Figure6.6showsthehoppertraversingatrapezoidalbrickandapieceof wood2x4
balancedon edge.Thebrick was9.2cm tall, positionedat [71.606,71.684],andthe
pieceof woodwas8.8 cm tall, positionedat [72.000,72.038]. This wasa dramatic
demonstration,but only workedabouta third of thetimedueto imprecisecontrolof
thehoppertrajectory. However, even in caseswherethe foot landedon theedgeof
thewood,thewoodwould beknockedaway but thefoot would simply hit thefloor
insteadandthehopperwouldkeeprunning.

Figure6.7shows thehopperclimbing threegentlesteps.Thefirst stepis 5.8cm
tall at [61.410,61.600],the second11.5 cm tall at [61.710,61.900],andthe third
17.5cm tall at [62.010,62.200].

6.2 MechanicalPerformance

Two different leg positionerswereusedin the hopperprototype. The first wasan
actuatedtubesurroundingtheBow String,andtheseconda separateharnessof two
stringsin a triangulararrangement.Figure6.8 shows the responseof the leg to a
seriesof control signalstepsusingeachmechanism.Normally the hopperhasno
directsensorfor foot positionbut at thetime a temporarysensorwasin placeusing
anindependentpair of stringsattachedto a potentiometer. Theseplots illustratethe
combinedeffectsof the hobbyservo stepresponse,slop in the control strings,and
any slop in thesensorstrings.Thereasonfor theredesignis that thetubeapproach
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haszerolateralstiffnessat thegoalpoint andwasproneto rattling aroundthegoal
during flight. The triangularharnessis muchstiffer at the the goal point and this
experimentsuggestedthepositioningresponsewasnoworse.

The controllerestimatesbody velocity usingan estimatorasdescribedin Sec-
tion 4.3.2. Figure6.9 illustratestheperformanceof theestimator;thetop two plots
show a casewith a well-tunedfeedforwardverticalaccelerationandthebottomtwo
a poorly-tunedcase.In eachcasetheactual i velocity is constantduringflight; the
stepresponseof theqd.x lateralvelocity curve primarily reflectstheperformance
of thefilter.

For reasonsof hardwareavailability thebodypitch potentiometerwasnever re-
placedwith anencoderandhenceis thenoisiestsensoraxis.As aresulttheestimator
gainsweremuchslower thantheotheraxis; Figure6.10illustratestheoperationof
thethetaestimatorasit averagesout theelectronicnoise.

6.3 Planning PerformanceStatistics

Figures6.116.12,and6.13presentsomestatisticson theperformanceof thehopper
while usingtheplanningcontrol. Sincetheplannerviews thehopperasa discrete-
time system,eachdatumfor theseplots representsoncebounceor oneflight phase.
Figure6.11is ascatterplotof thedifferencebetweentheexpectedandobservedapex
position.This includesresidualmodellingerroraswell asuncertaintiesin themech-
anism. Figure6.12shows the performanceof the constantenergy regulation. Fig-
ure6.13is ahistogramof thenumberof plannedbouncessuccessfullyperformedbe-
fore requiringa replan,eitherdueto excessive erroror simply finishingtheplanned
sequence.Bearin mind,however, thateachunit representsonebouncesequence,so
thebinsto theright representincreasinglymorebouncesperunit. Thustheleftmost
bin hasthehighestvaluebut only represents17%of thetotal numberof bounces.

The following datasetswereusedto generatethesestatistics:98-02-21.5,
98-02-21.8,98-04-01.4,98-02-21.7,98-04-16.3,98-04-16.4, and
98-04-16.5.
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Figure6.2: DataSet97-05-07.1,hoppingin placewith a linearcontroller.
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Figure6.3: DataSet97-05-07.3,jumpingoverholeusingplanner.
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Figure6.4: DataSet98-02-21.7,jumping over seriesof four holesusingplanner.
Between707and709it pauseson thestonebetweenthesecondandthird holes.
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Figure6.5:DataSet98-04-16.3,hoppingontwo glassblocksandatrapezoidalbrick,
usingplanning.
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Figure6.6: DataSet98-04-16.4,hoppingon a trapezoidalbrick anda 2x4 on edge,
usingplanning.
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Figure6.7: DataSet98-04-16.5,climbing threegraybrick steps,usingplanning.
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Figure6.8: DataSets98-01-26.1and98-01-27.2,illustrating the leg stepresponse
usingatemporaryleg positionsensor. Thetopplot usestheoriginalpositioninglever
with a tubearoundtheBow String, thebottomplot the triangularharnesswith two
strings.Thesamesequenceof stepswasusedasthecontrolsignalfor eachtest.
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Figure6.10: DataSet98-04-16.4,illustratingoperationof thethetafilter. This axis
is passively stabilized.
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Figure6.11: Apex positionerror over 101 bouncestaken from seven experimental
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Figure 6.12: Histogramof energy regulation errorsover 101 bouncestaken from
sevenexperimentalruns.Theunitsare �y�@���(����� to normalizefor machinemass;the
typicalenergy goalis about2.0.
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Figure 6.13: Histogramof the durationof plan executionusing 33 subsequences
totaling76 bouncesfrom sevenexperimentalruns. Eachsubsequenceendswhena
replanwasrequired;thehistogramplotsthedistributionof subsequencelengths.
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6.4 AccelerometerMeasurements

This sectiondocumentsanexperimentto measuretheaccelerationsexperiencedby
thehopperbody duringstance.The intentwasto validatesomemechanicaldesign
assumptionscentralto the simplicity of the Bow Leg idea. Theseassumptionsare
thatthefreelypivotinghip locatestheleg forcesalongtheleg axisandthelow-mass
foot andleg minimizeenergy lossesduringtheinitial groundcontact.Furthermore,it
wasexpectedthattheleg would have relatively constantforce,meaningstancetime
wouldbeproportionalto thefall distance.Oneunknown waswhetherbodyvibration
wasacauseof parasiticenergy dissipation;thisexperimentdid notmeasuretheloss,
but offeredsomeevidenceasto themagnitudeof thevibration.

Thefollowing dataweretakenJanuary28, 1999.A pair of accelerometerswere
mountedonthehopperbodyandtheoutputmeasuredwith adigital oscilloscope.The
sensorswerecalibratedto approximately0 Volt equalto 0 accelerationand500mV
equalto oneearthgravity. The measurementsweremadeusinga pair of IC Sen-
sors3021-020-Paccelerometersamplified by a MeasurementsGroup 2120 Strain
GageConditionerinstrumentationamplifier andrecordedwith a modelTDS 410A
Tektronix scope.For all but onecase,the sensorsweremountedon the constraint
boomnearthehopper.

Thecompletesetof recordingsincludedthefollowing:

1. Seriesof recordingsfrom droppingthe hopperby hand,no batteryinstalled,
with thegravity compensationspringin place:

2. Shortseriesof recordingsfrom droppingthe hopperby hand,no batteryin-
stalled,with thegravity compensationspringslack.

3. Seriesof recordingsfrom droppingthehopperby hand,batterynot installed,
thegravity compensationspringin place,recordingonly Y but at a finer time
scale.

4. Seriesof recordingsmadeat differenttime scaleswhile the hopperwashop-
ping in placeusingthelinearcontrolalgorithm.

5. Seriesof recordingsfrom droppingthehopperby hand,batteryin place,with
thegravity compensationspringin place,with theleg anglesetto a valueand
thecontrollerin calibrationmode. The free-fall measurement(compensation
springforce)was394milli volts.

6. Two recordingsto illustrateimpulseresponseof boththebodyandboomstruc-
tures.
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Figure6.14:X andY accelerometeroutputs,falling from 40 cm in reducedgravity.

Figure6.15:X andY accelerometeroutputs,falling from 80 cm in reducedgravity.
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The first pair of recordingsshown in Figures6.14 and6.15 were taken during
impactafter droppingthe hopperby hand. The batterywasnot installedin order
to measurethe responseindependentof any batterymountvibration. The effective
gravity was reducedby the compensationspring. The plot was generatedby the
oscilloscopefrom thescreendisplay;thetwo cursorsweremanuallypositionedover
the apparentbeginning andendof the impactand the meanandareacalculations
performedby thedevice. Sincetheaccelerometerswerecalibratedto approximately
500mV equalto oneearthgravity, thescalingis the1 V is equalto 19.6 �����$��� � and
1 V-secondis equalto avelocitychangeof 19.6 �����$��� .

In the two figures,the upperplot is the lateralaccelerationand the lower plot
thevertical.Theleg waspositionedstraightdown sotheaveragelateralacceleration
labelled“C1 Mean” is nearzeroasexpected.Ringingis apparentin bothdimensions
during stanceandextends40–60msecafter takeoff. Sincethe leg is about25 cm
long, Figure6.14 representsapproximatelya 15 cm fall; asshown by the average
Y accelerometervaluelabelled“C2 Mean,” the leg exertsabouta 6 G force on the
body. The value“C2 Area” reflectsa net velocity changeof about2 �����(��� . Fig-
ure 6.15 representsa 55 cm fall; the averageaccelerationincreaseslessthan10%,
consistentwith a nearly-constantleg force. Sincethe impactvelocity is ��� �%�9��� ,
theexpectedvelocity increaseis � �/�/���%� which is equalto 1.91,veryconsistentwith
themeasuredratio of 1.92.

Figure6.16representsa passive fall with the gravity compensationspringheld
slacksothehopperfallswith 1G acceleration.Theverticalacceleration(“C2 Mean”)
is lower than in Figure6.14 sincethe leg force is more balancedby gravitational
force. The total velocity change(“C2 Area”) is aboutthe sameas the longer fall
of Figure6.15;consideringthedifferencein altitudesthis implies thecompensated
accelerationwas26% of G; unfortunately, that valuewasnot otherwisemeasured.
The initial lateral vibration is worsebut the body ringing time is aboutthe same,
consistentwith observinga freevibrationof thestructure.

Figure 6.17 was taken at finer time scale(5 msec/div) from a 50 cm altitude
(25 cm fall). Thestancetime is about43 msec.The leg forcesapparentlyloadand
unloadin just a few milliseconds.

Theeffect of theleg anglemaybeseenin Figure6.18.Thehopperwasdropped
by handfrom 50 cm altitudewith the controllerholding the leg at the 0.30 radian
position.For themotorto functionthebatterywasinstalledsothebodyhadslightly
highermass.Theexpectedratio of velocity impulsesis  �¡!¢lhM|9£¤z~o�x¥|9£¤z9� ; themea-
suredratio is |9£¤|!¦/¦~�!|9£V��|9�§x}|9£¨¦/¦ which is higherthanexpected.

Figure6.19illustratesseveralimpactswhile hoppingin placeusinga linearcon-
troller. Thescaleis 200msec/divisionandthemeasuredcycletime is 756msec.Fig-
ures6.20and6.21presentaclose-upview of atakeoff andlandingat2 msec/division.
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Figure6.16:X andY accelerometeroutputs,falling from 40cm in full gravity.

Figure6.17:Y accelerometeroutput,falling from 50 cmin reducedgravity.
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Figure6.18:X andY accelerometeroutput,falling from 50 cm,leg angleof 0.30.

Figure6.19:X andY accelerometeroutput,hoppingin place,200msec/div.
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Figure 6.20: X and Y accelerometeroutput showing landing, hopping in place,
2 msec/div.

Figure 6.21: X and Y accelerometeroutput showing takeoff, hopping in place,
2 msec/div.
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6.5 SpecificResistanceMeasurement

This sectiondescribesan experimentto measurethespecificresistanceof theBow
Leg Hopper. Specificresistanceis a dimensionlessmetric usedto characterizethe
energy consumptionof a vehicleover level ground[GvK50] [Tuc75] [GAB97]. It is
closelyrelatedto the“net costof transport”[Ale77], andmaybedefinedasfollows:© £¤ª«£¬x ¯®�° ��±² ��³F´/µ~ <¶�·<��¸ ® ��³J º¹ (6.1)

In a ideal frictionlessworld this valuecould be zero. For mostvehiclesit is a
function of velocity; i.e., asthey go fasterthe power consumptionisn’t linear with
velocity.

Theexperimentto measureaspecificresistancefunctionfor theBow Leg Hopper
wasperformedasfollows. A low-valueresistorwascalibratedandinstalledin series
with thebatterythatsuppliesthepower to the thrustandleg positioningmotors. A
digital oscilloscopewasattachedacrosstheresistorin orderto measurethevoltage
drop and infer the currentconsumption.The batteryvoltagewasmeasuredanda
seriesof runsperformedat differentvelocities.For eachrun thepowerconsumption
wasmeasuredusing the oscilloscopeto calculatethe averagecurrentover several
hops.Thedatawascollectedonly afterthehopperhadbouncedseveraltimesin order
to reacha speedequilibrium. Sincethebatteryvoltagedecreasesduring operation,
thebatteryvoltagewasmeasuredagainafter eachsetof runsandan averagevalue
usedin thepowercalculation.

The senseresistorwasdeterminedto be |9£¤|!¦»��¦/¼ by connectingit to a variable
supplyandtakingthe least-squaresfit of themeasuredvoltagedropat five different
currentlevels. The hopperweight wasmeasuredat 6.99N usinga scaleunderthe
foot; this measuredthe weight of the combinedhopperand boom in the reduced
effectivegravity, assupportedby thefoot.

Thequiescentandhopping-in-placeconsumptionweremeasuredfirst. Thequi-
escentpower is theconsumptionof themotorswhennocontrolpulsesareapplied;it
averaged15mW. Thehopping-in-placepoweraveraged5.57W.

Thespecificresistanceasa function of velocity wasmeasuredin two sets.The
resultsappearin Figure6.22with thesetsindicatedby differentsymbols.Thepower
consumedis nearlyindependentof hoppingspeed,asshown in thetop graph,which
leadsto a resistancethatdecreasesathigherspeeds.

It shouldbenotedthat this experimentmeasuredthe full power consumptionof
the motors,not just power deliveredinto kinetic energy. Most of the energy con-
sumedwasexpendedby the thrustmotorholdinga steadypositionagainstthe load
of the string, not doing work on the leg. If only kinetic energy is considered,the
valuemaybeestimatedasfollows: ahopperweighing7 N hoppingto 50cmaltitude
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(25 cm fall) has1.75J kinetic energy at landing;makingup for the20%leg lossre-
quires0.35Jpercycle;assumingaflight timeapproximately800msecthisrequiresa
powerof 0.44W. Theleg swingrequiresminimalpower, asconfirmedby bothdirect
observation andthe result that the power consumptionis relatively independentof
velocity. Thespecificresistanceis theninverselyproportionalto velocity: at1 m/sit
is 0.06,at 0.5 m/s it is 0.12,andat 0.0 m/s it is ½ . This theoreticalresultsuggests
thatmechanicalredesignmightsubstantiallyimprovepowerefficiency.
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Chapter 7

Discussion

This thesisaddressesa mélangeof topics: pathplanning,discretecontrol, system
modelling,programmablemechanismdesign,andterrainanalysis.Theunifying idea
is “leggedlocomotion”—byfocussingonthedemonstrationof locomotiontaskswith
a particularnovel hardwaredesign,all of theseideasaredevelopedandtheconnec-
tionsbetweenthemexplored.To placethiswork in context, thediscussionbeginsby
consideringtherelationto previouswork in locomotion.

7.1 RelatedWork

The field of dynamicleggedlocomotionis not terribly large. As a result,mostof
therelatedwork consistsof otherefforts to build runningmachines.Also relatedare
jugglingefforts,whichhavesimilardynamicproperties,andsomeplanningresearch.

7.1.1 MechanismsThat Run

Therehave beenseveral efforts to build runningrobots. Matsuoka[Mat80] built a
planarone-leggedhopperthatoperatedin low effective gravity on aninclinedtable.
The machinehada shortstancetime, with thrustprovided by a high-forceelectric
solenoid.Thefollowing is quotedfrom [Rai86], asI wasunableto find theoriginal
sourcematerial[Mat79]:

Matsuokawasthe first to build a machinethat ran, whererunning
is definedby periodsof ballistic flight with all feet leaving theground.
His goalwasto modelrepetitive hoppingin thehuman.He formulated
a modelconsistingof a bodyandonemasslessleg andhesimplifiedthe
problemby assumingthat the durationof the supportphasewasshort
comparedwith theballistic flight phase.This extremeform of running,
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for which nearlytheentirecycle wasspentin flight, minimizedthe in-
fluenceof tipping during support. This model permittedMatsuokato
deriveatime-optimalstatefeedbackcontrollerthatprovidedstability for
hoppingin placeandfor low speedtranslations(Matsuoka1979).

To testhis methodfor control, Matsuokabuilt a planarone-legged
hoppingmachine.Themachineoperatedat low gravity by lying ona ta-
ble inclined ��|/¿ from thehorizontalrolling on ball bearings.An electric
solenoidprovided a rapid thrustat the foot, so the supportperiodwas
short. Themachinehoppedin placeat about1 hop/sandtraveledback
andforth on thetable.[Rai86]

Following Matsuokawerea seriesof runningmachinesproducedby MarcRaib-
ert’s Leg Lab [Rai86],first at Carnegie Mellon Universityandthenat MIT. Thefirst
machinewasa pneumaticallyactuatedplanarmonopod.Following werea hydrauli-
cally actuated3D monopod,planarbiped,3D quadruped,and3D biped. Eachused
a telescopingleg with aninternalair springfor compliancein serieswith ahydraulic
thrustactuator. Experimentsperformedwith thesemachinesincludedlow andhigh
speedrunning,jumpingover obstacles,climbing stairs,anda forwardflip. Two ma-
chineswith revolute joints were the planarmonopodand the planarUniroo. The
planarmonopodusedrevolute joints at the hip andankleanda flexible fiberglass
leaf springfor a foot. Thefoot providedthecompliancefor hopping,andwasactu-
atedhydraulicallythrougha rigid tendon.TheUniroo [Zeg91] addedrevoluteknee
andtail joints, anduseda rigid foot actuatedhydraulicallywith a complianttendon
composedof steelsprings. Gill Prattnow headsthe MIT Leg Lab andis working
on topicssuchasseries-elasticactuationfor locomotion[PW95] andvirtual model
control[PDP97].

All theRaibertmachineswerecontrolledby thesamebasicdecompositioninto
threeindependentlinearcontrollers:forwardvelocity controlledby foot placement,
hoppingheightcontrolledby thrust,andpitchcontrolledby hip torqueduringstance.
TheUniroouseditsextradegreeof kneefreedomto minimizekneetorquebykeeping
the kneealong the line betweentoe andhip. In all Raibertmachines,the control
involvedhigh forceandpowerduringstance.

FollowingRaibertareseveralexamplesof electricallyactuatedhoppers.Papanto-
niouconstructeda one-leg electricallyactuatedplanarhopperwith a leg constructed
from a four barlinkagewith a tensionspring[Pap91].Themotorfor theverticalos-
cillation usedaself locking leadscrew. Heconsideredthelinkagedesignproblemat
lengthin orderto limit theforcesontheelectricmotorswhile maintainingreasonable
kinematics.

Martin Buehler’s groupat McGill alsomovedto electricmotorswith a one-leg
planarhoppersimilar to Raibert hoppersbut with electric motors insteadof hy-
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draulicsanda metalspringinsteadof anair cylinder [GAB93]. Themachineuseda
Raibertstylethree-partcontrolmodifiedto distributethrustoverthehoppingcycleto
accommodatethelowerpowerelectricmotors.They alsoaddedcompliancein series
with thehip actuatorto createanoscillationto sweeptheleg [AB97]. Thismadethe
leg sweepmoreefficient but requiredcontrol to synchronizethehip oscillationand
theverticalhoppingoscillation.

BerkemeierandDesaiat BostonUniversitydesignedanelectricallyactuatedleg
with threerevolutejoints thatusesanelectricmotorcoupledwith elastictendonsto
drive thefoot [BD96]. In this paperis discussedthedesignandopen-looponeDOF
testing.

Lebaudy, ProsserandKamatDrexeldesignedanelectricallyactuatedtelescoping
leg constrainedto the vertical [LPK93]. It incorporateda DC motor driving a ball
screw in serieswith a steelspring. The goal was to test different vertical height
controllers. Their controllercomputedthe inverseof an approximatemodelof the
bouncethenaddedintegralerrorfeedbackto compensatefor varyingbodymass.

RobertRingroseat the MIT Leg Lab hasdevelopeda self-stabilizinghopping
monopodpoweredby a singleconstantspeedmotorthatregulatesaltitudeandbody
attitudeusingpurelymechanicalfeedback[Rin96][Rin97]. Heshows theconditions
underwhich the altitudeoscillationwill phase-lockto the excitation. Simply put,
whenhoppingtoo low, thefoot landsearlyandthis allowsmorework to bedoneby
themotor, which increasesthealtitudeandbringstheverticaloscillationcloserto the
motor phase.A similar principlesregulatestheupperdisturbances.The schemeis
verysimilar to thejugglerdescribedin [SA93]. Theattitudestability is providedby a
large,curvedfoot thatis shapedto causea restoringtorqueof reasonablemagnitude
for eachpossiblepitcherror.

Thereis asubstantialbodyof work analyzingandsimulatingleggedrobots.One
relatedexampleis a studyby Lapshinat theRussianAcademyof Sciencesthatan-
alyzeda hoppermodelwith a telescopingleg attachedto a body with an actuated
weight[Lap92] intendedto controlpitch. Hedevelopedaformalanalysisof hopping
heightandforwardspeedcontrolthatconfirmsRaibert’s methods.

7.1.2 Bow Leg Mechanism

TheBow Leg Hopperhasa morphologydictatedby theprocessof running: it hasa
body, a leg, andaspringfor energy storage.In many waysthedesignis adescendant
of thework of Marc Raibertandtheothersdescribedin theprevioussection.How-
ever, thefreelypivotinghip andthepassivebodystabilityarea profounddeparture.

Thefreehip decouplesthebodyfrom theleg disturbancetorquesandenablesthe
passive stability createdby placingthebodymassbelow thehip. The freehip also
allowscontrolusinglow-torquekinematicreconfigurationduringflight. Theseideas
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extendbeyondtheBow Leg andcouldbeappliedto otherleg designs.However, the
Bow Leg alsohasthe efficiency and low massthat minimize the power andforce
requirementsandenablethemachineto operateusingon-boardbatteries.

Anotherkey differenceis the useof the leg for energy storage.By moving the
energy input to theflight interval thepeakpower is greatlyreduced.This is an idea
thatcouldbewidely appliedto othermechanismswith intermittentcontact.

Like much otherwork the prototypeswere limited to a plane. This simplifies
3D engineeringproblemssuchascontrolling yaw androll or sensingposefrom an
autonomousvehicle. Relatedwork [Rai86] hasshown that 2D locomotionresults
transferwell to 3D.

Thehoppercanoperatewith thebasiclinearcontroloutlinedin Chapter4 or the
planningsystemin Chapter5. Thelinearcontrolis verysimilar to Raibertthree-part
control: theenergy regulationis similar to the Raibertaltitudecontrol andthe foot
placementis thesameastheRaibertrunningspeedcontrol. The third part,attitude
control,is performedmechanicallyvia thepassivebodystability.

Themostobviouscontroldifferencesresultfrom thedisplacementof control to
flight, which reducesthefeedbackrateto onceperbounce.Thephysicsis rephrased
asa mappingfrom one trajectoryto another, and the control as computationof a
discreteparametervector. A sidebenefitis thatsensorbandwidthis muchlower in
theabsenceof high-speedfeedbackloops.

However, theemphasisof thecontrolhasshiftedfrom controllinga steadystate
oscillationto performingintricatetasksby dextrouscontrolof eachstep.Thenew ap-
proachis basedon physicalmodellingandstatespacepathplanning.Somedemon-
strationsperformedby previous machines(running,stairs,etc.) wererepeatedbut
with aminimumof specialprogramming;thehumanspecifiesthetaskasa few con-
straintsandthemachineautomaticallygeneratesplansfor avarietyof performances.
This is a steptoward automaticsolutionof naturalterrain,treatedin the following
section.

7.1.3 Rough Terrain Locomotion

Thereis agreatdealof literatureconcernedwith thenavigationof roughterrainusing
staticallystablewalkingmachines.However, this bodyof work is largely concerned
with topicsnot relevantto dynamiclocomotion,suchasselectionof foot placements
givenakinematicbodypathor leg forcecontrolfor terrainadaptation(e.g.[Hir84]).

The most significantbody of work relatedto dynamic terrain navigation was
performedby JessicaHodginsandMarc Raibertasdocumentedin her Ph.D. the-
sis[Hod89] andseveralpapers[Hod88][HR91]. Thethesisnamesmany of thegen-
eral issues,then focuseson the problemof controlling steplength as a necessary
precursorto placinga foot at preciselocations.
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The work addressesthreeapproachesto controlling steplength: control of for-
ward speed,runningheight(i.e., vertical speed),andstanceduration(i.e., leg stiff-
ness). Forward speedand running height are two partsof the Raibert three-part
control, and the stancedurationinvolvesmechanicaladjustmentof the leg spring
pneumaticpressure. The difficulty lies in adjustingany one of theseparameters
without disturbingthe stability of the other independentcontrol loops. The work
includesanalysesandexperimentsto measuretheprecisionof thedifferentmethods
and concludesthat “the forward speedmethodproducedthe widest rangeof step
lengths.” [HR91]

Thework alsousessteplengthcontrol to addressa few laboratoryterrainprob-
lems. The problemof steppingon a singlepoint is solved by coming “in-phase”
with theobstacleby adjustingthesteplengthsoverthefew flightsprior to landingon
thepoint, eitherincrementallyor on oneparticularlanding.Similarly addressedare
leapingoverasingleobstacleandclimbing anddescendingthreesteps.

For theBow Leg Hopper, thesteplengthproblemis addressedusingtheempiri-
calmodeldiscussedin Chapter3 to computethecontrolparametersthatwill resultin
thedesiredflight parabolaandthuscontrol thesteplength. This is simplerwith the
Bow Leg mechanismthantheRaibertmachinessinceenergy anddirectionalcontrol
arephysicallydecoupled.Essentially, the takeoff velocity vectorcanbe controlled
in thepolarcoordinatesof magnitude(relatedto energy) anddirection,whereasthe
RaibertformulationinvolvedtheCartesiancoordinatesof horizontalandverticalve-
locity. The polar formulationreducesthe couplingbetweenthe control axesasthe
steplengthis varied. The sideeffect is that the steplengthandhoppingheightare
constrainedby thetotalenergy, whichhasadynamicrangelimited by thedissipation
andthrustlimits.

Thedifferencein theterrainexperimentsis oneof generality. TheHodginswork
examinesspecificpatternsof steplengthadjustmentasmotivatedby animalandhu-
man experiments. In contrast,the planningalgorithm in this thesiscan consider
any pathcompatiblewith thedynamicsandtheterrain(subjectto time andheuristic
limitations). In principle this approachcouldproduceany of theHodginssolutions
given the right cost functions. The planningsolutionalsoconsidersmultiple con-
straintsalongthepathandcanoperateon arbitraryterrainwithin someassumptions.
Of course,accommodatingall casesin a generalapproachis difficult. This thesis
doesn’t fully answerthe problemof generality;someof the Hodginsexperiments
werelooselyreplicatedwith the planningcontrol (stairs,singlefoothold,etc.),and
theothersinvolve only moderatelymorecomplex terrain(i.e. six or ten irregularly
spacedlevel steppingstones).

Part of thebenefitof the Bow Leg is thesimplicity of thedynamicsthatmakes
theclosed-formempiricalmodelspossible.However, this is not thefirst attemptto
modela leg in closedform. SchwindandKoditschek[SK97] have anapproximate
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closed-formanalysisof a simplified hopperwith a finite stancetime for particular
leg potentialfunctions. However, the choicewasmadefor this thesisto solve the
problempragmaticallyasoutlinedin Chapter3.

7.1.4 Biological Studies

Therehave beena numberof studiesof the biomechanicsof running behavior in
both animalsandhumans. The topics have includedkinematicmeasurement,en-
ergy consumptionandefficiency, and inferenceof control strategies. Much of the
difficulty is simply acquiringdataabouttheinternalstateof thecreaturefrom exter-
nal measurementssuchasimages,forceplaterecordings,andoxygenconsumption
[AV75] [McM84]. In a few cases,direct internalmeasurementshave beenpossible
[RMWT97].

TheBow Leg Hopperis only looselymodeledon biologicalsystemsandso the
fundamentalissuesaresharedbut many of thedetailsof thesestudiesareonly sug-
gestive.Forexample,Warren[WYL86] studiedsteplengthregulationin humansrun-
ningon a treadmill,anddeterminedthey primarily controlledsteplengthby varying
vertical impulse. As describedabove, theBow Leg Hoppercontrolsthemagnitude
anddirectionof takeoff velocitysotheproblemis castin differentterms.

Theimportantrolesof elasticityandnegativework in animallocomotionis well-
recognized[CHT77] [McM85]. Right on theboundarybetweentheroboticslitera-
tureandthebiologicalworld is anpaperby Alexander[Ale90] thatdiscussesthree
fundamentalusesof springsin leggedlocomotion:verticalrebound,leg sweep,and
foot contact.Thepaperdiscussestheideaof negativework in leg actuatorsandpro-
posesvarioussolutions,emphasizingtheuseof a largeleg spring.TheBow Leg is a
responseto this work by simplifiestheentireleg down to a singlelargespring. The
ideaof a leg sweepspringthatwouldconservatively accelerateanddeceleratetheleg
sweepis not addressedin this thesisbut hasbeenanalyzedby AhmadiandBuehler
[AB97]. Thethird springapplicationis thefoot pad,which is answeredin theBow
Leg designby having a low massfoot andasimplerubbercovering.

7.1.5 Planning

Most of thepathplanningwork discussedin Chapter5 is concernedwith choosing
heuristicsthatnarrow thesearchspacesufficiently for theplannerto operatein real
time. Thealgorithmitself is standard,but thefactthatthesystemis realtime means
it maybeseenasanelementarycaseof ananytimeplannerasdefinedby Deanand
Boddy [DB88] [BD89]. The algorithmis time-dependentsinceit haslimited time
available(i.e., the flight interval) andproducesresultsthat improve with increased
computationtime (i.e., asthesearchdeepens).Thecostfunctionallows theplanner
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to selectsuccessively betterresultsandutilize thebestresultfoundsofaratany point
in theplanningprocess.

However, thesystemdoesn’t useany form of metalevel control,e.g.performance
profiling as a meansof allocating computationtime, or more elaboratemethods
[ZR93]. The reasonis that the time availableis determinedsolely by the physical
stateof themachine,not by theplanningprocess.Thereis no choiceto actearlyso
thereis no tradeoff betweenearlyterminationof planningandincreasedplanquality.
Rather, the costof computationis opportunitycost: a fixed time that canbe spent
usingwhateveralgorithmwill producethebestresultin thatinterval. Giventhatonly
oneplanningalgorithmwasimplemented,thischoiceis trivial. Still, theanytimefor-
mulationis convenientsincenoexplicit attentionmustbepaidto estimatingplanning
time; thecontrol outputis availablewhenever the hopperneedsit. A goodgeneral
referenceon theseissueswaswritten by Zilberstein[Zil96].

Likewise,theplanningsystemexhibitsaninterleaving of planningandexecution
[Nou97], againwithout metalevel control. Interleaving hasseveral purposes.The
generaluseis to simplify planningproblemsby computinga partial plan up to a
subgoalthenactuallyexecutingit beforecontinuingplanning. This canenablead-
ditional sensingto further refinetheplanningproblemor accommodateuncertainty
in execution. It canalsoenablea time-dependenttradeoff on planquality, or allow
“pipelining” if computationcancontinueduringexecution.

Thehopperplanningsystemis primarily governedby theflight time limit but in
thecourseof operationmakesuseof theseproperties.Thesubgoalsarenotexplicitly
chosenbut aresimply thebestsolutionsfoundaftereachplanningepisode.Sincethe
hoppermustexecutetheplan immediately, new sensedatais obtainedandthenext
planningiterationmaybegin from a new state,presumablycloserto thegoal. This
processcould be improved,however, by moreexplicit attentionto time-dependent
planning.Thegraphicalmethodsposedin Chapter4 couldbeusedto generateinter-
mediategoalsor to suggestskeletonplans. It would beworthwhile allocatingtime
betweena long-rangecoarseplanningprocessthatfindsglobally feasiblepathsand
the short-termfoot placementplanning. Eachof theseprocesseswould needto be
structuredasinterleavedplanningto accommodatetheinflux of terrainsensedata.

Therehasalsobeensomework in thegraphicsliteratureplanningsimulateddy-
namicmotionsacrossterrain [HvdP96]. The designconstraintsaredifferentsince
plannersfor graphicsdo not needto operatein real time andthesimulatedsensors
areusuallyprecise. The HuangandPannepapercited presentssearchalgorithms
that plan dynamicmotionsfor a Luxo lamp andan Acrobot. A low-level control
searchslicestime into uniform intervals,anda high-level terrainplannerchoosesan
orderedsequenceof actionsfrom asetof fivetypesof jumpingmotion.Theresulting
searchallowsthesimulationto anticipateterrainfeatures,but runsmuchslower than
realtime. In contrast,theBow Leg plannertakesadvantageof theperiodicnatureof
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hoppingto produceasignificantlyshallowersearchtreeandworksin realtimeasthe
hoppermoves.

7.1.6 Other Mechanisms

Thereareseveralotherlinesof work thatdeserve mentionfor inspiringsomeof the
principlesembodiedin theBow Leg Hopper.

Jugglingis hoppingturnedupsidedown. In thejugglingdomain,Koditschekand
his studentsat YaleandUniversityof Michiganhave developedsurprisinglysimple
“mirror law” controlstrategiesfor bouncejuggling. In [BRK99] is discussedanidea
for backchaininglocally stablecontrol laws from a goal to guaranteeconvergence
over a large domain. The hoppinganalogwould be to constructa setof functions
for known terrainthatmapeveryhoppertrajectoryto asubsetthatmovestowardthe
goal.A partialsolutionthataddressesfoot placementis discussedin [SK95].

Anothermanipulationexampleis WesHuang’s thesison impulsivemanipulation
[Hua97], concerninga sliding objectmanipulatedby an actuatorthat deliverspre-
cisely calibratedtaps. The actuatorwas controlledby storing energy in a spring,
positioningit nearthe object,andreleasinga small hammer. This actuationusesa
similar principle asthe Bow Leg sinceit is programmedat low power to control a
high-energy event. The modellingdifficulty is backwards,though,sincethe “flight
phase”slidingacrossthetableis difficult to predictandthe“stancephase”duringthe
actuatorcollision is relatively well understood.

TadMcGeeratSimonFraserUniversityhasdevelopedaseriesof passivebipedal
walkersthatwalkdownfixedangleslopesusingpurelymechanicalfeedback[McG89]
[McG90]. Although this dissertationis concernedwith running,not walking, this
work deservesparticularmentionfor its appealingsimpledesign.

Finally, an amusingextremeof the hoppingmachineliteratureis the hopping
tankdescribedin thepatent[Wal]. The illustrationsdescribea cylindrical armored
body large enoughto carry six gunnersanda pilot. A single telescopingleg may
extendfrom the bottomof the body to lift it off the groundandhop acrossrough
terrain. The leg is poweredby internal fuel combustionusinga two cycle Diesel
principle: the groundimpactcompressesthe fuel-air mixture,which combustsand
expandsto performwork during liftof f. Thebodyhaslargegyroscopesfor attitude
stability. Despitethefanciful conceptandillustrations,themachinedoesincorporate
a self-timing principle similar to the Bow Leg; insteadof the Bow String slipping
off a pulley to releaseleg energy, the fuel mixture is compressedto thecombustion
conditions.

134



7.2 Futur eWork

Themostexciting futurework would bedevelopmentof anuntethered3D Bow Leg
Hopper. However, someotherinterestingexperimentsfor theplanarversionwould
beasfollows:� Demonstratericherterraincrossingtaskswith steepstairs,highwalls,andnar-

row footholds.� Definegaitsasconstraintson theplanner, e.g.“alternateshortandlongsteps.”� Simulatetheuseof terrainsensingby modifying theterrainmodelduringexe-
cution.Theplanneroperateson-linesothis wouldbeamodestextension.� Try storingsubstantialenergy in horizontalmotion. This energy couldbeem-
ployedfor hill climbing or long jumping,or convertedto verticalmotion in a
“pole vaulting” mode.� Overheadobstacles.This constrainsthehoppingheightandmight forcetrad-
ing off verticalvelocity for horizontalvelocity.� Tilted steppingstones.Thesearestoneswhich arestraightbut inclined at an
angle.� Gymnastics.Performa forwardflip. Kick bounceoff a wall.

Theplannercould furtherdevelopalongseveralavenues.Theplanningprocess
could includeuncertaintyestimatesto indicatepotentiallyrisky plans. Theplanner
couldconsiderenergy constraintssoplanswould anticipatemaneuversthat impose
boundson total energy. A maneuver suchas crossinga high wall might require
severalbouncesto build uphighenergy. Similarly, runningunderanoverhangmight
requireseveraldissipationstepsto reducethetotal energy. Theterrainmodelwill be
refinedto includeobstaclessuchaswallsor overhangs.

Someotherinterestingquestions:

1. Whatwouldbetheadvantageof addinga tail?

2. Couldtheleg haveaspringloadedsweepmechanismfor highspeedtravel?

3. Couldnon-contactpitchcontrolmechanisms,e.g.,reactionwheels,beusedfor
stabilitywith extremelylongflight times?

4. Could the body be free to rotatemorethan ��À ? Could significantenergy be
storedin bodyrotation?

135



5. Could pitch be controlledby a springmechanismthat exertstorquesdirectly
on the leg? Could theBow Leg springitself beusedfor this usingtangential
loading?

7.3 Comments

An underlyingmessageof this dissertationis to pay carefulattentionto mechani-
cal design. The Bow Leg designelegantly fits the problem—it is efficient, stable,
andenergetic. It is a programmablemechanismthat extendsthe control pathfrom
computationto electricalactuationto mechanicalactuationthat appliesspringand
bearingforces.By consideringtheentirepathway thedesigntakesadvantageof the
dynamicsto handlehighmechanicalpowerwith very low controlpower.

This programmablemechanismideais not unfamiliar; designersof low-costde-
viceslike answeringmachinesfrequentlyusecomplex camsandsmall actuatorsto
controlmechanismspoweredby asinglemotor. But applyingthesamenotionto dy-
namicsystems,like fast-moving runningrobotsor manipulators,canshift dynamic
control into themechanicalrealmandachieve a balancebetweenactuatorsandthe
naturaldynamicprocesses.

Onabroadernote,theBow Leg mimicsanessentiallybiologicalactivity without
mimickingbiologicalform. It alsoperformsaroboticfunction—computercontrolled
activity—while confirmingthata robot is morethat just a computerinterfaceto the
world. The lessonis that mechanismcan think. We canuseour insight to choose
themechanismthatinteractswith theworld with thebehavior weneed;amechanical
oscillatorwith the right feedbackforcesis a computerthatdirectly connectsaction
andcomputation.

Ultimately, thisdissertationis aboutafutureof practicalleggedrobotsthatextend
our ability to sendmachinesto any cornerof this world or another. TheBow Leg is
anelegantlysimpleideathatcanmake this futurehappen.
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Appendix A

Symbols

PhysicalConstantsandMachineParametersÁ
bodymassÂ sameas

ÁÃ gravitationalacceleration(effective)Ä leg springrestitution ÅFÆ�Ç�È@É�Æ�Ç�ÊjËÌ
stiffnessof a linearspringlegÍwÎ
forceof a constantforceleg springÏ radiusof gyrationof bodyÐ coefficient of Coulombfriction at foot

KinematicandStateVariablesÅFÑÓÒºÔ»Ë horizontalandverticalcenterof masspositionÕ
bodypitch anglewith respectto (wrt) world coordinatesÖ
leg anglewrt world frame×
leg lengthØÑ horizontalbodyvelocityØÔ verticalbodyvelocityÙ bodyvelocityvectorØÕ
bodyangularvelocity wrt world coordinatesÚ sameas

ØÕÛÑ horizontalbodyaccelerationÛÔ verticalbodyaccelerationÅFÑ Ç ÒºÔ Ç Ë positionof bodyat apex of flight ÜÖ Ç leg positionwrt world at impact ÜÝ Ñ lateraldistancethehopperfalls from apex to impactÝ Ô verticaldistancethehopperfalls from apex to impactÝ ×
maximumleg compressionduringstanceÞ themomentarmof groundforceon theCOM

continuedon next page
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ß thevectorfrom theCOM to thetoeà
thetranslationof thehip wrt COMà~álâäã Ò à~áæåèç rangeof possiblehip translationsÔ�é çIê altitudeof groundunderfootÙÓë bodyvelocity vectorat impactÙCì bodyvelocity vectorat ‘rise’ (i.e., takeoff, liftof f)Ú Ê angularvelocity at impactÚ È angularvelocity at takeoff

EnergyÝRí
generalchangein energy, lumpinggainandlossî
energy storedin thrustmechanismî Ç energy storedin thrustmechanismprior to impact Üí êIåèïJï
energy dissipatedby restitutionlossí Ê kineticenergy at impactí È kineticenergy at riseíñð álâäã
maximumenergy storedby leg duringstanceÔ�ò maximumaltitudeavailablegivenenergy constraintØÑ ò maximumlateralvelocity availablegivenenergy constraint

Force,Torque,Timeó thetorqueon thecenterof massô
groundforcevectorÍ Ç normalcomponentof groundforceõ ð
stancedurationõºö
flight durationõø÷ âúùèù
time from apex to groundcontactõ È time from liftof f to apex

RestitutionandImpulseûü
unit tangentvectorperpendicularto thelegûý
unit normalvectoralongleg axisÅFÆ�þºÒºÆ�Ç»Ë bodyvelocity in leg frame(i.e, tangent,normal)ÅFÆ þÿÊ ÒºÆ Ç�Ê Ë impactvelocity in leg frameÅFÆ þÿÈ ÒºÆ Ç�È Ë takeoff velocity in leg frameÆ Ç�� normalvelocityof bodyat maximumcompression� � compressionimpulse� Ç normalimpulse:total restitutive impulsechange� È restitutionimpulseÄ þ fictional thrustrestitutionÅ Ý Æ þ Ò Ý Æ Ç ) changein velocity in leg frameÝ ØÕ
changein angularvelocity

continuedon next page
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GraphicalMethods� Ê angleof bodyvelocityat impact� È angleof bodyvelocityat takeoffÖ��
anglethatis half thewidth of thefriction cone

EmpiricalModellingÖ ï��	�
���
leg sweepangleduringstanceÖ ����
���Jå ���
‘virtual’ leg angleat midpointof sweepÌ ï��������
tangentvelocitycoefficient for leg sweepÖ Ê leg positionat impactÖ È leg positionat takeoff (aftersweepingduringstance)��� theleg mechanismangle(wrt body)ÛÑ ù â�� parameterfor lateralaccelerationduringflight��� thethrustmechanismcontrolvalue(proportionalto angle)��� lineartermfor thrustcalibration� � quadratictermfor thrustcalibrationÅ�� �~Ò��"!%Ò��$#��Ë standarddeviationsof errorin apex prediction

SensorFilteringÑ % â
� raw lateralpositionsensorreadingÔ % â
� raw verticalpositionsensorreading&Ñ differencebetweenestimatedandmeasuredÑ position&Ô differencebetweenestimatedandmeasuredÔ positionÝ õ
sensorsamplingintervalÛÔ �Mï'� estimateof y accelerationfor feedforwardÌ � feedbackgainfor positionestimatorÌ � feedbackgainfor velocityestimator(Ñ % â
� setof raw sensorreadingsfor parabolicfit)
fitting matrix for parabolicfit*
basisfunctionmatrix for parabolicfitõ ���Mâ,+
timeof theapex wrt clockõ.-
timeof theapex wrt centerof dataset

ControlandPlanning/ ÅvË abstractplanmappingapex stateto controlvalues0 ÅvË abstractplanmappingoneapex stateto thenext1 ��� totalenergy in Â � É32 � units(i.e.,normalizedfor
Á

)4 ØÑ desiredx velocity4Ñ desiredx position41 ��� desiredtotalenergyÌ ã$ê(ã
distanceto velocitygainfor linearcontrollerÌ ã$ê5�56Iå
velocity to leg anglegainfor linearcontrollerÌ �.6 %�7 ï�� gainfor linearthrustregulator

continuedon next page
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ØÑ�ò maximumlateralvelocity possiblegivenenergyØÑ � %�% errorin lateralvelocity8:95;=<�> heuristicevaluationvaluefor asearchnode95;?8A@ totalheuristiccostof abounce95;?8A@ ö costcomponentrepresentingfriction limits95;?8�@�B costcomponentconstrainingtakeoff velocity95;?8A@ È costcomponentrepresentingfootholdrisk95;?8A@C@A;ED=; estimatedcostto goalÖ ç5F % á leg anglenormalizedto friction coneG ;H;=@,I ç5F % á foot placementnormalizedacrossfootholdboundaryÌ ãJ��Fºï��
heuristicscalingfactorfor cost-to-goÑ�K positiongoalin old planningheuristic&Ñ positionerrorin old planningheuristicÌ B velocitygainin old planningheuristicÌ?L
pathlengthpenaltyin old planningheuristic� numberof bouncesin pathfor old planningheuristic

ExperimentalData
q.x bodylateralposition
q.y bodyverticalposition

q.theta bodyangularposition
inx statemachineindex
u.phi commandedleg angle(wrt world)
q.phi measuredleg angle(wrt body)
qd.x bodylateralvelocity
qd.y bodyverticalvelocity

qraw.y bodyverticalpositionsensorreading
qraw.y bodyangularpositionsensorreading

S.R. specificresistance
DesignAnalysisMEN

kineticenergy0 áOF,�.F % averagemotorpowerÔ áæåèç minimumstablehoppingaltitudeP
thrustmechanismdriveangleQ
lengthscalingfactor
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Appendix B

DesignAnalysis

In the following sectionI work out the basicrelationsthat expressthe forcesand
energy changesthat occurduring hopping. The exampleconsideredis a Bow Leg
Hopperbouncingin placein equilibrium. The leg is idealizedasa masslesscon-
stantforce springwith non-idealrestitution. This leg doesdissipateenergy but the
controlleris assumedto exactlycompensateusingthrust.

Following theanalysisis a discussionof scalingissuesandsomeworkedexam-
plesfor differentparametervalues.

B.1 Body Dynamics

Thehopperfalls from altitude R andfirst touchesthegroundwhenthecenterof mass
is at theheightof theleg length S ; thetotal flight time is T:U :V RXWYS[Z\RXW^]=_	`badc T:U`fehg (B.1)

Gravitationalaccelerationa is negative,asis fall distance
V R andthechangein

leg length
V S . Theverticalvelocityat impact:iRHj[WkZml `?a V R (B.2)

Solvingfor thefull flight time (up anddown):T:UnW^o p V Ra (B.3)

The momentumat impact is exactly reversedby the constantforce leg spring
appliedover thestanceinterval:
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FigureB.1: Variablesusedin thedesigndiscussion.{ V iR|W~}h�5T:��W^Zb` { iRHj (B.4)

Solvingfor thestancetime:T:�$W Zb` { iR�j}C� W { }h� l p a V R (B.5)

Stancetime is a function of altitude,but the ratio of stancetime to flight time
dependsonly on theconstantforces:T:�T:U W {}C� l p a V R�� o ap V R W { a}h� (B.6)

Thekineticenergy at impact:��� j�W { iR gj` W { a V R (B.7)

In this notation, the total energy changeis the sum of restitutive lossesand
thrust � , which is regulatedto zeroby thecontroller:VX� W � j�Z ���5������� �mW�� (B.8)
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The following considersthe casewith no thrust to develop the dissipationex-
pressions.With an instantaneousimpactandno thrust,the leg springis assumedto
exhibit animpulserestitution � . This impliesenergy loss ��]EZ�� g�� :{ iR���W�Zb� { iRHj (B.9)��� ��W ]` { iR g� WY� g ]` { iR gj W�� g

��� j (B.10)���5���.� W ��� j�Z ��� ��W��:]EZ�� g �
��� j (B.11)

(The subscript � indicates“rise” since“l” for liftof f would be similar to � for
“impact.”)

The following assumesa finite stancedurationto develop the leg compression
expression.The leg compressesto storekinetic energy in leg potentialenergy; the
energy storedwasgainedfrom thepotentialchangefrom thehighesttrajectorypoint
to thepoint of maximumcompression:{ a V R � { a V SOW�Z V S�}C� (B.12)

Solvingfor thechangein leg lengthasafunctionof equilibriumhoppingaltitude:V SOW Z { a V R}h� � { a (B.13)

Actually, sincethe leg is dissipatingsomeof thatenergy asit is stored,this un-
derestimatestheleg compression,but assumingthat thedissipationis low theeffect
of dissipationon theestimateof leg compressionmaybeneglected.

B.2 Thrust Mechanism

Thethrustmechanismmayusetheentireflight time to storeenergy in the leg. The
thrustenergy provided to the leg at equilibrium is exactly equalto the dissipation.
Theaveragenetmotorpower(afterfrictional losses)canbeestimatedusingtheflight
duration: � �O¡,¢.¡A£ W �T:U W �:]EZ¤� g � { a V Rl ¥A¦[§¨ W^�:]EZ¤� g � { o a © V Rp (B.14)

The requiredthrust energy increasesmonotonicallywith altitude, as doesthe
averagemotorpower.
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FigureB.2: Kinematicsof thethrustpulley. As ¯ increases,thepulley is movedinto
thestring,whichpulls thestringin from theleg.

But the mechanicaladvantageof the thrustmechanismvariesandso the motor
loadvariesduringtheleg compression.Thefull form of therelationbetweenmotor
angleandleg compressionis asfollows:V S°W ± �³² Z´l ± g Zµ`¶±n·¹¸�º¼»?�
¯ � � · g Z�� g (B.15)� l ² g � ` ² ·¹¸½º	»=��¯ � � · g Z�� g� `?¾O� Zf��¿¼ÀÁ¸½»ÁÂ�Ã � l ± g Zµ`¶±n·¹¸�º	»=�
¯ � � · g Z�� gl ± g Zµ`¶±n·¹¸�º¼»?�
¯ � � · g �Zf��¿¼ÀÁ¸½»ÁÂ�Ã � l ² g � ` ² ·¹¸�º	»=�
¯ � � · g Z\� gl ² g � ` ² ·¹¸�º¼»?�
¯ � � · g �Zf��¿¼ÀÁ¸½¸�º	»3� ZÄ± ² ZÅ±n·Æ¸�º	»?��¯ � � · g �³² ·Æ¸�º	»=�
¯ �l ± g Zµ`�±b·¹¸�º	»3�
¯ � � · g l ² g � ` ² ·Æ¸½º	»?��¯ � � · g �

This function (generatedusing Maple) describesthe mechanismillustrated in
FigureB.2. A usefulapproximationis to setthepulley radius� to zero:
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FigureB.3: Kinematicsof thethrustpulley. Thetop figureplotsthelengthof string
retractedfor eachthrustdiscangle;thebottomfigureplots its first derivative. Two
casesare shown with different linetypesillustrating the effect of the drive pulley
radius.Notehow thecompressioncurveflattensat theright; this is astableregion in
which theleg canbeheldin compressionwith minimal torque.
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V SOW ± �³² Zml ± g Zµ`H±n·¹¸½º	»?�
¯ � � · g (B.16)� l ² g � ` ² ·Ë¸½º	»?��¯ � � · g
The transmissionratio is the derivative of the leg displacementwith respectto

thrustmotorangle.For simplicity, it is only shown for thecasewith pulley radius �
equalto zero:V SV ¯ W ² ·Æ»ÁÂ�ÃE¯Ì ² g � · g � ` ² ·¹¸�º	»Í¯ Z ±b·Ë»JÂ.Ã�¯Ì ± g � · g Z¤`H±b·Ë¸½º	»Î¯ (B.17)

Examplesof thedisplacementcurve andtransmissionratio curve areillustrated
in FigureB.3.

The peakof the transmissionratio curve determinesthe maximumtorquesup-
portedby themotor. Theflight timedeterminesthetimeavailablefor rotating90de-
greesto recontactthestring(with noload)andthenanother90degreesundervarying
load to storeenergy. A conservative solution is to guaranteethat the motor could
performthis cycle undera constantmaximumload for the durationof a minimum
altitudehop: Ï

g ¾Ð ��Ñ°W�� � �
Ï
g ¾Ð ��Ñ � Ò�Ó ��Ô T:U ÕÖ"T:UnW o p �
R

� ��× Z�S �a ØÙ (B.18)

A moreoptimizedsolutioncouldintegratethemodelledmotorvelocityunderthe
varying load andfind a somewhatsmallermotor that could still operatewithin the
flight time.

B.3 Quick Analyses

Thefollowing analysisillustratesthedesignparametersfor theboom-mountedBow
Leg hopperprototypehoppingin 35%effectivegravity.

Quantity Variable Value
mass

{ `�ÚÜÛfÝ"Þ
leg length S ��ÚÜ`	ÛEß

gravity a à�Úâábßd_H»Jã�¸ gleg force }C� ]?ÛH�bä
hoppingheight RHå ��ÚÜÛfß

energy restitution � g ��Ú p
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Usingtheformulasin theprevioussection,thefollowing valuesmaybeobtained
for hoppingat theheight RHå :

Quantity Variable EstimatedValue
stancetime T:� ��Úæ�¼án»Jã�¸
flight time T:U ��ÚÜç	çÄ»Jã�¸

impactvelocity
iRHj Z´]	ÚÜànßd_H»Jã�¸

energy stored
� `�Úæàéè

leg compression
V S ��Úæ��]?ÛÄß

energy dissipated
�Eê ��Úâá�àéè

averagemotorpower

� �O¡,¢.¡A£ ��ÚÜÛ	Ûfë
In practicethemeasuredpeakmotorpoweris about5 Watt,anorderof magnitude

higherthanthe

� �O¡,¢.¡A£
estimate.However, themotor is a hobbyservo thatexpends

aboutthatmuchjustholdingapositionundertheloadof thefull leg forceat thepoint
of minimalmechanicaladvantage.

Thefollowing exampleestimatesparametersfor ahypotheticalhopperoperating
in full gravity.

Quantity Variable Value
mass

{ ]3�ÄÝ"Þ
leg length S ]ìß

gravity a í�Ú p ]�ßî_�»Áã�¸ gleg force }C� ÛH�	�bä
hoppingheight RHå àÄß

energy restitution � g ��Ú p
Pluggingin thevalues:

Quantity Variable EstimatedValue
stancetime T:� ��ÚÜ`	ÛÄ»Jã�¸
flight time T:U ]	ÚÜ` p »Jã�¸impactvelocity

iRHj ZÄï�ÚÜànßd_H»Jã�¸
energy stored

� `Há	áéè
leg compression

V S ��Úâá�íbß
energy dissipated

�Eê à	íéè
averagemotorpower

� �O¡,¢.¡A£ à�]ìë
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B.4 Scaling

Thegeneralizationof thedesignanalysisis to examinehow theparametersvaryasa
functionof scaleby introducea lengthscalingfactor ð . If weassumethemechanical
dimensionsareuniformly scaled,wegetthefollowing table:

Quantity Variable Scaling
hoppermass

{ ð ©
gravity a ]

leg length S ð
leg compression

V S ð
maximumenergy storage

� ð ©
Themaximumenergy storageis assumedto bea functionof themassof theleg.

Given that the force of a constantforce leg spring ñ�� is relatedto the maximum
energy storageandcompression: }h��W �V S�ò ð ©ð (B.19)

thenthe leg force variesas ð g . This is compatiblewith an assumptionthat the
groundcanwithstandconstantpressure;asthe foot areaincreasesas ð g , the maxi-
mumgroundforcewill alsoincreaseas ð g .Thehoppingheight,however, remainsconstant.Theenergy thatmustbestored
is asfollows: ��ó { a V R ò ð © �	]E� V R (B.20)

Since
�

and
{

alreadyvary as ð © , then
V R mustbeconstant.Soif thehopping

heightis to increasein scalewith themachine,theenergy storageandhencetheleg
massmust increaseas ðõô . The groundforce must thenincreaseas ð © , which will
eventuallyexceedthegroundstrength.

Another way to seethis is that eachunit massof leg springcan storeenough
energy to launchitself somedistancevertically. Thedistancetheentiremachinecan
belauncheddependson theratio of leg massto total machinemass.With a uniform
scaling,this ratio is fixedandsothelaunchdistanceremainsindependentof scale.
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Appendix C

3D Hopper Design

Thisappendixpresentssomepreliminarydesignnotesfor a“3D” unconstrainedhop-
per. Althoughthis is notwithin thethesisscope,thismaybehelpful for futurework.

C.1 DesignIssues

The3D Bow Leg Hopperoperateson thesamedesignprinciplesasthe2D Hopper:
it usesan efficient spring for a leg that is freely pivotedat the hip andpositioned
duringflight by control strings,andhasthecenterof massbalancedbelow thehip.
Thechiefdifferenceis thattheleg mustfreelypivot in two DOF, whichsubstantially
complicatesthemechanicaldesign.

Thebig questionsseemto beguaranteeingsufficientleg angularfreedom,placing
thecontrolstringdrivewith similar freedom,routingtheBow Stringthroughthehip
without interference,andkeepingthe massdistribution low enoughfor stability. I
anticipatethattheexisting thrustmechanismsshouldwork fine sincethey in no way
dependon the freedomof the leg. Thechief difficulty is that themassof the thrust
drive is well above thehip andwill needto bebalancedby weightelsewhere.

Anotherissueis generalrobustness.The 3D hopperis muchmorelikely to hit
thegroundduringfallsandtheleg to hit thejoint limits. If themachinecomesto rest
on thefoot andanoppositebodypoint the leg will undergo significantlateralforce
at theimpingementpoint.

Thelimited experiencewith theair-tableplanarprototypessuggeststhattheatti-
tudestability maybemarginal without thedampingof theboompitch bearing.This
is expectedto makepassiveattitudestabilitymoredifficult andactivehip positioning
mayberequired.Alternatively, anotherstabilizingmechanismsuchasa gyroscope
or aerodynamiccontrol surfacemay be needed.However, the free hip of the Bow
Leg shouldstill keepthedisturbanceslow socontroltorquesarelikely to besmall.
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Figure C.1: Preliminarysketch of a gravity-powered3D Bow Leg Hopper. Not
shown are batteriesand the R/C radio receiver. The hip assemblycombinestwo
universaljoints: the interior oneis a freely pivoting hip thatallows the leg to move
freely during stance,and the exterior one is a control yoke gimbal driven by two
hobbyservos,which is usedto positiontheleg duringflight. TheBow Stringholds
theBow Leg in compression.
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A goodstartingpointwill betobuild aremotecontrolledprototypewithoutthrust.
This teststhe fundamentalleg and hip designbut keepsthe masslow and avoids
the difficult sensingandcommunicationproblems.A preliminarysketchof sucha
machineis shown in FigureC.1.

C.2 Leg Freedom

For controlpurposestheleg only needsto beplacedwithin thefriction conearound
the terrainsurfacenormal. However, theoscillationof thepassive attitudestability
maymeanthatthebodyis not level at impact,andsoamuchwiderconeof motionis
desirable.Althoughthecontroltreatsthefoot motionasapointonaspherecentered
on thehip (i.e., 2 DOF), the leg is asymmetricdueto bendingduringcompression.
The ideal hip joint would be a frictionlessball joint with no freedomaboutthe leg
axis,which would avoid singularitiesbut keeptheleg orientedproperlyfor bending
clearance.

A reasonablecompromiseis to usea universaljoint (gimbal). It will have low
friction andmaybeconstructedof standardroller bearings.Thechief disadvantage
arethesingularitieswhich prevent freebodypivoting if theattitudemovesfar from
the level position. A secondarydisadvantageis thepreferreddirection: thefirst ro-
tationaxiswill have somewhat lower rotationalinertiaandis betterfor theprimary
directiontravel. Sidewayshoppingwill involveacceleratingmorebearinginertiaand
will causegreaterattitudedisturbances.

Duringstance,theleg flex causessignificanthip rotationaroundtheaxisperpen-
dicular to theplaneof the leg. This significantlyincreasesthe“free space”require-
ment; for a designgoal of ö´ï	� degreesleg travel, a full compressionaddsabout
80moredegreesof travel: theclearanceinterval is then ÷øZÄï	��ù3]�á��Hú degreesat thehip
(200degreestotalclearance).For thisreasonthepreliminarydesignusesacantilever
for thesecondgimbalaxisin orderto leavethevolumebehindtheleg unconstrained.

Theleg itself canprobablybesubstantiallysimilar to the2 DOF leg. Theforces
arestill axial, althoughthe foot will needto be able to handlecontactat roll and
pitchangles.Thegimbaldesignillustratedmovesthehip bearingoff theleg to apair
aroundthe shaft; this allows string clearancein the centerandhandleshigherside
loads,but doesrequirea redesignof theleg hip shaft.

Thebearingsselectedarelow profile roller bearings.Therearetwo motivations:
ensuringstring clearanceandkeepingthemassandradiusof the partslow. As de-
scribedbelow, the string needsa wide clearancecone,so a low profile hip cage
maximizesfreedom.

The body frameneedsattentionpaid to the impingementat different leg orien-
tations: thehip gimbal framelimits the leg forward pitch, andthebody sideframe
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limits leg roll andbackwardpitch. Thecontactpointsshouldbereasonablyfar from
the hip centersincethey may act as the fulcrum during a fall if the leg is pinned
betweenthegroundandbody—ashortleverarmcouldcauseveryhighimpingement
forcesat thecontactpoint. Unfortunately, nothingpreventstheleg from striking the
yoke in certainroll configurations,sincethe extremallimits of the travel freedoms
overlap(e.g.,a full left leg roll will strike thestringyokegimbalpositionedfor a full
right roll).

C.3 YokeFreedom

Theleg positioningyokeoperatesin similar fashionto theplanarhopper, moving the
leg controlstringsduringflight andbecomingdecoupledduringstance.Like theleg,
it alsoneeds2 DOF, which implies the useof threeor morecontrol strings. Three
stringsavoidsredundancy, i.e., thepossibilityof multiplepositionequilibria.

It is probablybestif the rotationalcenterof the yoke is coincidentwith that of
the hip so the control string lengthsdo not changeasthe yoke rotates. This leads
to theillustrateddesignwith a gimbalconcentricwith theleg gimbal,bothcentered
on the hip. Ideally the angularfreedomof the yoke would be as large as the leg
positioningcone.Thereareno directproblemswith theadditionalanglesof leg flex
sothefreedomis acone(unlikethehip clearancefor theleg), but theyokedoesneed
to stayclearof thevolumebehindtheleg.

The trickiest issuewith the yoke is placingthe two drive motors. The simplest
designwouldhaveadirectdrivemotormountedonthecage,but thisgreatlyincreases
thecageinertiaandsweptvolume. Anothersolutionis to placebothmotorson the
bodyandusea linkage,but theparalleldrivemeansthatthepitch freedomis coupled
to theroll freedom.It is possibleto usea differentiallinkageto decoupletheaxes,
but it addsa lot of mechanicalcomplexity andbacklash.A betterpossibility is to
mountthepitchservo alongtheroll axisneartherearof thebody;thelinkageto the
pitchyokemayneedto belong,but theaxeswill bedecoupled.

Another issueis that the yoke hasa larger radiusthan the leg gimbal andwill
sweepa largervolumethatalsomustbeunoccupiedby thebody. A solutionto this
is to useassmalla yoke radiusaspossibleandincreasethecontrolstringtensionto
compensate.

C.4 String Placement

TheBow Stringneedsto go throughthehip sothatthestringtensiondoesnot exert
torquesontheleg. In practice,it is impossibleto makethecenterof forceremainex-
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actlyon thehip axisastheleg movesabout,sosomeparasitictorquesareinevitable.
Sincethestringmoveswith the leg, thebottomof thehip shaftneedsa fan-shaped
openingto accommodatetherangeof anglesassociatedwith theleg compression.(It
is not clearexactly what this rangeis, sincethestring is only undertensionduring
a partof this compression.)Thestring leavesthehip on top to connectto thethrust
mechanismfixed on the body; sincethe string orientationdoesn’t changewith re-
spectto thebody, ensuringbody clearanceis trivial, but thestringclearanceon the
top of thehip needsto accommodatethe full motionof the leg. This meansa wide
coneof clearanceis neededin thetopof thehip shaftandthecageof thehip gimbal.
This conealsoneedsto accommodatethe leg flex, so the hip shaftclearanceis the
convolution of the leg sweepconevolumewith a leg flex fan volume(of uncertain
extent).

In this design,thecontrol stringsagainform a separatecontrol yoke thatmeets
nearthe foot, passesthrougha pulley in the foot, and is tensionedwith an elastic
element.Threestringsavoidsredundancy, but every arrangementwith a finite num-
ber of stringshasanisotropiclateral stiffnessat foot. In the designillustratedthe
stringsarearrangedto avoid interferencewith theleg flex at thebackandto keepthe
jointsorientedalongorthogonalaxesparallelwith themachineaxesfor independent
controlof roll andpitch leg orientation.Thestiffnessvariationmaybeameliorated
by choosingequallever armsfor the left pair andtheright stringsothesideto side
stiffnessis equal.If pressedforward,however, thefoot will tendto alsocurve to the
right, sincethe left rearstringwill go slackandthe foot will pivot perpendicularto
theline betweentheothertwo stringconnections.In addition,thetensionin theright
stringwill betwice thatof eachof theleft pair.

The chief disadvantageof this designthat the stringsbecometight beforefull
leg extension,so thereis alwaysthepossibilityof a torqueimpulseat takeoff. It is
alsoawkward to have thepulley andelasticelementnearthe foot. Thereareother
possibilities.Oneis to returnto a positionerdesignthatpusheslaterallyon theBow
String, with the attendantpositioningerror. Another is to usethreewinchesfixed
to the body anduseactive control to managethe redundancy. This eliminatesthe
gimbal but requiresfast precisecontrol of threemotors. However, this could be
programmedto pay out slack during stanceto eliminatetakeoff torquesfrom the
controlstrings.With especiallyfastandpowerful motorsthethreestringscouldalso
be usedto tensionthe leg, but all the advantagesof mechanicalthrust triggering
wouldbelost.
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Appendix D

ProgrammableMechanisms

The Bow Leg is a novel designfor a leg that is lightweight andefficient with high
energy storage.Thisthesisexploresits usein aone-leggedhoppingrobot,but it could
couldalsobeusedfor multileggedlocomotionor asanactuatorfor manipulation.It
may alsobe seenaspart of a larger classof “programmablemechanisms”that use
small configurationactuatorsto guide the behavior of a mechanismthat passively
carriesthetaskloads.Thisappendixis intendedsimply to suggestsomeof theideas
thatmightbegeneralizedto othermechanisms.Someof theprinciplesareasfollows:

1. Usenaturaloscillatorsto supportloadforcesconservatively.

2. Usemechanicalenergy storageasa buffer betweenlow power energy sources
(electricmotors)andhighpower loads.

3. Keepactuatorforcesorthogonalto dynamicforces,eitherin spaceor in time.
Dynamicforcesmaybesupportedusingbearingsinsteadof actuators.

4. Eliminatedisturbanceforcesby design.

5. Usemechanicalfeedbackwherever possible. This might be a discreteevent
suchastriggeringaspringrelease,or acontinuousprocesslikeaflyball gover-
nor. In thehopper, massplacementis sufficient to createmechanicalfeedback.

6. Incorporatea cycle into thedesignthat reducesthecontrolandsensingband-
width.

TheBow LegHopperdisplacesactuationin time(to flight) byusingthelegspring
to buffer thrust energy and the initial leg position to passively generate“control”
forces.Thelow actuatorforceis adoublewin: notonly is theactuatorpowerlow, but
theforcesarelow. This reducesthesizeandweightof theactuators,bodystructure,
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and the power supply. High stressesis confinedto a limited pieceof the hopper
structure.

Therearecertainlyothersolutionsthatoffer similar properties.Thepitch could
becontrolledby a springmechanismthatexertstorquesdirectly on the leg, or by a
non-contacttorquesourcesuchasa momentumwheelor aerodynamicvanes.The
Bow Leg energy mechanismis completelypassiveduringstance,but low powerelec-
trical actuatorscouldbeusedto triggerthemechanicalrelease.

TheBow Leg mechanismitself is moregeneralthataoneor multileggedhopper.
As amechanicallyconfiguredimpulsiveactuatorusingasmallpowersource,it could
beusedfor low duty cycle impulsive manipulationoperationslike battinganobject
off a conveyor belt. Hereareseveral ideasfor applicationsthat could usesimilar
ideas:û

Satelliterotation. The report [Pit90] describesa systemfor rapidly reorient-
ing a satelliteby acceleratinga flywheelusingenergy storedin a spring,then
recoveringtheenergy by clutchingto anotherspring.û
Active automotive suspension.A conservative mechanismcouldconceivably
usetheenergy of onebumpto drive thesuspensiondown for thenext pothole
(thanksto ProfessorBill Messnerfor this suggestion).û
Conveyor belt manipulator. A Bow Leg couldbeusedasa finger to knockan
objectoff a conveyor belt. It would be tensionedandpositionedastheobject
approached,andthenat contactwouldmechanicallytriggeranddeliveracon-
trolled impulse.Self-timingcoulddramaticallyreducethesensingrequired.û
Walking robots. The paper[Jam85] andpatent[Jam] describea gyroscope-
stabilizedtwo-leggedwalking device thatusesno actuators.Thegyro axis is
nominallyparallelto theground,orientedacrossthebody. In thisconfiguration
the torqueexertedby the body weight actingaroundthestancefoot causesa
precessionthatrotatesthebody, bothslowing thebodyfall andcausinga for-
wardstride.Thegyroscopeis alsousedasa flywheel to power thealternating
leg lift usinga linkage.
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