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Abstract

Segmentingimage sequencesinto meaningfullayers
is fundamentalto manyapplicationssuch as surveil-
lance, tracking, andvideosummarization.Background
subtraction techniquesare popular for their simplic-
ity and,while they providea dense(pixelwise)estimate
of foreground/background,they typically ignore image
motionwhich canprovidea rich sourceof information
about scenestructure. Conversely, layered motion es-
timation techniquestypically ignore the temporal per-
sistenceof image appearanceand provide parametric
(rather than dense)estimatesof optical �ow. Recent
workadaptivelycombinesmotionandappearanceesti-
mationin a mixturemodelframework to achieverobust
tracking. Here weextendmixture modelapproachesto
cope with densemotion and appearance estimation.
We developa uni�ed Bayesianframework to simulta-
neouslyestimatetheappearanceof multipleimage lay-
ers and their correspondingdense�ow �elds from im-
age sequences.Both the motionand appearancemod-
els adapt over time and the probabilistic formulation
canbeusedto providea segmentationof thesceneinto
foreground/backgroundregions.This extensionof mix-
ture modelsincludesprior probability modelsfor the
spatialand temporal coherenceof motionandappear-
ance. Experimentalresultsshowthat thesimultaneous
estimationof appearancemodelsand�ow �elds in mul-
tiple layers improvesthe estimationof optical �ow at
motionboundaries.

1. Intr oduction

The recovery of 2D imagemotion, or optical �o w,
hasalonghistoryandcurrentmethodshaveprovenuse-
ful in �elds asdiverseasgraphicsandbiology. In par-
ticular, the accuracy of denseoptical �o w techniques
[9] hasimprovedto thepointwheretherearenow more

pressingissuesto addressbeforeoptical �o w methods
are more widely adopted.Consider, for example,do-
mainssuchassurveillancewheredense(pixelwise)mo-
tion estimationmay be very useful. In suchdomains,
optical�o w algorithmsmustruncontinuouslyandauto-
maticallyadaptto changesin lighting andmotionover
both short and long time frames.In suchan applica-
tion one might be willing to trade absoluteaccuracy
for stability, dependability, andfull automation.Tradi-
tional optical �o w methodsthat rely on a simple as-
sumptionof brightnessconstancy areat a disadvantage
in suchapplicationsas they have no “memory” about
the motion in the sceneover time and no “model” of
the objectsin the sceneand their appearance.In con-
trast,model-basedtrackingmethodsachievehighaccu-
racy andreliability by exploiting a rich appearancerep-
resentation;denseoptical�o w techniqueshavenosuch
model.Summarizing:optical �o w methodslack anap-
pearancemodelof whatis being“tracked”andthey lack
any sortof explicit modelof scenestructureor segmen-
tation.Wearguethatbothof thesearenecessaryfor sta-
ble optical �o w estimationand that the descriptionof
appearanceandscenestructuremustadaptover time.

We proposea Bayesianframework for estimating
denseoptical �o w over time that explicitly estimates
and exploits a persistentmodel of imageappearance.
Theapproachassumesthat thescenecanbe described
by a number of layers but that the motion of each
layeris highly �e xible.Theapproachalsoexploitsprior
modelsthat expresshow motion andappearancemay
changeover time. To achieve this, we extendmixture
modelmethodsto the caseof dense(ratherthanpara-
metric)�o w estimationandderiveamixturemodelfor-
mulationthatincludesexplicit spatialandtemporalpri-
ors.

The key contributions of this methodare: 1) it is
a straightforward extensionof standardrobust optical
�o w methods;2) it estimatesdense,subpixel-accurate,
�o w �elds; 3) it producesanestimateof foregroundand



Figure 1. Estimating dense motion in lay-
ers for an outdoor sequence . Comparison be-
tween the horizontal �o w obtained with a
standar d optical �o w technique (sharp motion
boundaries but poor detail) and the horizontal
component of �o w �eld estimated with our ap-
proach (notice the �ne details associated with
the head and foot). Right bottom box sho ws
the results of our appr oach: A layer mask indi-
cating the foregr ound owner ship and appear -
ance models for two layers.

backgroundappearance;4) it can be usedto segment
thesceneinto layers;5) thelayershelplocalizemotion
boundariesandreduceover-smoothing.

In an Expectation-Maximizationframework, we al-
ternate between solving for the layer “ownership”
weights and the estimatesof motion and appear-
ance. These appearanceand motion models are si-
multaneouslyestimatedin a maximum a posteriori
(MAP) framework. First appearancemodels are es-
timated, holding motion �o w �elds �x ed and then
appearancemodels are �x ed and �o w �elds are re-
�ned. Figure1 illustratesthemethod.

In thecurrentmodel,thereis no complex reasoning
aboutdepthorderingandconsequentlythemethodmay
not produceassignmentsof motion andappearanceto
layersthat are intuitive. Regardless,the resultingmo-
tion estimates,however, bene�t from thestabilizingef-
fectsof the appearancemodel and the motion bound-
ariesmoreaccuratelycorrespondto the objectbound-
ariesin thescene.

2. RelatedWork

While the obvious goal of motion estimationis to
computehow thingsmove in images,the goal is also
to discernsomethingaboutthe structureof the scene
(i.e. “what goeswith what”). It hasbeensuggestedthat
knowing the imagemotion would facilitatesegmenta-
tion of the sceneinto physically meaningfulregions.
Conversely, knowing thesegmentationcanfacilitatethe
accurateestimationof optical �o w [4]. We addressthe
problemof couplingtheseprocessesin auni�ed frame-
work.

Layeredmodelsof optical�o w havebeenoneof the
key paradigmsfor simultaneouslysegmentingthescene
andestimatingits motion[1, 10, 20]. In particular, mix-
turemodelframeworksmake a soft assignmentof pix-
els to layers.Unfortunately, this segmentationdoesnot
typically enforcespatialcoherencebetweenneighbor-
ingpixelsandmay, hence,bequitesparse.Additionally,
thesemethodsare typically limited to parametricmo-
tion modelsor highly constrainedmotions[20]. These
methodsalsotypically lack any explicit modelsof spa-
tial coherencebetweenpixels.Herewe extendthemix-
turemodelframework to estimatedenseoptical�o w in
imagelayers.Eachpixel canbelongto oneof a num-
berof layersandconsequentlymayhavemultiple inter-
pretations.Traditionaloptical �o w priors areextended
to this framework andresult in spatiallycoherentseg-
mentations.

Oneof the perennialproblemsof optical �o w esti-
mationis thepreciselocalizationof motionboundaries.
We arguethat this problemis due,in part, to the lack
of an appearance-basedsegmentation.Imagesegmen-
tation itself is a hard problemhowever and mistakes
in segmentationmay affect the optical �o w estimates.
Consequently, we seeka coupledsolution.

Therehave beenattemptsto couplethe motion and
appearancesegmentationproblemsin variousways;for
example,by exploiting explicit boundarycontourpro-
cessesandthestatisticsof imageregions[17]. We take
a different approachthat draws from the tracking lit-
erature.Optical �o w is typically viewed as a 2-frame
(or n-frame)problemwherethe assumptionof bright-
nessconstancy betweentheframesis exploitedto com-
putemotion;whenthenext framescomealongthepre-
viousonesareforgotten.This is in contrastto tracking
approachesthatmodeltheappearanceof anobjectand
can,hence,track its motion over many frames.We ar-
guethatoptical�o w estimationsuffersfrom nothaving
any persistentappearancemodelcharacterizingwhat is
being“tracked”.

Recenttrackingwork hasexploitedmixturemodels
to trackregionsover many frameswhile incrementally



estimatinga modelof theregion'sappearance[11]. We
extend theseideasto the problemof dense�o w esti-
mationandadaptively estimatea pixelwiseappearance
model in multiple layers.Having suchan appearance
modelservesa numberof purposes.First, (if it is cor-
rect) it provides additional constraintson the optical
�o w that help reducethe effectsof noise.Second,the
temporalpersistenceof appearanceaidsin segmenting
thesceneinto coherentregions.This latterpoint aidsin
thepreciselocalizationof motionboundaries.

Previous approacheshave had somewhat simi-
lar goals. Tao et al. [18] estimatelayered paramet-
ric motion with foreground regions being modeled
by Gaussianblobs.They learneda model for the ap-
pearanceof the layers and estimatedthis over time
in a Bayesianframework. This hasrecentlybeenex-
tendedto explicitly model the ordering of the layers
andtheirocclusion[7]. While ourapproachdoesnotat-
temptto reasonexplicitly aboutdepthordering,we go
beyond previous work to model general,dense,op-
tical �o w and to formulate the problem of layered
appearanceand motion estimationin a uni�ed mix-
turemodelframework.

Similar goalshave beenpursuedby [6, 12, 13]. In
contrastto their work, we formulatetheappearancees-
timationandlayerrecoveryproblemin agradient-based
optical �o w framework. This allows us to exploit tra-
ditional techniquessuch as coarse-to-�neestimation,
robust regularization,andcontinuousoptimizationand
thusto computedenseestimatesof optical�o w andap-
pearancein a relatively straightforwardfashion.

Finally, we shouldnote that our approachexploits
a temporalcoherenceprior for both motion and ap-
pearance.Previous approacheshave exploited tempo-
ral coherenceof �o w [2, 3, 16, 19] but they did not
alsomodelappearance.WealsoformulatetheBayesian
problemin a robustway andtheoptimizationthenex-
tendspreviousapproachesto robustoptical�o w estima-
tion [8, 10, 15, 21].

3. Problem Formulation

In this section,we �rst model densemotion esti-
mation in a Bayesianframework and then extend it
to appearanceestimationand�nally develop a uni�ed
Bayesianframework to simultaneouslyestimatetheap-
pearanceof multiple imagelayersandtheircorrespond-
ing dense�o w �elds from imagesequences.Both the
motionandappearancemodelsadaptover time andthe
probabilisticformulationcanbeusedto provide a seg-
mentationof thesceneinto foreground/background re-
gions.Thisextensionof mixturemodelsincludespriors

for the spatialand temporalcoherenceof motion and
appearance.

3.1. Standard Bayesian�o w formulation

Thestandardoptical�o w problemcanbeformulated
asthemaximizationof theposteriorprobability

argmax
U t

P(U t j�I t ; U t � 1) (1)

whereU t representsthe horizontaland vertical com-
ponents of the optical �o w �eld at time t and
�I t are the image observations for time 0; :::; t,
�I t = [I 0; I 1; :::; I t � 1; I t ].

Using standardMarkov assumptionsand Bayes'
rule,we rewrite theposteriorprobabilityas

P(u t j�I t ; u t � 1) / P(I t jI t � 1; u t )
P(u t ju t � 1)
P(u t ju t (Gx ))

where,now, u t = (ut (x); vt (x)) is the horizontaland
vertical�o w atapixel x andGx is thesetof four neigh-
bors for pixel x. The global posteriorin equation(1)
is theproductof this local posteriorover all imagelo-
cations(assumingconditionalindependenceof neigh-
bouringpixels).HereU t is the optical �o w �eld over
thewholeimageandu t is theoptical�o w �eld atapar-
ticularpixel.

Note thatabove posteriorprobabilityholdsat every
pixel x unlessotherwisespeci�edin therestof thetext.
We omit x in our notationfor thesake of simplicity.

Here P(I t jI t � 1; u t ) is the observation likelihood
that associatessuccessive imageswith the motion that
is beingsought.It correspondsto the imagebrightness
constancy assumption.Thetemporalandspatialcoher-
enceof motionarerepresentedwith theprior probabil-
ities P(u t ju t � 1) and P(u t ju t (Gx )) respectively. The
temporaltermsimply enforcesthat the �o w at thecur-
rent instant is similar to the �o w at the previous in-
stant.The spatialterm is a standardonebasedon the
differencebetweenneighboringhorizontalandvertical
�o w values.All thesetermsarerepresentedwith a ro-
bust likelihoodfunction [3]. For optimizationwe min-
imize thenegative log of theposteriorandtheseterms
becomerobusterrorterms.Detailsareprovidedbelow.

3.2. Intr oducing AppearanceModel

Let A t be an appearance model (intensity-based
model)at time t. This is introducedasa “memory” of
whatis beingtrackedandis lackingfrom standardopti-
cal �o w formulations.It is introducedinto theposterior



asfollows:

P(A t ; u t jA t � 1; �I t ; u t � 1) / P(I t jI t � 1; u t ; A t )
P(A t jA t � 1)
P(u t ju t � 1)
P(u t ju t (Gx )) :

Here P(I t jI t � 1; u t ; A t ) is the likelihood term and
P(A t jA t � 1) representsthe temporalappearanceprior.
The goal hereis to incrementallyestimatethe appear-
ancemodel A t by taking into accountthe observed
image, the past appearanceand the motion. The de-
tailswill bedescribedbelow.

3.3. Intr oducing Layers

To model the complexity of natural imageswhere
objectsmove andoccludeeachother, we introducethe
notionof layersinto thedense�o w formulation.In par-
ticular, we introducelayerswith both appearanceand
motion and estimatethesefrom an image sequence.
Here we focus on a simple caseof two layerswhich
canbethoughtof (roughly)as“foreground”and“back-
ground.”

Theposterioris now writtenas

P(A t ; M t j�I t ; A t � 1; M t � 1) (2)

where A t = (Ab
t (x); A f

t (x)) are the appear-
ance (intensity-based) models for foreground
and background at every pixel location x and
M t = (ub

t ; u f
t ) arecorrespondingmotion �o w �elds.

Hereub
t = (ub

t (x); vb
t (x)) andu f

t = (uf
t (x); vf

t (x)) .
Thesuperscriptsbandf standfor backgroundandfore-
groundrespectively.

Onceagain,theposteriorprobabilitycanbesimpli-
�ed as

P(A t ; M t j�I t ; A t � 1; M t � 1) / P(I t jA t ; M t ; I t � 1)
P(A t jA t � 1; M t )
P(M t jM t � 1)
P(M t jM t (Gx )) :

The appearanceof the layersis assumedto change
graduallyandthis temporalcoherenceis modeledby

P(A t jA t � 1; M t ) =
Y

i = b;f

P(A i
t (x)jA i

t � 1(x); u i
t ) (3)

whereappearancemodelat the currenttime instantis
associatedwith theappearancemodelat previous time
instantvia themotionof thecorrespondinglayer.

The temporaland spatial coherenceof motion are
representedwith

P(M t jM t � 1) =
Y

i = b;f

P(u i
t (x)ju i

t � 1(x)) (4)

and

P(M t jM t (Gx )) =
Y

i = b;f

P(u i
t (x)ju i

t (Gx )) (5)

respectively.
Assumingthat eachimagein the sequencecan be

separatedinto foregroundand backgroundlayers,the
likelihoodof observingimageI t canberepresentedas
amixturemodel

P(I t jA t ; M t ; I t � 1) = mb p(I t jAb
t ; ub

t ; I t � 1)
+ mf p(I t jA

f
t ; u f

t ; I t � 1)
+ mopo(I t ): (6)

Theprobabilityof eachpixel belongingto differentlay-
ers is given by the mixture probabilitiesmb, mf and
mo; thesemixing probabilitiessumto 1, wheremo is
the�x edoutlier probability. In our experiments,we set
mo = 0.

For any pixel in thecurrentimage,thelikelihoodfor
eachlayeris

P(I t jA i
t ; u i

t ; I t � 1) = P(I t jI t � 1; u i
t ) � P(I t jA i

t ): (7)

This likelihoodsimply enforcesthatthesuccessive im-
agesin the sequencelook similar whenalignedusing
themotionof thecorrespondinglayerandthateachap-
pearancemodelbe similar to the currentimagein re-
gionswith highmixing probability(sincethelikelihood
for eachlayer is multiplied by the correspondingmix-
ing probabilityascanbeseenin Eq.6). Theimplemen-
tationdetailsof thesetermsareprovidedbelow.

3.4. Optimization

Givenimagesin asequence,�I t , aswell as�o w �elds
andappearancemodelsat theprevioustime instant,we
seektheappearancemodelsAb

t andA f
t andtheir corre-

sponding�o w �elds ub
t andu f

t andthe mixture prob-
abilitiesmb andmf which provide a maximumlikeli-
hood�t to thedataset.

Theforeground/backgroundseparationproblemcan
beconsideredasthemaximizationof theposteriorprob-
ability. At every new time instant,we needto estimate
theappearancemodelsandtheircorrespondingmotion.
We usetheExpectation-Maximization(EM) algorithm
[5] to solve for the(A i

t ; u i
t ) pairs.

Accordingto thegeneralizedEM algorithm,a local
optimalsolutioncanbeachievedby iteratively optimiz-
ing thefollowing functionwith respectto A i

t andu i
t

L(A t ; M t ) = logP(I t jA t ; M t ; I t � 1)
+ logP(A t jA t � 1; M t )
+ logP(M t jM t � 1)
+ logP(M t jM t (Gx ))
+ � (1 � mo � mb � mf ) (8)



Note that the constraintthat the mixing probabilities
sumto oneis addedwith Lagrangemultiplier.

At a localextremumit canbeshown thattheparam-
etersm i andA t ; M t mustsatisfy

qi �
@

@A i
t

�
logP(I t jA i

t )
�

+
@

@A i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

= 0 (9)

and

qi �
@

@u i
t

�
logP(I t jI t � 1; u i

t )
�

+
@

@u i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

+
@

@u i
t

�
logP(u i

t ju
i
t � 1)

�

+
@

@u i
t

�
logP(u i

t ju
i
t (Gx ))

�
= 0: (10)

Hereqi representstheownershipprobability, thatis the
probabilitythat theobservedimagevalueI t belongsto
thei t h layer. Theownershipweightsarede�ned by

qi =
mi � P(I t jA i

t ; u i
t ; �I t � 1)

P
j = b;f ;o mj � P(I t jA

j
t ; u j

t ; �I t � 1)
: (11)

Theseequationsfor amaximumlikelihood�t havebeen
previouslyderived

simply by requiring that the partial derivative of
L (A t ; M t ) with respect to the parametersm i and
A t ; M t must vanish [10, 14]. For the details of the
derivationsseeAppendix.

Given an initial guessfor motion and appearance
models,we �rst estimatethe ownershipprobabilities
qi for eachlayer. This is the expectationstep.Given
theseownershipprobabilities,we computetheappear-
ancemodelsandmotionsthatoptimizetheEq.9 and10
in themaximizationstep.

The likelihoodsandpriors aremodeledby a t- dis-
tribution of degree3. Therobusterrorfunctionis given
by thenegative log.

� (x; � ; � ) = � log
��

2� 3

� (� 2 + x2)2

� � �
(12)

where� is a parameterthatdeterminestherelative im-
portanceof eachof the likelihoodandprior terms.We
de�ne thederivativeof this functionas (x; � ; � )

 (x; � ; � ) =
d

dx
� (x; � ; � ) = �

� 4x
� 2 + x2 :

After thederivations,theactualequationsin theM-
stepareasfollows

ui (x)
n +1

= ui (x)
n

� qi (x) �  (I t (x) � I t � 1(x � ui
t ); � I I i ; � I I i )

�  (A i
t (x) � A i

t � 1(x � ui
t ); � AAi ; � AAi )

�  (ui
t (x) � ui

t � 1(x); � temp i ; � temp i )

�
X

�� Gx

 (ui
t (x) � ui

t (� ); � sp i ; � sp i )

and

A i (x)
n +1

= A i (x)
n

� qi (x) �  (I t (x) � A i
t (x); � I Ai ; � I Ai )

�  (A i
t (x) � A i

t � 1(x � ui
t ); � AAi ; � AAi )

where� I I i , � AAi , � temp i , � sp i are the � parameters
for the imagelikelihood,appearanceprior, andtempo-
ral andspatialmotionpriorsrespectively.

Intuitively, theabove equations(derivedfrom Eq. 9
and 10) can be interpretedas follows: there are two
termsthat contribute to the appearancemodelsin the
M-stepfor appearanceoptimization.The�rst termindi-
catesthattheappearancemodelshouldadaptto thenew
informationin thecurrentimage,changeappearanceif
necessary, andregionswith highownershipweightsare
more likely to be adaptedto the current imagesince
the whole term is multiplied by qi . For regionsof low
ownershipweight,thesecondtermdominatesandasso-
ciatessuccessive appearancesusingthe corresponding
motion.Simply, thisappearanceprior termsuggeststhat
theappearancefrom theprevioustime instantbemain-
tainedafter being warpedby the layer motion. These
two terms competewith eachother and pull the op-
timal solution towards their extrema.The parameters
usedin modelingthesetermsbecomecrucial in deter-
mining which term pulls the solution towards its ex-
tremum.Sincewe areusingEq. 12, we have variance
parameters� for eachterm andin additionto that we
have � valuesfor eachtermthatdeterminetherelative
importanceof theseterms.

TheM-stepfor motionoptimizationhasfour terms.
The�rst termalignssuccessive framesin thesequence
using the motion of the appropriatelayer, but only in
regionsof high ownershipweight.That is, background
(foreground)motionshouldexplainthecorrespondence
betweentwo successive imagesonly in regionswhere
background(foreground)ownershipis high. The sec-
ondtermalignssuccessiveappearancemodelsusingthe
motionof theappropriatelayer. Thethird andthefourth
termssuggestthatthemotionat a pixel shouldbesimi-
lar to thatof neighboringpixelsin spaceandtime.



3.5. Updating mixing probabilities

In our formulation,themixing probabilitiesaresim-
ply theownershipweights.Yet,weexpectthesemixing
probabilitieswhichrepresenttheassignmentof thepix-
els to layersto be stableover time. To model this, we
graduallyupdatethem as the ownershipprobabilities
change.Moreover, we expect the backgroundmotion
to beslower thanthoseof theforegroundandaddinga
prior that modelsthis assumptionhelpsseparatefore-
groundandbackgroundlayers.

Weinitially setmb = mf = 0:5 andthenthemixing
probabilitiesfor next time instantareupdatedby a lin-
earcombinationof ownershipweightsandmotion pri-
orsasfollows

(m i )t +1 = (1� � 1 � � 2)(m i )t + � 1qi + � 2p(ui
t ) (13)

where p(ub
t ) = exp(jjub

t jj ; � motion pr ior b) and
p(uf

t ) = 1 � exp(jjuf
t jj ; � motion pr ior f ). The mix-

ing probabilitiesof eachlayer act asa prior on every
pixel representingtheprobabilityof eachpixel belong-
ing to that layer. In our experiments,� 1 = � 2 = 0:3.
The remaining parametersare speci�ed in the Ap-
pendix.

4. Experimental Results

The �o w diagramof our approachis illustratedin
Figure3. To copewith largemotionsandacceleratethe
convergence,a hierarchicalprocessis employed.A P-
level imagepyramidis createdandtheestimationstarts
from the coarsestlevel. At eachlevel, currentappear-
anceestimatesare warpedby the �o w �eld estimates
andprojectedonto a lower level asan initial estimate.
Wealternatetheoptimizationof motionandappearance
modelsandcomputationof ownershipweightswith op-
timizedparametersat eachlevel. Sinceit is dif�cult to
optimize (A i

t ; u i
t ) pairs simultaneously, we adopt the

strategy of improving eachof them in turn with the
otherone�x ed.This is ageneralizedEM algorithmand
it canbe proven that it convergesto a local minimum.
The optimizationprocessis summarizedin Figure 3.
Thecomputationalcostis approximatelythenumberof
layerstimesthedurationthat standardoptical �o w [3]
takesfor every frame.

We obtainedthebackgroundappearancemodel,for
t = 0, by watchingthescenelong enoughwith a static
cameraand taking the medianof thoseobservations.
The initial foregroundappearanceis currently chosen
manuallyby determiningthe boundingbox of object
of interest.Onceappearancemodelsand correspond-
ing �o w �elds arecomputedat time t, we warp these

Figure 2. Intermediate results for the frames
in Figure 1.

appearancemodelsforwardby the �o w �eld estimates
andusethemasinitial estimatesat time t + 1.

We experimentedwith our approachon a videoclip
of a walking person.Figures4 - 5 illustratetheappear-
ancemodels,�o w �elds, ownershipweightsandmixing
probabilitiesfor thebackgroundandforegroundlayers.
Wealsocomputedtheoptical�o w �eld by theapproach
in [3] for comparison.Inclusionof appearancemodels
and layersin our approachvisually improve the opti-
cal �o w resultsascanbe seenin Figures4 - 5. In this
paper, we focusedon experimentswith a static cam-
era.Even in this case,our methodhelpsto deal with
thechallengingproblemof adaptingthebackgroundap-
pearancemodelandmakesit morerobust to illumina-
tion variations.In thissimplecaseof staticbackground,
traditionalbackgroundsubtractiontechniquescouldbe
employed.Thesetechniquestypicallyexhibit falseposi-
tiveandfalsenegativedetectionswhicharetreatedwith



Figure 4. Results of our appr oach for a walking person sequence (�r st 3 frames and then every 3r d frame)
displa yed. Note that the crude initial foregr ound appearance impr oves quic kly after �r st few frames. The
optical �o w �elds obtained by our appr oach are compared to those computed by Blac k and Anandan' s
pub lic ly availab le code .



Figure 5. Results for every thir d frame follo wing from Figure 4.



Figure 3. Flow diagram of the appr oach

post-hoc�ltering. In contrast,our approachaddresses
theseproblemsin a Bayesianframework that enforces
spatialandtemporalcontinuity. Moreover, theapproach
providesa denseestimateof the motion. Futurework
includesexperimentationwith a moving cameraor dy-
namicbackground.

The likelihoods that contribute to the ownership
weight(Eq.11)andadaptationof themixing probabili-
ties(Eq.13)for frame67areillustratedin Figure2.The
ownershipweightsinherentlyactasa maskwhenopti-
mizing theappearancemodels:regionswith high own-
ershipweightarequickly adaptedto thecurrentimage
whereasin regionsof low ownershipweight,thisadapt-
ing occurs gradually. For those regions, only the
appearancemodel prior term that associatessuc-
cessive appearancevia the correspondingmotion of
the layer is active. So, as the personmoves, the re-
gionswith highforegroundownershipweight,converge
to theappearanceof thewalkingpersonwhereastheap-
pearanceof the regions of low ownershipweight are
associatedwith the appearancemodel at the previ-
ous time instant (warpedby the motion layer which
is being simultaneouslycomputed).Since the mix-
ing probabilitiesareadaptedover time, the ownership
weights do not diminish immediately after disoc-
clusion and the appearanceof disoccludedregions
maintainsthevaluesassignedto thempreviously. Mod-
eling and integrating some appearanceprior to deal
with this disocclusionproblemis an immediateexten-
sionfor futurework.

5. Conclusions

In this paper, we presenteda Bayesianframework
for estimatingdenseoptical �o w over time thatexplic-
itly estimatesandexploits a persistentmodelof image
appearance.Wealsoexploitedprior modelsthatexpress
how motionandappearancemaychangeover time.We
extendedmixture modelmethodsto the caseof dense
(ratherthanparametric)�o w estimationandderived a

mixture model formulation that includesexplicit spa-
tial andtemporalpriors.
The methodis an extensionof standardrobust optical
�o w methodsandit estimatesdense,subpixel-accurate,
�o w �elds andforegroundandbackgroundappearance.

Futurework involvesestimatingthenumberof lay-
ersand integrating the orderingof the layersinto our
framework.
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6. Appendix

According to the generalizedEM algorithm, a lo-
cally optimalsolutioncanbeachievedby iteratively op-
timizing Eq.8 wrt to parametersA i

t andu i
t .

6.1. Derivation of M-step and E-stepsfor Ap-
pearanceOptimization

Takingderivative of L (A t ; M t ) (Eq. 8) wrt theap-
pearancemodels,we get

@L(A t ; M t )
@A i

t
=

mi � @P(I t jA i
t ; u i

t ; I t � 1)=@A i
tP

j = b;f ;o mj � P(I t jA
j
t ; u j

t ; I t � 1)

+
@

@A i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

Replacing@P(I t jA i
t ; u i

t ; I t � 1)=@A i
t by

P(I t jA i
t ; u i

t ; I t � 1) �
@

@A i
t

�
logP(I t jA i

t ; u i
t ; I t � 1)

�

andrewriting theequationwith thisreplacement,weget

@L(A t ; M t )
@A i

t

=
mi P(I t jA i

t ; u i
t ; I t � 1) @(log P ( I t jA i

t ;u i
t ;I t � 1 ))

@A i
tP

j = b;f ;o mj � P(I t jA
j
t ; u j

t ; I t � 1)

+
@

@A i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

:

Thereplacementtrick above letsusde�ne

qi =
mi � P(I t jA i

t ; u i
t ; I t � 1)

P
j = b;f ;o mj � P(I t jA

j
t ; u j

t ; I t � 1)
: (14)

Hereqi representstheownershipprobability, thatis the
probabilitythattheobservedimageI t belongsto thei th

layer. Givensomeinitial valuesfor theappearancemod-
elsandmotion,theseownershipweightsarecomputed
astheexpectation,or E-step.

Then,theM-stepis formulatedin compactform as

@L(A t ; M t )
@A i

t
= qi �

@
@A i

t

�
logP(I t jA i

t ; u i
t ; I t � 1)

�

+
@

@A i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

:

At a local extremum,the right handsideof the above
equationwill be equalto zero.Sincethe likelihood is
de�ned asin Eq.7, theaboveequationreducesto

qi �
@

@A i
t

�
logP(I t jA i

t )
�

+
@

@A i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

= 0:

6.2. Derivation of M-step and E-stepsfor Mo-
tion Optimization

Similarly if we takederivativeof L (A t ; M t ) wrt u i
t ,

theM-stepfor motionoptimizationwill be

@L(A t ; M t )
@ui

t
= qi �

@
@u i

t

�
logP(I t jA i

t ; u i
t ; I t � 1)

�

+
@

@u i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

+
@

@u i
t

�
logP(u i

t ju
i
t � 1)

�

+
@

@u i
t

�
logP(u i

t ju
i
t (Gx ))

�
:

Sincethelikelihoodis de�ned asin Eq.7, ata localex-
tremum,theaboveequationreducesto

qi �
@

@u i
t

�
logP(I t jI t � 1; u i

t )
�

+
@

@u i
t

�
logP(A i

t jA
i
t � 1; u i

t )
�

+
@

@u i
t

�
logP(u i

t ju
i
t � 1)

�

+
@

@u i
t

�
logP(u i

t ju
i
t (Gx ))

�
= 0:

6.3. Parametersof Our Approach

Thefollowing parameterswereused:

� I I b = 3, � I Ab = 3, � AAb = 4,
� I I f = 6, � I Af = 3, � AAf = 1,
� sp i = 2:5, � temp i = 2, � motion pr ior i = 1,

� I I i = 10, � I Ai = 10, � AAb = 6, � AAf = 13,
� sp i = 1, � temp i = 1:5, � motion pr ior i = 0:1.


