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Abstract

S@mentingmage sequencemto meaningfulayers
is fundamentato many applicationssud as surveil-
lance tracking, and videosummarizationBadground
subtraction techniquesare popular for their simplic-
ity and,while they provide a densg(pixelwise)estimate
of foreground/ba&ground,they typically ignore image
motionwhich can provide a rich source of information
about scenestructue. Corversely layered motion es-
timation techniquestypically ignore the tempoal per-
sistenceof image appeaanceand provide parametric
(rather than dense)estimatesof optical ow. Recent
work adaptivelycombinesnotionand appeaanceesti-
mationin a mixture modelframevork to achieverobust
tracking. Here we extendmixture modelapproacesto
cope with densemotion and appeaance estimation.
We developa uni ed Bayesianframevork to simulta-
neouslyestimatehe appeaanceof multipleimage lay-
ers andtheir correspondingdenseow elds fromim-
age sequencesBoth the motionand appeaancemod-
els adapt over time and the probabilistic formulation
canbeusedto provide a sgmentatiorof the scenanto
foreground/bag&groundregions. This extensionof mix-
ture modelsincludesprior probability modelsfor the
spatialand tempoal coheenceof motionand appear
ance Experimentalkresultsshowthat the simultaneous
estimationof appeaancemodelsand ow elds in mul-
tiple layers improvesthe estimationof optical ow at
motionboundaries.

1. Intr oduction

The recovery of 2D imagemotion, or optical o w,
hasalonghistoryandcurrentmethodshave provenuse-
ful in elds asdiverseasgraphicsandbiology. In par
ticular, the accurag of denseoptical ow techniques
[9] hasimprovedto the pointwheretherearenow more
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pressingssuesto addresdeforeoptical o w methods
are more widely adopted.Considey for example,do-

mainssuchassuneillancewheredensgpixelwise)mo-

tion estimationmay be very useful.In suchdomains,
optical o w algorithmsmustrun continuouslyandauto-
matically adaptto changesn lighting andmotion over

both short and long time frames.In suchan applica-
tion one might be willing to trade absoluteaccuray

for stability, dependabilityandfull automationTradi-

tional optical o w methodsthat rely on a simple as-
sumptionof brightnessonstang areat a disadwantage
in suchapplicationsasthey have no “memory” about
the motion in the sceneover time and no “model” of

the objectsin the sceneand their appearancen con-

trast,model-basetrackingmethodsachieve high accu-
ragy andreliability by exploiting arich appearanceep-

resentationgdenseoptical o w technique$iave no such
model. Summarizingoptical o w methoddack anap-

pearancenodelof whatis being“tracked” andthey lack

ary sortof explicit modelof scenestructureor sggmen-
tation.We arguethatbothof thesearenecessarfor sta-
ble optical o w estimationand that the descriptionof

appearancandscenestructuremustadaptovertime.

We proposea Bayesianframawork for estimating
denseoptical ow over time that explicitly estimates
and exploits a persistentimodel of image appearance.
The approachassumeshat the scenecanbe described
by a numberof layers but that the motion of each
layeris highly e xible. Theapproachalsoexploits prior
modelsthat expresshow motion and appearancenay
changeover time. To achieve this, we extend mixture
modelmethodsto the caseof dense(ratherthanpara-
metric) o w estimatiorandderive amixture modelfor-
mulationthatincludesexplicit spatialandtemporalpri-
ors.

The key contributions of this methodare: 1) it is
a straightforvard extensionof standardrobust optical
o w methods?) it estimatesiense subpixel-accurate,
ow elds; 3)it producesnestimateof foregroundand



Figure 1. Estimating dense motion in lay-
ers for an outdoor sequence . Comparison be-
tween the horizontal o w obtained with a
standar d optical o w technique (sharp motion
boundaries but poor detail) and the horizontal
component of o w eld estimated with our ap-
proach (notice the ne details associated with
the head and foot). Right bottom box shows
the results of our approach: A layer mask indi-
cating the foreground ownership and appear -
ance models for two layers.

backgroundappearanced) it canbe usedto sggment
thescendanto layers;5) thelayershelplocalizemotion
boundariesndreduceover-smoothing.

In an Expectation-Maximizatiorfiramewvork, we al-
ternate between solving for the layer “ownership”
weights and the estimatesof motion and appear
ance. These appearanceand motion models are si-
multaneouslyestimatedin a maximum a posteriori
(MAP) frameawork. First appearancenodels are es-
timated, holding motion ow elds x ed and then
appearancenodelsare x ed and ow elds are re-
ned. Figurel illustratesthe method.

In the currentmodel,thereis no complex reasoning
aboutdepthorderingandconsequentlyhe methodmay
not produceassignment®f motion and appearancéo
layersthat are intuitive. Regardlessthe resulting mo-
tion estimateshowever, bene t from the stabilizingef-
fects of the appearancenodel and the motion bound-
ariesmore accuratelycorrespondo the objectbound-
ariesin thescene.

2. RelatedWork

While the obvious goal of motion estimationis to
computehow things move in images,the goal is also
to discernsomethingaboutthe structureof the scene
(i.e.“what goeswith what”). It hasbeensuggestethat
knowing the image motion would facilitate sggmenta-
tion of the sceneinto physically meaningfulregions.
Corversely knowing the sgmentatiorcanfacilitatethe
accurateestimationof optical o w [4]. We addresghe
problemof couplingtheseprocesses auni ed frame-
work.

Layeredmodelsof optical o w have beenoneof the
key paradigmdor simultaneouslgegmentingthescene
andestimatingts motion[1, 10, 20]. In particular mix-
ture modelframenvorks make a soft assignmenof pix-
elsto layers.Unfortunately this segmentationrdoesnot
typically enforcespatialcoherencébetweenneighbor
ing pixelsandmay, hencepequitesparseAdditionally,
thesemethodsare typically limited to parametricmo-
tion modelsor highly constrainednotions[20]. These
methodsalsotypically lack arny explicit modelsof spa-
tial coherencdetweerpixels.Herewe extendthe mix-
turemodelframework to estimatedenseoptical o w in
imagelayers.Eachpixel canbelongto oneof a num-
berof layersandconsequentlynay have multiple inter-
pretations Traditionaloptical o w priors are extended
to this framework andresultin spatially coherentseg-
mentations.

One of the perennialproblemsof optical o w esti-
mationis the precisdocalizationof motionboundaries.
We arguethat this problemis due,in part,to the lack
of an appearance-basesgmentation.Image sggmen-
tation itself is a hard problem however and mistales
in sggmentationmay affect the optical o w estimates.
Consequentlywe seeka coupledsolution.

Therehave beenattemptsto couplethe motion and
appearanceggmentatiorproblemsn variousways;for
example,by exploiting explicit boundarycontourpro-
cessesndthe statisticsof imageregions[17]. We take
a different approachthat draws from the tracking lit-
erature.Optical ow is typically viewed as a 2-frame
(or n-frame) problemwherethe assumptiorof bright-
nessconstanyg betweerthe framesis exploitedto com-
putemotion; whenthe next framescomealongthe pre-
vious onesareforgotten.Thisis in contrasto tracking
approachethatmodelthe appearancef anobjectand
can,hence trackits motion over mary frames.We ar-
guethatoptical o w estimationsuffersfrom nothaving
ary persistenappearancenodelcharacterizingvhatis
being“tracked”.

Recenttrackingwork hasexploited mixture models
to track regionsover mary frameswhile incrementally



estimatinga modelof theregion'sappearancfll]. We
extend theseideasto the problemof dense o w esti-
mationandadaptvely estimatea pixelwise appearance
modelin multiple layers.Having suchan appearance
modelsenesa numberof purposesFirst, (if it is cor
rect) it provides additional constraintson the optical
o w that help reducethe effects of noise.Secondthe
temporalpersistencef appearancaidsin sggmenting
thescendnto coherentegions.This latter pointaidsin
theprecisdocalizationof motionboundaries.

Previous approacheshave had somavhat simi-
lar goals. Tao et al. [18] estimatelayered paramet-
ric motion with foreground regions being modeled
by Gaussiarblobs. They learneda modelfor the ap-
pearanceof the layers and estimatedthis over time
in a Bayesianframework. This hasrecentlybeenex-
tendedto explicitty model the ordering of the layers
andtheirocclusion7]. While ourapproachdoesnotat-
temptto reasonexplicitly aboutdepthordering,we go
beyond previous work to model general,dense,op-
tical ow and to formulate the problem of layered
appearanceand motion estimationin a uni ed mix-
turemodelframework.

Similar goalshave beenpursuedby [6, 12, 13]. In
contrasto their work, we formulatethe appearances-
timationandlayerrecoveryproblemin agradient-based
optical o w framework. This allows us to exploit tra-
ditional techniquessuch as coarse-to- neestimation,
robustregularization,and continuousoptimizationand
thusto computedensesstimate®f optical o w andap-
pearancén arelatively straightforvardfashion.

Finally, we shouldnote that our approachexploits
a temporal coherenceprior for both motion and ap-
pearancePrevious approachehave exploited tempo-
ral coherenceof ow [2, 3, 16, 19] but they did not
alsomodelappearancéle alsoformulatethe Bayesian
problemin arobustway andthe optimizationthenex-
tendspreviousapproache® robustoptical o w estima-
tion [8, 10, 15, 21].

3. Problem Formulation

In this section,we rst model densemotion esti-
mation in a Bayesianframewvork and then extend it
to appearancestimationand nally developa uni ed
Bayesiarframawvork to simultaneouslestimateheap-
pearancef multipleimagelayersandtheir correspond-
ing denseow elds from imagesequencesBoth the
motionandappearancenodelsadaptover time andthe
probabilisticformulationcanbe usedto provide a sey-
mentationof the sceneinto foreground/backgrond re-
gions.This extensionof mixturemodelsincludespriors

for the spatialand temporalcoherenceof motion and
appearance.

3.1. Standard Bayesian o w formulation

Thestandardptical o w problemcanbeformulated
asthe maximizationof the posteriomprobability

argmax P(Uijle; Uy 1) 1)

whereU representshe horizontaland vertical com-
ponents of the optical ow eld at time t and
I, are the image obserations for time O;::;t,
le = [loleonte 1l

Using standardMarkov assumptionsand Bayes'
rule, we rewrite the posteriomprobabilityas

P(ugjle;ug 1) /0 P(lejly 15uy)

P(uijut 1)
P(utjue(Ge))

where,now, uy = (u¢(x); v (X)) is the horizontaland
vertical o w atapixelx andG; is thesetof four neigh-
borsfor pixel x. The global posteriorin equation(1)
is the productof this local posteriorover all imagelo-
cations(assumingconditionalindependencef neigh-
bouring pixels). Here U is the optical ow eld over
thewholeimageandu; istheoptical ow eld atapar
ticular pixel.

Note thatabove posteriorprobability holdsat every
pixel x unlessotherwisespeci edin therestof thetext.
We omit x in our notationfor the sale of simplicity.

Here P(l¢jl; 1;u¢) is the obsenation likelihood

that associatesuccessie imageswith the motion that
is beingsought.It correspondso theimagebrightness
constang assumptionThetemporalandspatialcoher
enceof motionarerepresenteavith the prior probabil-
ities P (utjuy 1) and P (uiju(G)) respectiely. The
temporalterm simply enforceghatthe o w atthe cur
rent instantis similar to the ow at the previous in-
stant. The spatialterm is a standardone basedon the
differencebetweemeighboringhorizontalandvertical
ow values.All thesetermsarerepresentedvith a ro-
bustlikelihoodfunction[3]. For optimizationwe min-
imize the negative log of the posteriorandtheseterms
becomeobusterrorterms.Detailsareprovidedbelow.

3.2. Intr oducing AppearanceModel

Let A; be an appeaance model (intensity-based
model)at time t. This is introducedasa “memory” of
whatis beingtrackedandis lackingfrom standardpti-
cal o w formulations t is introducednto the posterior



asfollows:

P(At;ujAe il ue 1) /0 P>l 15U Ay)
P(AtjAt 1)
P(utjut 1)

P (utjue(Go)):

Here P(l¢jl; 1;u¢;At) is the likelihood term and
P (AtjA; 1) representshe temporalappearancerior.
The goal hereis to incrementallyestimatethe appear
ance model A; by taking into accountthe obsened
image, the past appearancend the motion. The de-
tailswill bedescribedelow.

3.3. Intr oducing Layers

To modelthe compleity of naturalimageswhere
objectsmove andoccludeeachother we introducethe
notionof layersinto thedenseo w formulation.In par
ticular, we introducelayerswith both appearancand

motion and estimatethesefrom an image sequence.

Here we focus on a simple caseof two layerswhich
canbethoughtof (roughly)as“foreground”and“back-
ground?

Theposterioris now written as

P(A;Mijle; A 1My 1) (2)

where A; = (Atb(x);AI (x)) are the appear
ance (intensity-based) models for foreground
and background at every pixel location x and
M = (uP;u{) are correspondingnotion ow elds.
Hereup = (up(x);v(x)) andu; = (uf (x);V; ().
Thesuperscriptdandf standfor backgroundandfore-
groundrespectiely.

Onceagain,the posteriorprobability canbe simpli-
ed as

PAt;Myjlg; Ay 1My 1) 1 P(JAG Mg T 1)
P(AtjAr 1;My)
P(MM¢ 1)

P(MjM (&)):

The appearancef the layersis assumedo change
graduallyandthis temporalcoherencés modeledby

P(AL(X)jA} 1(x);up) (3)
i=b;f

P(A{jAr 1;My) =

whereappearancenodel at the currenttime instantis
associateavith the appearancenodelat previoustime
instantvia the motionof the correspondindayer.

The temporaland spatial coherenceof motion are
representevith

P(M{M¢ 1) = P(ui(jup 1(x))  (4)
i=Db;f

and

PMiM(G)) = Pui()jui(G)) ()
i= b
respectiely.

Assumingthat eachimagein the sequencecan be
separatednto foregroundand backgroundayers,the
likelihoodof observingimagel ; canberepresenteds

amixturemodel

P(IjAG Mgl 1) = me('tJAFiU?Ht 1)
+my p(lgAT s ul sl 1)
+MoPo(lt): (6)

Theprobabilityof eachpixel belongingto differentlay-
ersis given by the mixture probabilitiesmy, m; and
m,; thesemixing probabilitiessumto 1, wherem, is
the x edoutlier probability. In our experimentswe set
my = 0.

For ary pixel in the currentimage thelik elihoodfor
eachlayeris

P(ItjALut e 1) = P(Ljle 15up) PUGAYD: (7)
This likelihoodsimply enforceshatthe successie im-
agesin the sequencédook similar whenalignedusing
themotionof the correspondindayerandthateachap-
pearancanodelbe similar to the currentimagein re-
gionswith highmixing probability(sincethelik elihood
for eachlayeris multiplied by the correspondingnix-

ing probabilityascanbeseenin Eq. 6). Theimplemen-
tationdetailsof thesetermsareprovidedbelow.

3.4. Optimization

Givenimagesn asequencd,, aswell as ow elds
andappearanceodelsat the previoustime instant,we
seektheappearanceodelsAP andAI andtheir corre-
spondingow elds uP and uI andthe mixture prob-
abilitiesmy, andm; which provide a maximumlik eli-
hood t tothedataset.

The foreground/backgrond separatiorproblemcan
beconsideredsthemaximizationof theposteriomprob-
ability. At every new time instant,we needto estimate
theappearancenodelsandtheir correspondingnotion.
We usethe Expectation-MaximizatiofEM) algorithm
[5] to solve for the (Al ; u}) pairs.

Accordingto the generalizedEM algorithm,a local
optimalsolutioncanbeachievedby iteratively optimiz-
ing thefollowing functionwith respecto A} andul

L(At;My) = 1ogP(ItjAt; M1t 1)
+logP(AtjAt 1;My)
+logP (M {jM 1)
+1ogP (M jM (&)

+ (1 mg mp me) (8)



Note that the constraintthat the mixing probabilities
sumto oneis addedwith Lagrangemultiplier.

At alocal extremumit canbe shavn thatthe param-
etersm; andA; M ; mustsatisfy

6 -2 logP(jAl)

t
@ o _
+@ logP (A{jA} 1;up) =0 ()]
and
G —=- logP(lijle 1;u)
logP (A}jA; 1;up)
+—logP(uju; 1)

logP (uiju(G)) = 0. (10)

Hereqg representthe ownesshipprobability, thatis the
probabilitythatthe obsenedimagevaluel ; belongsto
theith layer The ownershipweightsarede ned by

mi P(IdAGug T 1)
=M P(JAL UL T 1)

G =P 11)

Theseequationgor amaximumlikelihood t havebeen
previously derived

simply by requiring that the partial derivative of
L(A¢; M) with respectto the parametersm; and
A¢; M mustvanish[10, 14]. For the details of the
derivationsseeAppendix.

Given an initial guessfor motion and appearance
models,we rst estimatethe ownershipprobabilities
g for eachlayer This is the expectationstep. Given
theseownershipprobabilities,we computethe appear
ancemodelsandmotionsthatoptimizetheEq.9 and10
in the maximizationstep.

The likelihoodsand priors are modeledby a t- dis-
tribution of degree3. Therobusterrorfunctionis given
by the nggativelog.

2 3
(x5 )= log W (12)
where is a parametethatdetermineghe relative im-

portanceof eachof the likelihoodand prior terms.We
de ne thederivative of thisfunctionas (x; ; )

d . 4x
B 2 4 x2°

After the derivations,the actualequationsn the M-
stepareasfollows

()" = ul(x)" |
g(x) () T a(xuw); iy o)
(At(x) Ay 21X u); aai s oaai)
X(U{(X) ult 1(X); tempi; tempi)

(Ui(X) ult( ); Spi 1 spi)
Gx
and
A" = A"
a(x)  (e(®)  AX); 1ais 1a)
(At(X) Ay 1(x  uy); aais aai)
where i, aa, temp;» sp arethe parameters

for theimagelik elihood,appearancerior, andtempo-
ral andspatialmotionpriorsrespectiely.

Intuitively, the above equationgderivedfrom Eq. 9
and 10) can be interpretedas follows: there are two
termsthat contribute to the appearancenodelsin the
M-stepfor appearanceptimization.The rst termindi-
categhattheappearanceodelshouldadapto the nen
informationin the currentimage,changeappearancé
necessaryandregionswith high ownershipweightsare
more likely to be adaptedto the currentimage since
the whole termis multiplied by ¢ . For regionsof low
ownershipweight,the secondermdominatesandasso-
ciatessuccessie appearancessingthe corresponding
motion.Simply, thisappearancprior termsuggestshat
theappearancérom the previoustime instantbe main-
tained after being warpedby the layer motion. These
two terms competewith eachother and pull the op-
timal solution towardstheir extrema. The parameters
usedin modelingthesetermsbecomecrucialin deter
mining which term pulls the solution towardsits ex-
tremum.Sincewe areusingEq. 12, we have variance
parameters for eachterm andin additionto thatwe
have valuesfor eachtermthatdeterminethe relative
importanceof theseterms.

The M-stepfor motion optimizationhasfour terms.
The rst termalignssuccessie framesin the sequence
using the motion of the appropriatdayer, but only in
regionsof high ownershipweight. Thatis, background
(foreground)motionshouldexplainthecorrespondence
betweentwo successie imagesonly in regionswhere
background(foreground)ownershipis high. The sec-
ondtermalignssuccessie appearancmodelsusingthe
motionof theappropriatdayer. Thethird andthefourth
termssuggesthatthe motionat a pixel shouldbe simi-
lar to thatof neighboringpixelsin spaceandtime.



3.5. Updating mixing probabilities

In our formulation,the mixing probabilitiesaresim-
ply the ownershipweights.Yet, we expectthesemixing
probabilitieswhich representhe assignmentf the pix-
elsto layersto be stableover time. To modelthis, we
gradually updatethem as the ownership probabilities
change.Moreover, we expect the backgroundmotion
to be slower thanthoseof the foregroundandaddinga
prior that modelsthis assumptiorhelpsseparatdore-
groundandbackgroundayers.

Weinitially setmy, = ms = 0:5andthenthemixing
probabilitiesfor next time instantare updatedby a lin-
earcombinationof ownershipweightsandmotion pri-
orsasfollows

(M) = (1 1 2)(Mi)e+ 1+ 2p(uy) (13)
where p(UP) = eXp(jj UPJJ: motion _pr ior _b) and
D(UI) =1 eXp(jj UI J]a motion _prior _f ) The mix-
ing probabilitiesof eachlayer actasa prior on every
pixel representinghe probability of eachpixel belong-
ing to thatlayer In our experiments, ; = , = 0:3.
The remaining parametersare speci ed in the Ap-
pendix.

4. Experimental Results

The ow diagramof our approachis illustratedin
Figure3. To copewith largemotionsandaccelerat¢he
corvergencea hierarchicalprocesds employed. A P-
levelimagepyramidis createdandthe estimationstarts
from the coarsestevel. At eachlevel, currentappear
anceestimatesare warpedby the ow eld estimates
andprojectedonto a lower level asaninitial estimate.
We alternateheoptimizationof motionandappearance
modelsandcomputatiorof ownershipweightswith op-
timized parameterst eachlevel. Sinceit is dif cult to
optimize (A};u}) pairs simultaneouslywe adoptthe
stratgy of improving eachof themin turn with the
otherone x ed.Thisis ageneralizedM algorithmand
it canbe proventhatit corvergesto alocal minimum.
The optimizationprocessis summarizedn Figure 3.
The computationatostis approximatelythe numberof
layerstimesthe durationthat standardoptical o w [3]
takesfor every frame.

We obtainedthe backgroundappearancenodel, for
t = 0, by watchingthe scendong enoughwith a static
cameraand taking the medianof those obsenations.
The initial foregroundappearancés currently chosen
manually by determiningthe boundingbox of object
of interest.Once appearancenodelsand correspond-
ing ow elds arecomputedat time t, we warp these

Figure 2. Intermediate results for the frames
in Figure 1.

appearancenodelsforward by the ow eld estimates
andusethemasinitial estimatesttimet + 1.

We experimentedvith our approacton a videoclip
of awalking personFigures4 - 5 illustratethe appear
ancemodels,o w elds, ownershipwveightsandmixing
probabilitiesfor the backgroundandforegroundlayers.
We alsocomputedheoptical ow eld bytheapproach
in [3] for comparisoninclusionof appearancenodels
and layersin our approachvisually improve the opti-
cal ow resultsascanbe seenin Figures4 - 5. In this
paper we focusedon experimentswith a static cam-
era.Evenin this case,our methodhelpsto deal with
thechallengingproblemof adaptinghebackgroundap-
pearancanodelandmakesit morerobustto illumina-
tion variations.n this simplecaseof staticbackground,
traditionalbackgroundsubtractiontechniquesould be
employed.Thesdechniquesypically exhibit falseposi-
tiveandfalsenegative detectionsvhich aretreatedwith



Figure 4. Results of our approach for awalking person sequence (r st 3frames and then every 3'? frame)
displa yed. Note that the crude initial foreground appearance improves quic kly after r st few frames. The
optical o w elds obtained by our approach are compared to those computed by Black and Anandan's
publicly available code .




Figure 5. Results for every third frame follo wing from Figure 4.




Figure 3. Flow diagram of the approach

post-hoc Itering. In contrast,our approachaddresses
theseproblemsin a Bayesianframawork that enforces
spatialandtemporalcontinuity. Moreover, theapproach
providesa denseestimateof the motion. Futurework
includesexperimentatiorwith a moving cameraor dy-
namicbackground.

The likelihoods that contribute to the ownership
weight(Eq. 11) andadaptatiorof the mixing probabili-
ties(Eq.13)for frame67 areillustratedin Figure2. The
ownershipweightsinherentlyactasa maskwhenopti-
mizing the appearancenodels:regionswith high own-
ershipweight arequickly adaptedo the currentimage
whereasn regionsof low ownershipweight,this adapt-
ing occurs gradually For those regions, only the
appearancemodel prior term that associatessuc-
cessve appearanceia the correspondingmotion of
the layer is active. So, as the personmoves, the re-
gionswith highforegroundownershipweight,cornverge
totheappearancef thewalking personwvhereasheap-
pearanceof the regions of low ownershipweight are
associatedwith the appearancemodel at the previ-
ous time instant (warpedby the motion layer which
is being simultaneouslycomputed). Since the mix-
ing probabilitiesare adaptedover time, the ownership
weights do not diminish immediately after disoc-
clusion and the appearanceof disoccludedregions
maintainghevaluesassignedo thempreviously. Mod-
eling and integrating some appearanceprior to deal
with this disocclusionproblemis animmediateexten-
sionfor futurework.

5. Conclusions

In this paper we presentech Bayesianframework
for estimatingdenseoptical o w overtime thatexplic-
itly estimatesandexploits a persistenmodelof image
appearancéle alsoexploitedprior modelsthatexpress
how motionandappearancenay changeovertime. We
extendedmixture model methodsto the caseof dense
(ratherthan parametric) o w estimationand derived a

mixture model formulation that includesexplicit spa-

tial andtemporalpriors.

The methodis an extensionof standardrobust optical
o w methodsandit estimateslensesubpiel-accurate,
ow elds andforegroundandbackgroundappearance.

Futurework involvesestimatingthe numberof lay-
ersand integrating the orderingof the layersinto our
framework.
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6. Appendix

According to the generalizedeM algorithm, a lo-
cally optimalsolutioncanbeachievedby iteratively op-
timizing Eq. 8 wrt to parameter#\; andu;.

6.1. Derivation of M-step and E-stepsfor Ap-
pearanceOptimization

Taking derivative of L(A; M) (Eq. 8) wrt the ap-
pearancenodelswe get

@(At;_Mt) - nmi @J(ltjAlt,ult,lt 1)_:@\1
@ i=bio M PUdAG UG T 1)
+ -9 logp(aljal 4iul)

|
t

Replacing@ (1 jAl;ui; 1y 1)=@! by

@ logP (ItjA{;ug It 1)

andrewriting theequatiorwith thisreplacementye get
@(Ati_Mt)
@\ o
miP (1AL uf; 1 o) Q8 POt 1)
P t

- L

P(IjALul; 1 1)

i—bio M P(UAL UL 1)

+ -2 Jogp(AljAl piul)
t

Thereplacementrick aboveletsusde ne
mi P(ljAG UL e 1)

— L (14
i=bfo M POdAL UL e 1)

G=p

Hereq representsheowneshipprobability, thatis the
probabilitythattheobsenedimagel ; belonggo thei™

layer. Givensomeinitial valuesfor theappearancmod-
elsandmotion, theseownershipweightsare computed
astheexpectationpr E-step.

Then,the M-stepis formulatedin compactform as

A ,M N i
% = g a@{ logP (ItjA¢;ug; 1t 1)
+- 2 Jogp(AljAl Liul)

t
At alocal extremum,the right handside of the above
equationwill be equalto zero. Sincethe likelihoodis
de ned asin Eq. 7, theabove equationreduceso

@ o
G @{ logP (ItjAt)
@ o
+ =2 logP(AAL j;u}) = 0:
t

6.2. Derivation of M-step and E-stepsfor Mo-
tion Optimization

Similarly if we take derivativeof L (A ;M ) wrt ul,
the M-stepfor motionoptimizationwill be

Ay M i
%{O = g @@{ logP (IjAL; ul; 1y 1)
+91 logP (ALJA] 1:ul)
+§ logP (uljul ;)
+§ logP (ulju!(G)) :

Sincethelikelihoodis de ned asin Eq.7, atalocal ex-
tremum theabove equatiorreduceso

@ : i
G g logP (Ijlt 1;ut)
+@it |09P(Aiin 1;Uit)

+ 2 logP(uljul )
“r 10ePUinl(G) =0

6.3. Parametersof Our Approach

Thefollowing parametersvereused:

b=3, 1a0 =3, amp = 4
e =6, 1ar =3, aar = 1,
spi — 2:5, temp; — 2, motion _prior i = 1,

i =10, 1a =10, amp =6, aar = 13,
spi = L temp; = L5, motion priori = O:1.



