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Abstract

Haussler, Kearns,SeungandTishbyintroduced
thenotionof ashelldecompositionof theunion
boundasameansof understandingcertainem-
pirical phenomenain learningcurvessuchas
phasetransitions. Here we usea variant of
their ideasto derive an upperboundon the
generalizationerrorof ahypothesiscomputable
from its training error and the histogramof
trainingerrorsfor thehypothesesin theclass.
In mostcasesthis new boundis significantly
tighterthantraditionalboundscomputedfrom
the training error and the cardinality or VC
dimensionof the class. Our resultscanalso
beviewedasproviding PAC theoreticalfoun-
dationsfor a model selectionalgorithm pro-
posedby Scheffer andJoachims.

1 Introduction

For an arbitraryfinite hypothesisclasswe considerthe
hypothesisof minimal training error. We give a new
upperboundon thegeneralizationerrorof this hypoth-
esiscomputablefrom thetrainingerrorof thehypothe-
sisandthehistogramof the trainingerrorsof theother
hypothesesin the class. This new bound is typically
muchtighter thanmoretraditionalupperboundscom-
putedfrom the training error andcardinalityor VC di-
mensionof theclass.

As a simpleexample,supposethatwe observe that
all but oneempiricalerror in a hypothesisspaceis

�����
andoneempiricalerror is � . Furthermore,supposethat
thesamplesizeis largeenough(relativeto thesizeof the
hypothesisclass)thatwith highconfidencewehavethat,
for all hypothesesin theclass,the true(generalization)
error of a hypothesisis within

�����
of its trainingerror.

Thisimplies,thatwith highconfidence,hypotheseswith
training error near

�����
have true error in 	 
 ��� ���� ��� ��� .

Intuitively, wewouldexpectthatthetrueerrorof thehy-
pothesiswith minimumempiricalerror to be very near

to � ratherthansimply lessthan
�����

becausenoneof the
hypotheseswhich producedan empirical error of

�����
couldhaveatrueerrorcloseenoughto � thatthereexists
a significantprobabilityof producing� empiricalerror.
The boundpresentedherevalidatesthis intuition. We
show thatyoucanignorehypotheseswith trainingerror
near

�����
in calculatingan“effectivesize”of theclassfor

hypotheseswith trainingerrornear� . Thisnew effective
classsizeallows us to calculatea tighter boundon the
differencebetweentrainingerror andtrue error for hy-
potheseswith training error near � . The new boundis
provedusingadistribution-dependentapplicationof the
unionboundsimilar in spirit to theshelldecomposition
introducedby Haussler, Kearns,SeungandTishby[1].

We actuallygive two upperboundson generaliza-
tion error— anuncomputableboundanda computable
bound.Theuncomputableboundis afunctionof theun-
known distribution of trueerror ratesof thehypotheses
in the class. The computableboundis, essentially, the
uncomputableboundwith the unknown distribution of
trueerrorsreplacedby theknown histogramof training
errors.Our maincontribution is thatthis replacementis
sound,i.e., the computableversionremains,with high
confidence,anupperboundon generalizationerror.

Whenconsideringasymptoticpropertiesof learning
theoryboundsit is importantto take limits in which the
cardinality(or VC dimension)of thehypothesisclassis
allowedto grow with thesizeof thesample.In practice
more datatypically justifies a larger hypothesisclass.
For example,thesizeof adecisiontreeis generallypro-
portional the amountof training dataavailable. Here
we analyzethe asymptoticpropertiesof our boundsby
consideringan infinite sequenceof hypothesisclasses���

, onefor eachsamplesize � , suchthat � ��� ������ ap-
proachesa limit larger thanzero. This kind of asymp-
totic analysisprovidesa clearaccountof the improve-
mentachievedby boundsthatarefunctionsof errorrate
distributionsratherthansimply thesize(or VC dimen-
sion)of theclass.

Wegivealowerboundongeneralizationerrorshow-



ing that the uncomputableupper bound is asymptoti-
cally� astight aspossible— any upperboundon gener-
alizationerrorgivenasafunctionof theunknowndistri-
butionof trueerrorratesmustasymptoticallybegreater
thanor equalto our uncomputableupperbound. Our
lowerboundongeneralizationerroralsoshowsthatthere
is essentiallyno loss in working with an upperbound
computedfrom thetrueerrordistributionratherthanex-
pectationscomputedfrom this distribution as usedby
Scheffer andJoachims[4].

Asymptotically, thecomputableboundis simply the
uncomputableboundwith the unknown distribution of
true errorsreplacedwith observed histogramof train-
ing errors. Unfortunately, we can show that in limits
where � ��� � � �� convergesto a value greaterthan zero,
the histogramof training errorsneednot converge to
thedistribution of trueerrors— thehistogramof train-
ing errorsis a “smearedout” versionof thedistribution
of true errors. This smearingloosensthe boundeven
in the large-sampleasymptoticlimit. We give a pre-
ciseasymptoticcharacterizationof this smearingeffect
for thecasewheredistincthypotheseshaveindependent
training errors. In spiteof the divergencebetweenthe
uncomputableandcomputablebounds,thecomputable
boundis still significantlytighter thanclassicalbounds
not involving errordistributions.

Thecomputableboundcanbeusedfor modelselec-
tion. In thecaseof modelselectionwecanassumeanin-
finite sequenceof finite modelclasses

� � � �"! �$#%#&# where
each

�('
is a finite classwith )&*,+ �(' + growing linearly

in - . To performmodelselectionwe find the hypothe-
sis of minimal training error in eachclassandusethe
computableboundto boundits generalizationerror. We
canthenselect,amongthese,themodelwith thesmall-
estupperboundon generalizationerror. Scheffer and
Joachimspropose(without formal justification)replac-
ing thedistribution of trueerrorswith thehistogramof
training errors. Underthis replacement,the modelse-
lectionalgorithmbasedonourcomputableupperbound
is asymptoticallyidenticalto thealgorithmproposedby
Scheffer andJoachims.

Theshelldecompositionis a distribution-dependent
useof theunionbound.Distribution-dependentusesof
the union boundhave beenpreviously exploited in so-
calledself-boundingalgorithms.Freund[5] defines,for
a given learningalgorithmand data distribution, a set.

of hypothesessuchthatwith highprobabilityover the
sample,thealgorithmwill alwaysreturnahypothesisin
thatset.Although

.
is definedin termsof theunknown

datadistribution,Freundgivesawayof computingaset.0/
from the given algorithmandthe samplesuchthat,

with high confidence,
.0/

contains
.

andhencethe“ef-
fective size” of thehypothesisclassis boundedby + .0/ + .
Langford and Blum [7] give a more practicalversion
of this algorithm.Givenanalgorithmanddatadistribu-

tion they conceptuallydefineaweightingoverthepossi-
ble executionsof thealgorithm. Althoughthedatadis-
tribution is unknown, they give a way of computinga
lowerboundontheweightof theparticularexecutionof
the algorithmgeneratedby the sampleat hand. In this
paperwe considerdistribution dependentunionbounds
definedindependentlyof any particularlearningalgo-
rithm.

2 Mathematical Preliminaries

For an arbitrarymeasureon an arbitrarysamplespace
weusethenotation132 .54 	 . �768� to meanthatwith prob-
ability at least

�:9 6 over thechoiceof thesample
.

we
havethat

4 	 . �768� holds.In practice
.

is thetrainingsam-
pleof alearningalgorithm.Notethat 13;<1 2 .54 	 ;=� . �>68�
doesnot imply 1 2 . 13; 4 	 ;=� . �?68� . If @ is a finite
set, and for all ;BAC@ we have the assertion136ED�F1 2 .E4 	 . �7;=�768� thenby a standardapplicationof the
union boundwe have the assertion1G6HDI�J1 2 . 13;KA@ 4 	 . �7;=� 2� LM� � . We will call this thequantificationrule.

If 136HDN��1 2 .O4 	 . �P68� and 136QDN�J1 2 .SR 	 . �T68� then
by a standardapplicationof the union boundwe have136UDV�H1 2 .I4 	 . � 2W �GX R 	 . � 2W � . We will call this the
conjunctionrule.

TheKL-divergenceof p from q, denotedYQZ\[+%+ ]_^ , is[`)%*=Z�ab ^7cdZ �e9 [�^�)&*=Z !�f a!�f b ^ with �>)%*gZ �b ^>hK� and [`)%*=Z8a� ^�hi . Let j] bethefractionof headsin a sequence
.

of �
tossesof a biasedcoin wheretheprobabilityof headsis] . For j]lk5] we have thefollowing inequalitygivenby
Chernoff in 1952[3].1G[mAn	 ]�� � ��oqpsrtZ�j]Qku[�^ v w f_�yxyz a �{� b}| (1)

Thisboundcanberewrittenasfollows.136,Du�~1 2 . YQZ������GZ�j]=�\]_^}+&+ ]_^:v )&*�Z !2 ^� (2)

To derive (2) from (1) notethat psrtZ�YHZ������=Z�j]=��]3^}+&+ ]3^yk� � z��� |� ^ equalspsrtZ�j]�kN[�^ where [�k�] and YQZ�[+&+ ]_^mh� � z �� |� . By (1) we thenhave that this probability is no
larger than w f_�yxyz a �{� b}| h�6 . It is just aseasyto derive
(1) from (2) so the two statementsareequivalent. By
duality, i.e., by consideringthe problemdefinedby re-
placing] by

��9 ] , wegetthefollowing.136mD��~1 2 . YHZ��(�%*�Z�j]`��]_^$+%+ ]_^:v )%*`Z !2 ^� (3)

Conjoining(2) and(3) yieldsthefollowing corollaryof
(1). 136,Du�~1 2 . YQZ�j]�+%+ ]_^:v )%*�Z W2 ^� (4)

Usingtheinequality YQZ\[+%+ ]_^:k � Z\[ 9 ]3^ W onecanshow
that (4) implies the following betterknown form of the



Chernoff bound.136<D���1 2 . + ] 9 j]`+tv � )%*�Z W2 ^� � (5)

Usingtheinequality YQZ�[+&+ ]3^:k z b f a |��W a , whichholdsfor[<v�] , we canshow that(3) impliesthefollowing.
!

136,D���1 2 . ]Fv�j]<c � � j]�)%*�Z !2 ^� c � )%*=Z !2 ^� (6)

Notethatfor smallvaluesof j] formula(6)givesatighter
upperboundon ] thandoes(5). Theupperboundon ]
implicit in (4) is somewhattighterthantheminimumof
theboundsgivenby (5) and(6).

Wenow consideraformalsettingfor hypothesislearn-
ing. Weassumeafinite set

�
of hypothesesandaspace�

of instances.We assumethateachhypothesisrepre-
sentsa function from

�
to ���� ��� wherewe write ��Z�;3^

for thevalueof thefunctionrepresentedby hypothesis�
whenappliedto instance; . We alsoassumea distribu-
tion Y on pairs ��;��0�t� with ;lA � and �FA��8�� ��� . For
any hypothesis� we definetheerror rateof � , denotedw�Z\�_^ , to be p ��;��>���� x Z\��Z�;_^(�hS�^ . For a givensample.

of � pairsdrawn from Y we write jw�Z\�_^ to denotethe
fraction of the pairs ��;=���t� in

.
suchthat �=Z�;_^��h � .

Quantifyingover �FA � in (4) yieldsthefollowing sec-
ondcorollaryof (1).1 2 . 1g�"A � YHZ¡jw�Z\�_^}+&+ w�Z¢�£^7^yv )&*,+ � +}c�)%*=Z W2 ^� (7)

By considerboundson YHZ�[+&+ ]3^ we canderive the fol-
lowing morewell known corollaryof (7).

1 2 . 1G�"A � + w�Z¢�£^ 9 jw�Z\�_^}+v � )%*,+ � +8c5)&*=Z W2 ^� � (8)

Thesetwo formulasbothlimit thedistancebetweenjw�Z\�_^
and w�Z¢�£^ . In thispaperwewill work with (7) ratherthan
(8) becauseit yields an (uncomputable)upper bound
on generalizationerror that is optimalup to asymptotic
equality.

3 The Upper Bound

Our goal now is to improve on (7). Our first stepis to
divide the hypothesesin

�
into � disjoint setsbased

on their true error rates. More specifically, for ]¤A	 �� � � define ¥$¥{]§¦}¦ to be ¨0©7ª z«!�¬®¯� b¡°±|� . Note that ¥$¥{]§¦}¦
is of the form ²� whereeither ]Nh³� and ´µh �

or]CD¶� and ]CA·Z$² fG!� �¸²� � . In either casewe have¥}¥¹]¦$¦�Aº� !� ��#}#$#}� �� � and if ¥}¥¹]¦$¦5h ²� then ]EA»
A derivationof this formulacanbefoundin [8] or [9]. To

seetheneedfor thelasttermconsiderthecasewhere ¼½,¾5¿ .

	 ² fG!� � ²� � . Now we define
� Z ²� ^ to be the setof ��A�

such that ¥}¥�w�Z\�_^À¦}¦Áh ²� . We define Â�Z ²� ^ to be)%*�Z������gZ � �8+ � Z ²� ^$+ ^7^ . Wenow havethefollowing lemma.

Lemma 3.1 1G6mD���1 2 . 1g�"A �YQZ¡jw�Z\�_^}+&+ w�Z¢�£^7^yv Â�Z8¥}¥�w�Z¢�£^Ã¦}¦�^�c5)&*=Z W �2 ^�
Proof: Quantifyingover ]FAH� !� ��#$#}#$� �� � and �?A� Z¹]3^ in (4) gives 136lD�� , 1 2 . , 1�]�AO� !� ��#$#}#}� �� � ,1G�"A � Z¹]3^ ,

YQZ¡jw�Z¢�£^$+%+ w�Z\�_^�^yv )&*,+ � Z¯]_^$+$c�)%*=Z W �2 ^�
But this impliesthelemma. Ä

Lemma3.1imposesaconstraint,andhenceabound,
on w�Z\�_^ . Morespecifically, wehavethefollowingwhere
lub �8;�o 4 	 ;§� � denotesthe leastupperbound(the
maximum)of theset �$;Fo 4 	 ;� � .Å�Æ�ÇtÈ`É lub Ê¡ËMÌ8Í Æ ¼Å�Æ�ÇtÈ�Î¹Î Ë È�ÉOÏ Æ�Ð�Ð Ë$Ñ�Ñ È£ÒFÓ¹Ô_Æ}ÕÀÖ× ÈØ Ù (9)

Thisisouruncomputablebound.It is uncomputablebe-
causethe � numbersÂ�Z !� ^ , #$#}# , Â�Z �� ^ areunknown. Ig-
noringthisproblem,however, wecanseethatthisbound
is typically significantlytighter than(7). More specifi-
cally, wecanrewrite (7) asfollows.w�Z\�_^:v lub �8[<o�YQZ¡jw�Z\�_^}+&+ [�^yv )&*,+ � +$c5)&*=Z W 2 ^� �

(10)

Since Â�Z ²� ^mvÚ)%*<+ � + , andsince � � �� is small for large� , we have that (9) is never significantly looser than
(10). Now considera hypothesis� suchthat thebound
on w�Z\�_^ given by (7), or equivalently, (10), is signifi-
cantly lessthan1/2. Assuming � is large, the bound
givenby (9) mustalsobesignificantlylessthan1/2. But
for [ significantly lessthan1/2 we will typically have
that Â�Z$¥$¥�[8¦}¦�^ is significantly smaller than )&*,+ � + . For
example,suppose

�
is the set of all decisiontreesof

size � ��� � . For large � , a randomdecisiontreeof this
sizewill have error ratenear1/2. The setof decision
treeswith error ratesignificantlysmallerthan1/2 will
be an exponentiallysmall factionof the setof all pos-
sible trees.So for [ small comparedto 1/2 we get thatÂ�Z$¥}¥�[8¦}¦�^ is significantlysmallerthan )&*,+ ÛU+ . This will
make the boundgiven by (9) significantly tighter than
theboundgivenby (10).

We now show thatthedistribution of trueerrorscan
bereplaced,essentially, by thehistogramof traininger-
rors.We first introducethefollowing definitions.Ü�UÝ ²� ¬ 2�ÞHßáà:âäã �lå�æææ Üç z â | f ²� æææ�è

!��é ê � � z ��ë � �� |W �Hfm!5ìÜí Ý ²� ¬ 2 Þ ß � � Ý ¨0©�ª Ý !�¬ W æææ Ü� Ý ²� ¬ 2 Þ æææ ÞGÞ



Thedefinitionof jÂ�î ²� �06�ï is motivatedby thefollow-
ing lemma.ð
Lemma 3.2 136mD�� , 1 2 . , 13[mA�� !� ��#$#}#¡� �� � ,Â�Z�[�^:vNjÂ�Z�[�� � 6�^

Beforeproving lemma 3.2we notethatby conjoin-
ing (9) andlemma3.2we getthefollowing. This is our
mainresult.

Theorem 3.3 1G6,Du� , 1 2 . , 1g�"A � ,Å�Æ�Ç�È�É lub ñ�Ë�Ì�Í Æ ¼Å�Æ�ÇtÈ�Î¹Î Ë È�É ¼Ï Æ�Ð�Ð Ë$Ñ�Ñ$ò�ó ÈÒQÓ¹Ô£Æ¡ôÃÖ× ÈØ õ
As for lemma3.1,theboundimplicit in theorem3.3

is typically significantlytighterthantheboundin (7) or
its equivalentform (10). Theargumentfor theimproved
tightnessof theorem3.3 over (10) is similar to the ar-
gumentfor (9). Morespecifically, considerahypothesis� for which the boundin (10) is significantly lessthan
1/2. Since jÂ�Z$¥}¥�[8¦}¦���6�^,vS)%*,+ � + , thesetof valuesof [
satisfyingtheconditionin theorem3.3 mustall besig-
nificantly lessthan1/2. But for large � we have thatö � � z«!±÷P� �Pø 2 |W �~fg! is small. So if [ is significantly lessthan

1/2 then all hypothesesin j� Z8¥}¥�[8¦}¦e�P6�^ have empirical
error ratessignificantlylessthan1/2. But for mosthy-
pothesisclasses,e.g.,decisiontrees,thesetof hypothe-
seswith empiricalerrorratesfar from 1/2 shouldbean
exponentiallysmall fractionof theclass.Hencewe get
that jÂ�Z$¥}¥�[8¦}¦���6�^ is significantlylessthan )%*,+ � + andthe-
orem3.3 is tighterthan(10).

Theremainderof thissectionis aproofof lemma3.2.
Ourdeparturepointfor theproof is thefollowing lemma
from [6].

Lemma 3.4 (McAllester 99) For any measure on any
hypothesisclasswe havethe following where E â�ù Z\�_^
denotestheexpectationof ù Z\�_^ underthegivenmeasure
on � . 1G6mD��ä1 2 . E â w z W ��fG! | z Üç z â | f ç z â |�|�� vEú �6

Intuitively, this lemmastatesthat with high confi-
denceover the choiceof the samplemost hypotheses
have empiricalerror neartheir true error. This will al-
low usto provethat jÂ�Z$¥$¥�[8¦$¦e�>6�^ boundsÂ�Z$¥}¥�[8¦}¦�^ . More
specifically, by consideringthe uniform distribution on� Z ²� ^ , lemma3.4impliesthefollowing.

E û�ü�ý î_þ� ï Ý ç�ÿ � ��� � � ÿ��� ÿ û � � � ÿ û ��� � Þ è � �2�
	 û�ü�ý î£þ� ï Ý ç�ÿ � ��� � � ÿ��� ÿ û � � � ÿ û ��� ���� �2 Þ è
!W

��	 û�ü�ý î þ� ï Ý ç ÿ � ��� � � ÿ��� ÿ û � � � ÿ û ��� � è � �2 Þ  !W
æææææ à:âäã �

z ²� | å�� Üç z â | f ç z â | � è ê � �
z�� �� |W �lfm!Gì æææææ 

!W � � z ²� | �
æææææ à âyã �

z ²� | åä� Üç z â | f ²� � è
!��é ê � � z � �� |W �lfm! ì æææææ 

!W � � z ²� | �
æææ � z ²� | æææ è W æææ Ü�5Ý ²� ¬ W � 27Þ æææLemma3.2 now follows by quantificationover [NA� !� ��#}#$#}� �� � . Ä

4 Asymptotic Analysis and Phase
Transitions

Theboundsgiven in (9) andtheorem3.3 exhibit phase
transitions.More specifically, the boundingexpression
canbediscontinuousin 6 and � , e.g.,arbitrarily small
changesin 6 cancauselargechangesin the bound. To
seehow this happensconsiderthe following constraint
on thequantity [ .YQZ¡jw�Z¢�£^$+%+ [�^yv Â�Z8¥}¥�[8¦$¦�^=c�)&*=Z W �2 ^� (11)

Theboundgivenby (9) is the leastupperboundof the
valuesof [ satisfying(11). Assumethat � is sufficiently
largethatwe canthink of

í z±Ã a °Ã°±|� asa continuousfunc-
tion of [ which we will write as �ÂeZ\[�^ . We can then
rewrite (11)asfollowswhere� is aquantitynotdepend-
ing on [ and �Â�Z�[�^ doesnot dependon 6 .YQZ¡jw�Z\�_^}+&+ [�^yv��ÂeZ�[�^�c�� (12)

For [(kNjw�Z\�_^ we that YQZ¡jw�Z\�_^}+&+ [�^ is a monotonicallyin-
creasingfunction of [ . It is reasonableto assumethat
for [�v ����� we alsohave that �Â�Z�[�^ is a monotonically
increasingfunction of [ . But even under thesecon-
ditions it is possiblethat the feasiblevaluesof [ , i.e.,
thosesatisfying(12), canbe divided into separatedre-
gions. Furthermore,increasing� cancausea new fea-
sibleregion to comeinto existence.Whenthis happens
thebound,whichis theleastupperboundof thefeasible
values,can increasediscontinuously. At a more intu-
itive level, considera large numberof high error con-
ceptsandsmallernumberof lower errorconcepts.At a
certainconfidencelevel the high error conceptscanbe
ruled out. But asthe confidencerequirementbecomes
morestringentsuddenly(anddiscontinuously)thehigh
error conceptsmustbe considered.A similar disconti-
nuity canoccurin samplesize.Phasetransitionsin shell
decompositionboundsarediscussedin moredetail by
Haussleret al. [1].



Phasetransitioncomplicateasymptoticanalysis.But
asymptotic� analysisilluminatesthenatureof phasetran-
sitions.As mentionedin theintroduction,in theasymp-
totic analysisof learningtheoremboundsit is important
thatonenot hold

�
fixedasthe samplesizeincreases.

If we hold
�

fixed then )%�&� ����� � ��� ���� h � . But this
is not what one expectsfor large samplesin practice.
As the samplesize increasesone typically useslarger
hypothesisclasses.Intuitively, we expectthat even for
very large � wehave that � ��� ���� is far from zero.

For the asymptoticanalysisof the boundin (9) we
assumean infinite sequenceof hypothesisclasses

�"!
,� W , ��� #$#}# andaninfinite sequenceof datadistributionsY ! , Y W , Y � , #}#$# . Let Â � Z ²� ^ be Â�Z ²� ^ definedrelativeto���

and Y � . In theasymptoticanalysisweassumethat
thesequenceof functions

í � z�Ã a °Ã°±|� , viewedasfunctions
of [?A�	 �� � � , convergeuniformly to a continuousfunc-
tion �Â�Z�[�^ . This meansthatfor any �äDu� thereexistsa ´
suchthatfor all �BD�´ wehave thefollowing.1G[mAn	 �§� � �H+ Â � Z8¥}¥�[8¦$¦�^� 9 �Â�Z�[�^}+v �
Given the functions

í � z±Ã b¡°Ã°±|� and their limit function�Â�Z¹]3^ , we definethefollowing functionsof anempirical
errorrate jw .! Ö Æ ¼Å¡È#" lub ñ`Ë~Ì�Í Æ ¼Å�Î¹Î Ë È�É Ï Ö Æ�Ð�Ð Ë}Ñ�Ñ È§ÒQÓ¹Ô_Æ ÕÀÖ× ÈØ õ! Æ ¼Å¡È#" lub Ê�Ë�Ì�Í Æ ¼Å�Î¹Î Ë È�É�$Ï Æ Ë È Ù
The function % � Z¡jw�^ correspondsdirectly to the upper

boundin (9). The function %�Z¡jw�^ is intendedto be the
large � asymptoticlimit of % � Z¡jw�^ . However, phase
transitionscomplicateasymptoticanalysis.The bound%�Z¡jw�^ neednotbeacontinuousfunctionof jw . A valueofjw wherethebound%�Z¡jw�^ is discontinuouscorrespondsto
aphasetransitionin thebound.At aphasetransitionthe
sequence% � Z¡jw�^ neednot converge. Away from phase
transitions,however, we havethefollowing theorem.

Theorem 4.1 If the bound %�Z¡jw�^ is continuousat the
point jw (so we are not at a phasetransition), and the
functions

í � z±Ã a °Ã°±|� , viewedas functionsof [uA�	 �§� � � ,
converge uniformly to a continuousfunction �Â�Z\[�^ , then
wehavethefollowing.)&�%��&�'� % � Z¡jw�^>h(%�Z¡jw�^

Proof: Definetheset ) � Z¡jw�^ asfollows.* Ö Æ ¼Å¡È�" ñ`Ë�ÌäÍ Æ ¼Å�Î¹Î Ë È�É Ï Ö Æ�Ð�Ð Ë}Ñ�Ñ È£Ò?Ó¯Ô£Æ ÕÀÖ× ÈØ õ
Thisgivesthefollowing.% � Z¡jw�^�h lub ) � Z¡jw�^

Similarly, define )�Z¡jw��+��^ and %JZ¡jw��+��^ asfollows.)�Z¡jw��+��^-, �8[<A5	 �§� � �gosYHZ¡jwt+%+ [�^:v.�ÂeZ\[�^=c/� �%JZ¡jw��+��^-, lub )�Z¡jw��+��^
Wefirst show thatthecontinuityof %�Z¡jw�^ at thepointjw implies the continuity of %JZ¡jw��0��^ at the point �¡jwe�>�e� .

We notethat thereexistsa continuousfunction ù Z¡jwe�1��^
with ù Z¡jw�����^�h jw andsuchthat for any � sufficiently
near0 wehave thefollowing.YHZ ù Z¡jw��+��^}+&+ [�^�h�YQZ¡jwt+%+ [�^ 9 �
We thengetthefollowing equation.%�Z¡jwe�+��^>h2%�Z ù Z�;=�3��^7^
Since ù is continuous,and %�Z¡jw�^ is continuousat the
point jw , we get that %�Z¡jw��4��^ is continuousat the point�¡jw��>�e� .

Wenow provethelemma.Thefunctionsof theformí � z±Ã a °Ã°±| é � � � ��� convergeuniformly to thefunction �Â�Z�[�^ .
This impliesthatfor any �~D�� thereexistsa ´ suchthat
for all �BD�´ wehave thefollowing.)�Z¡jw�� 9 ��^65 ) � Z¡jw�^&5�)�Z¡jw��+��^
But this in turn impliesthefollowing.%�Z¡jw�� 9 ��^:v�% � Z¡jw�^:v %JZ¡jw��+��^ (13)

Thelemmanow followsfrom thecontinuityof thefunc-
tion %�Z¡jwe�+��^ at thepoint �¡jw��>�e� . Ä

Theorem4.1 can be interpretedas saying that for
large samplesizes,and for valuesof jw other than the
specialphasetransitionvalues,theboundhasawell de-
fined value independentof the confidenceparameter6
anddeterminedonly by a smoothfunction �Â�Z�[�^ . A sim-
ilar statementcanbemadefor theboundin theorem3.3
— for large � , and at points other than phasetransi-
tions, the boundis independentof 6 andis determined
by asmoothlimit curve.

For the asymptoticanalysisof theorem3.3 we as-
sumeaninfinite sequence

�"!
,
� W , � � , #$#}# of hypothesis

classesandaninfinite sequence
. !

,
. W , . � , #$#}# of sam-

plessuchthat sample
. �

hassize � . Let
��� ZG²� �d6�^

and jÂ � Z ²� �,6�^ be
� Z ²� �,6�^ and jÂ�Z ²� �<6�^ respectively

definedrelativeto hypothesisclass
� �

andsample
. �

.
Let 7 � Z ²� ^ be the setof hypothesesin

���
having an

empirical error of exactly ²� in the sample
. �

. Let8 � Z ²� ^ be )%*�Z������gZ � �K+ 7 � Z ²� ^$+ ^ . In the analysisof

theorem3.3 we allow that the functions 9 � z±Ã a °Ã°±|� are
only locally uniformly convergentto acontinuousfunc-
tion �8 Z�[�^ , i.e., for any [�AN	 �§� � � andany �QD�� there
existsaninteger ´ andrealnumber:HD�� satisfyingthe
following.1_� D�´3�`1�]"A5Z�[ 9 :`�0[>c;:g^�+ 8 � Z$¥}¥¹]¦$¦�^� 9 �8 Z¯]_^}+v��
Locally uniformconvergenceplaysarole in theanalysis
in section6.



Theorem 4.2 If thefunctions 9 � z±Ã a °Ã°±|� convergelocally
uniformly< to a continuousfunction �8 Z�[�^ then, for any
fixedvalueof 6 , thefunctions

Üí � z�Ã a °Ã° ¬ 2 |� alsoconverge

locallyuniformlyto �8 Z�[�^ . If theconvergenceof 9 � z±Ã a °Ã°±|�
is uniform,thensois theconvergenceof

Üí � z�Ã a °Ã° ¬ 2 |� .

Proof: Consideran arbitraryvalue [KA 	 �� � � and��DB� . We will constructthe desired ´ and : . More
specifically, select́ sufficiently largeand : sufficiently
smallthatwe havethefollowing properties.= Ø?>A@ ò = ½CBJÆ ËEDCFHG3ò=Ë Ò FHG È ææææ I Ö Æ�Ð�Ð ½ Ñ�Ñ ÈØ D $I3Æ{½È ææææ J�KL1�]?AlZ\[ 95� :��0[äc � :G^�+M�8 Z¹]3^ 9 �8 Z�[�^$+tv �
�´ c � )&*=Z !±÷ ² �2 ^� ´ 9u�ON :)&*~´´ v �

Consideran � D ´ and ]qAÚZ�[ 9 :`�d[scP:g^ . It now
sufficesto show thefollowing.ææææ jÂ

� Z$¥$¥{]§¦}¦e�06�^� 9 �8 Z¹]_^ ææææ v��Because7 � Z$¥$¥{]¦$¦�^ is a subsetof
��� Z8¥}¥{]§¦}¦���6�^ we

have thefollowing.jÂ � Z$¥}¥¹]¦$¦e�>6�^� k 8 � Z$¥}¥¹]¦$¦�^� k?�8 Z¹]3^ 9?�

We canalsoupperbound

Üí � z±Ã b¡°Ã° ¬ 2 |� asfollows.+ � � Z8¥}¥¹]¦}¦��76�^$+¤v Q� þ� f b � è R ææææ 7
�?S ´�/T ææææv Q� þ� f b � è R w 9��
z þ� |

v Q� þ� f b � è R w
��zVU9 z þ� | é�WX |

v Q� þ� f b � è R w
��zVU9 z b}| é � WX |

v �?w ��zVU9 z b¡| é � WX |jÂeZ8¥}¥¹]¦}¦��>6�^� v �8 Z¹]3^=c � �
 c )%*���v �8 Z¹]3^=cY�

A similarargumentshowsthatif 9 � z±Ã a °Ã°±|� converges

uniformly to �8 Z�[�^ thensodoes 9 � z±Ã a °Ã°±|� . Ä
Givenquantities

Üí[Z z±Ã a °Ã° ¬ 2 |� thatconvergeuniformly
to �8 Z�[�^ theremainderof theanalysisis identicalto that
for theasymptoticanalysisof (9). Wedefinethefollow-
ing upperbounds.Ü\ � z Üç±| ß lub à a å xyz Üç �{� a | è

Üí � z�Ã a °Ã° ¬ 2 | é � � î^] �� ï� ìÜ\ z Üç±| ß lub _ a å xyz Üç �{� a | è U9 z a |a`Again we saythat jw is at a phasetransitionif thefunc-
tion j%�Z¡jw�^ is discontinuousat the value jw . We thenget
the following whoseproof is identical to that of theo-
rem4.1.

Theorem 4.3 If the bound j%JZ¡jw�^ is continuousat the
point jw (so we are not at a phasetransition), and the
functions 9�� z�Ã a °Ã°±|� convergeuniformlyto �8 Z\[�^ , thenwe
havethefollowing.)&�%������ j% � Z¡jw�^>h j%JZ¡jw�^
5 Asymptotic Optimality of (9)

Formula(9) canbeviewedasproviding anupperbound
on w�Z\�_^ asa functionof jw�Z\�_^ andthefunction Â . In this
sectionweshow thatfor any entropy curve Â andvalue jw
thereexistsahypothesisclassanddatadistributionsuch
that theupperboundin (9) is realizedup to asymptotic
equality. Up to asymptoticequality, (9) is the tightest
possibleboundcomputablefrom jw�Z¢�£^ andthe � num-
bers ÂeZ !� ^ , #$#}# , Â�Z �� ^ .

TheclassicalVC dimensionsboundsarenearlyop-
timal overboundscomputablefrom jweZ¢�cb$^ andtheclass�

. The � numbersÂ�Z !� ^ , #}#$# , Â�Z �� ^ dependon both
�

andthedatadistribution. Hencetheboundin (9)usesin-
formationaboutthedistributionandhencecanbetighter
thanclassicalVC bounds.A similar statementapplies
to the boundin theorem(3.3) computedfrom the em-
pirically observablenumbers jÂeZ !� ^ , #$#}# , jÂeZ �� ^ . In this
case,theboundusesmoreinformationfrom thesample
thanjust jw�Z¢�£^ . The optimality theoremgivenherealso
differs from the traditionallower boundresultsfor VC
dimensionin thatherethelowerboundsmatchtheupper
boundsup to asymptoticequality.

Thedeparturepointfor ouroptimalityanalysisis the
following lemmafrom [2].

Lemma 5.1 (Cover and Thomas) If j] is thefractionof
headsoutof � tossesof a coinwhere thetrueprobabil-
ity of headsis ] thenfor [,k�] wehavethefollowing.psrtZ�j]Fku[�^:k ��Nc � w f_�yxyz a �{� b}|



This lower boundon psrtZ�j]Vk¤[�^ is very closeto
Chernofd f ’s 1952upperbound(1). The tightnessof (9)
is a direct reflection of the tightness(1). To exploit
Lemma5.1weneedto constructhypothesisclassesand
datadistributionswheredistinct hypotheseshave inde-
pendenttrainingerrors.More specifically, we saythata
setof hypotheses��� ! ��#}#}#$���fe � hasindependenttrain-
ing errorsif the randomvariables jw�Z\� ! ^ , #$#}# , jweZ¢�ge£^ are
independent.

By anargumentsimilar to thederivationof (3) from
(1) wecanprovethefollowing from Lemma5.1.h&i S Í ÆMj0k¹Ô§Æ ¼½ ò ½È�Î¹Î ½ÈEl Ó¹Ô_Æ »× È D Ó¹Ô_Æ®Ø�Ònm¡ÈØ T l ó (14)

Lemma 5.2 Let @ be any finite set,
.

a randomvari-
able, and od	 . �7;=�P68� a formulasuch that for every ;FA?@
and 6FDµ� wehave psrtZVod	 . ��;��768��^<kµ6 , and psrtZ«13;�A@pod	 . ��;��J68��^"hrqts ã L psr�Zuod	 . �J;��J68��^ . We then

have136mDu��1 2 .wv ;HAJ@wod	 . �7;=� � � z �� |� Ls� � .
Proof:psrtZVod	 . ��;�� � � z��� |� Ls� �®^ k � � z��� |� Ls�psrtZVx+od	 . �7;=� � � z �� |� LM� ��^ v ��9 � � z �� |� Ls�v w fzy { ÿ �� �| }~|psrtZ«13;FA?@�x+od	 . �`;�� � � z��� |� Ls� ��^ v w f � � z��� | h�6Ä
Now define �cb�Z ²� ^ to bethehypothesisof minimal

training error in the set
� Z ²� ^ . Let glb �8;So 4 	 ;� �

denotethe greatestlower bound(the minimum) of the
set �$;Fo 4 	 ;§� � . We now havethefollowing lemma.

Lemma 5.3 If thehypothesesin theclass
� Z8¥}¥�[8¦}¦�^ are

independentthen 136<D�� , 1 2 . , 13[,Al� !� ��#}#}#$� �� � ,Üç z â�� z a |�| è glb à Üç å xyz ¨�� � z Üç ¬ a fK�� | �{� a |è�� ÿ�� � � y { ÿ �
� � � � y { ÿ y { ÿ � � ���� ì
Proof: To prove lemma5.2 let [ bea fixedrational

numberof theform ²� . Assumingindependenthypothe-
seswe canapplyingLemma5.3 to (14) to get 1G6?Dµ� ,1 2 . ,

v �?A � Z ²� ^ ,xyz ¨�� � z Üç z â | ¬ ç z â |�| �{� ç z â |�|  í z a | f � � z%� é ! | f � � z � � z �� |�|�
Let � bethehypothesisin

� Z\[�^ satisfyingthisformula.
Wenow have jw�Z¢�cb�Z�[�^7^yvEjw�Z���^ and [ 9 !� v�w�Z���^�v�[ .
Thesetwo conditionsimply 136,Du� , 1 2 . ,YQZ��(�&*=Z¡jw�Z\��beZ�[�^7^��7[ 9 !� ^}+&+ [�^k í z a | f � � z%� é ! | f � � z � � �� |�

This impliesthefollowing.

¼Å�Æ�Ç���Æ Ë ÈÃÈ`É glb �� � ¼Å Ì Í ÆMj0k¹Ô_Æ ¼Å ò=ËzD »Ö È�Î¹Î Ë ÈÉ������������ ��� Ö�� » ����� �H��� �^� �� ���Ö
� ��

Lemma5.2 now follows by quantificationover [?A� !� ��#}#$#}� �� � .Ä
For [UAE	 �� � � we have that lemma3.1 implies the

following.Üç z â�� z±Ã a °Ã°±|�|  glb �� � Üç å x î Üç �{� Ã a °Ã° f �� ïè � ÿa�a���a a  � � y { î � �� ï�
� ��

We now have upperandlower boundson thequan-
tity jw�Z\��b�Z8¥}¥�[8¦$¦�^7^ whichagreeupto asymptoticequality
— in a large � limit where

í � z±Ã a °Ã°±|� converges(point-
wise) to a continuousfunction �ÂeZ\[�^ we have that the
upperandlower boundon jw�Z¢�cb�Z$¥$¥�[8¦}¦�^�^ bothconverge
(pointwise)to thefollowing.jw�Z¢� b Z�[�^7^�h glb �£jwmoeYQZ¡jw�+&+ [�^:v.�Â�Z�[�^ �
Thisasymptoticvalueof jw�Z\��b�Z�[�^�^ is a continuousfunc-
tion of [ . Since[ is heldfixedin calculatingthebounds
on jw�Z$¥$¥�[8¦$¦�^ , phasetransitionsarenot an issueanduni-
form convergenceof the functions

í � z±Ã a °Ã°±|� is not re-
quired.Notethatfor large � andindependenthypothe-
seswe get that jw�Z\��b�Z\[�^�^ is determinedasa functionof
thetrueerrorrate [ and

í z±Ã a °Ã°±|� .
The following lemmastatesthat any limit function�Â�Z¹]_^ is consistentwith the possibility that hypotheses

areindependent.This, togetherwith lemma5.2 implies
thatnouniformboundon w�Z\�_^ asa functionof jw�Z\�_^ and+ � Z !� ^}+ , #$#}# , + � Z � � ^$+ canbeasymptoticallytighterthan
(9).

Theorem 5.4 Let �ÂeZ¯]_^ be any continuousfunction of]�Aq	 �� � � . There existsan infinite sequenceof hypoth-
esisspaces

� !
,
� W , ��� , #}#$# , andsequenceof datadis-

tributions Y ! , Y W , Y � , #$#}# such thateach class
���

has
independenthypothesesfor data distribution Y � and
such that

í � z�Ã b�°Ã°±|� converges(pointwise)to �Â�Z¹]3^ .
Proof: First we show that if + � � Z�¡� ^}+�hBw ��Uí z Z� |

thenthefunctions
í � z±Ã b¡°Ã°±|� converge(pointwise)to �ÂeZ¯]_^ .

Assume+ ��� Z ¡� ^}+£hÚw ��Uí z Z� | . In this casewe have the
following. Â � Z8¥}¥¹]¦}¦�^� h?�Â�Z$¥$¥{]§¦}¦�^
Since �ÂeZ¯]_^ is continuous,for any fixedvalueof ] weget
that

í � z±Ã b¡°Ã°±|� convergesto �Â�Z¹]3^ .
Recallthat Y � is a probabilitydistribution on pairs��;��>�� with �nA��8�§� ��� and ;uA5@ � for someset @ � .



Wetake
���

to beadisjointunionof sets
��� Z ²� ^ where+ ��� Z ²� ^$+ is selectedasabove. Let ù ! , #}#$# , ù�¢ betheel-

ementsof
���

with £BhÚ+ ��� + . Let @ � bethesetof all£ -bit bit stringsanddefine ù ¡ Z�;_^ to be thevalueof ¤ th
bit of thebit vector ; . Now definethedistribution Y �
on pairs ��;��>�� by selecting� to be 1 with probability
1/2andthenselectingeachbit of ; independentlywhere
the ¤ th bit is selectedto disagreewith � with probability²� where ´ is suchthat ù ¡ A � � Z3²� ^ . Ä
6 Relating ¥¦ and ¦
In thissectionweshow thatin large � limits of thetype
discussedin section4 thehistogramof empiricalerrors
neednot converge to the histogramof true errors. So
even in the large � asymptoticlimit, the boundgiven
by theorem3.3 is significantlyweaker than the bound
givenby (9).

To show that jÂeZ$¥$¥�[8¦$¦e��6�^ canbeasymptoticallydif-
ferent from Â�Z$¥$¥�[8¦$¦�^ we considerthe caseof indepen-
dent hypotheses.More specifically, given a continu-
ous function �ÂeZ¯]_^ we constructan infinite sequenceof
hypothesisspaces

�"!
,
� W , � � , #$#}# andan infinite se-

quenceof datadistributions Y ! , Y W , Y � , #$#}# usingthe
constructionin the proof of theorem??. We notethat
if �Â�Z¹]3^ is differentiablewith boundedderivativethenthe
functions

í � z±Ã b¡°Ã°±|� convergeuniformly to �Â�Z¯]_^ .
For a given infinite sequencedatadistributionswe

generateaninfinite samplesequence
. !

,
. W , . � , #}#$# , by

selecting
. �

to consistsof � pairs ��;=���t� drawn IID
from distribution Y � . For agivensamplesequenceand��A � � we define jw � Z¢�£^ and jÂ � Z_²� �m6�^ in a manner
similar to jw�Z\�_^ and jÂ�Z ²� � 6�^ but for sample

. �
. The

mainresultof this sectionis thefollowing.

Statement 6.1 If each
� �

hasindependenthypotheses
underdatadistribution Y � , andthefunctions

í � z±Ã b¡°Ã°±|�
converge uniformly to a continuousfunction �Â�Z¹]3^ , then
for any 6KD¸� and ]EAV	 �§� � � , we havethe following
with probability 1 over thegenerationof thesamplese-
quence.)%�&������ jÂ � Z8¥}¥¹]¦}¦��76�^� h¨§�©«ªa ã�¬ �}¬ ![ �ÂeZ\[�^ 9 YQZ¹]�+%+ [�^

We call this a statementratherthana theorembe-
causetheproof hasnot beenworkedout to a high level
of rigor. Nonetheless,we believe theproof sketchgiven
below canbeexpandedto a fully rigorousargument.

Beforegiving theproof sketchwe notethatthelim-
iting valueof

Üí � z±Ã b¡°Ã° ¬ 2 |� is independentof 6 . This is
consistentwith theorem4.2.Define � jÂ�Z¹]3^ asfollows.� jÂ�Z¹]_^6,¨§�©«ªa ã�¬ �$¬ !u �ÂeZ\[�^ 9 YQZ¹]�+%+ [�^

Note that � jÂ�Z¯]_^"kr�Â�Z¯]_^ . This givesan asymptoticver-
sion of lemma3.2. But since YQZ¯]`+&+ [�^ can be locally
approximatedas ®�Z¹] 9 [�^ W (upto its secondorderTaylor
expansion),if �Â�Z¯]_^ is increasingat the point ] thenwe
alsogetthat � jÂ�Z¹]3^ is strictly largerthan �Â�Z¹]3^ .

Proof Outline: To prove statement6.1 we first de-
fine

� � Z¹]��d[�^ for ]��7[5AÚ� !� �J#$#}#$� �� � to be the set
of all �IA � � Z�[�^ suchthat jw � Z¢�£^Qh ] . Intuitively,��� Z¯]=�U[�^ is the set of conceptswith true error rate
near [ that have empirical error rate ] . Ignoring fac-
tors that are only polynomial in � , the probability of
a hypothesiswith true error rate [ having empiricaler-
ror rate] canbewrittenas(approximately)w f_�yxyz b �{� a | .
So the expectedsize of

��� Z¹]���[�^ can be written as+ � � Z�[�^$+ w f3�:x�z b �{� a | , or alternatively, (approximately)asw ��Uí z a | w f_�yxyz b �{� a | or w �~z�Uí z a | f_xyz b �{� a |�| . More formally,
we havethefollowing for any fixedvalueof ] and [ .

)&�%������ )&*=Z��(���gZ � � E ZP+ � � Z$¥$¥{]§¦}¦e�,¥$¥�[8¦$¦�^}+ ^�^7^�hK�����GZ�����Â�Z\[�^ 9 YHZ¹]`+&+ [�^�^
Wenow show thattheexpectationcanbeeliminated

from the above limit. First, considerdistinct valuesof] and [ suchthat �ÂeZ\[�^ 9 YQZ¯]`+&+ [�^�D¤� . Since ] and[ aredistinct, the probability that a fixed hypothesisin� � Z8¥}¥�[8¦}¦�^ is in
� � Z8¥}¥¹]¦}¦��"¥$¥�[8¦}¦�^ declinesexponen-

tially in � . Since �Â�Z�[�^ 9 YHZ¹]`+&+ [�^:Du� theexpectedsize
of
��� Z$¥$¥{]¦$¦e� ¥}¥�[8¦}¦�^ growsexponentiallyin � . Since

thehypothesesareindependent,thedistribution of pos-
siblevaluesof + � � Z8¥}¥¹]¦}¦��,¥}¥�[8¦}¦�^$+ becomesessentially
a Poissonmassdistributionwith anexpectednumberof
arrivals growing exponentially in � . The probability
that + ��� Z$¥}¥¹]¦$¦e�5¥}¥�[8¦$¦�^$+ deviatesfrom its expectation
by asmuchasa factorof 2 declinesexponentiallyin � .
We saythat a samplesequenceis safeafter ´ if for all� D¸´ we have that + ��� Z$¥$¥{]¦$¦e��¥}¥�[8¦$¦�^$+ is within a
factorof 2 of its expectation. Sincethe probability of
beingunsafeat � declinesexponentiallyin � , for any6 thereexistsa ´ suchthatwith probabilityat least

�`9 6
the samplesequenceis safeafter ´ . So for any 6nDI�
wehavethatwith probabilityat least

�09 6 thesequence
is safeaftersomé . But sincethis holdsfor all 6JDS� ,
with probability1 sucha ´ mustexist.)&�&������ )%*=Z������gZ � �8+ ��� Z$¥$¥{]§¦}¦e�,¥$¥�[8¦$¦�^}+ ^�^�h?�Â�Z�[�^ 9 YQZ¹]�+%+ [�^
We now define Â � Z8¥}¥{]§¦}¦��T¥$¥�[8¦$¦�^ asfollows.Â � Z8¥}¥¹]¦}¦��m¥}¥�[8¦$¦�^+,K)%*�Z������gZ � �~+ ��� Z$¥$¥{]§¦}¦e�,¥$¥�[8¦$¦�^}+ ^�^
It is alsopossibleto show for ]nhº[ we have thatwith
probability 1 we have that

í � z±Ã b¡°Ã° ¬Ã a °Ã°±|� approaches�Â�Z¹]_^ andthatfor distinct ] and [ with �Â�Z�[�^ 9 YQZ¹]�+%+ [�^:v



� we have that
í � z�Ã a °Ã° ¬Ã a °Ã°±|� approaches0. Putting

theseð togetheryieldsthatwith probability1 wehavethe
following.Ó�k�jÖ�¯1° Ï Ö Æ�ÐPÐ ½ Ñ�Ñ8ò Ð�Ð Ë$Ñ�Ñ ÈØ ¾nj�±H²Æ�¿ ò $Ï Æ Ë È D�Í Æ{½GÎ¹Î Ë ÈÃÈ (15)

Define 7 � Z ²� ^ and 8 � Z ²� ^ asin section4. We now
have thefollowing equality.7 � Z¯]_^>h�³ a ã _ �� ¬µ´�´�´ ¬ � � ` � � Z¹]��>[�^
We will now show thatwith probability1 we have that9�� z b}|� approaches� jÂ�Z¯]_^ . First, considera ]QA5	 �� � � such
that � jÂ�Z¹]3^:Du� . Let Since �Â�Z�[�^ 9 YQZ�[+&+ ]_^ is a continuous
function, and 	 �� � � is a compactset, §�©«ª a ã�¬ �$¬ !u �Â�Z\[�^ 9YQZ¯]`+&+ [�^ mustberealizedat somevalue [ b Au	 �§� � � . Let[¶b besuchthat �Â�Z�[¶b$^ 9 YQZ¯]`+&+ [¶b$^ equals� jÂ�Z¹]_^ . We have
that 8 � Z$¥}¥¹]¦$¦�^JkVÂ � Z$¥}¥¹]¦$¦e�5¥}¥�[¶b�¦}¦�^ . This, together
with (15), impliesthefollowing.)&�&���&*�·����� 8 � Z$¥$¥{]¦$¦�^� k � jÂ�Z¹]_^
We will now saythat thesamplesequenceis safeat �
and ²� if + ��� Z8¥}¥{]§¦}¦��U¥}¥ ²� ¦}¦�^}+ doesnot exceedtwice
theexpectationof + � � Z8¥}¥¹]¦}¦��m¥}¥�[¶b�¦}¦�^}+ . Assuminguni-
form convergenceof

í � z±Ã b¡°Ã°±|� , the probability of not
beingsafeat � and ²� declinesexponentiallyin � at a
rateat leastasfastastherateof declineof theprobabil-
ity of not being safeat � and ¥$¥�[¶b�¦}¦ . By the union
boundthis implies that for a given � the probability
that there exists an unsafe ²� also declinesexponen-
tially. We say that the sequenceis safeafter £ if it
is safefor all � and ²� with � D¸£ . The probabil-
ity of not being being safe after £ also declinesex-
ponentially with £ . By an argumentsimilar to that
given above, this implies that with probability 1 over
thechoiceof thesequencethereexistsa £ suchthatthe
sequenceis safeafter £ . But if we aresafeat � then+ 7 � Z$¥}¥¹]¦$¦�^}+mv � �;¹�+ ��� Z¹]��q¥}¥�[¶b�¦$¦�^$+ . This implies
thefollowing.)&�%�º§�©gª����� 8 � Z8¥}¥{]§¦}¦�^� v � jÂ�Z¹]3^
Puttingthetwo boundstogetherwegetthefollowing.)%�&������ 8 � Z$¥$¥{]§¦}¦�^� h � jÂeZ¹]_^

The above argumentestablishes(to somelevel of
rigor) pointwiseconvergenceof 9�� z±Ã |�°Ã°� to � jÂeZ¯]_^ . It is
also possibleto establisha convergencerate that is a
continuousfunctionof ] . This implies that the conver-
genceof 9 � z±Ã b¡°Ã°±|� canbemadelocally uniform. Theo-
rem4.2thenimpliesthedesiredresult. Ä

7 Future Work

A practicaldifficulty with the boundimplicit in theo-
rem3.3 is that it is usuallyimpossibleto enumeratethe
elementsof anexponentiallylargehypothesisclassand
henceimpracticalto computethehistogramof training
errorsfor the hypothesesin the class. In practicethe
valuesof Â�Z ²� ^ might beestimatedusingsomeform of
Monte-CarloMarkov chainsamplingover thehypothe-
ses.For certainhypothesisspacesit mightalsobepossi-
ble to directly calculatethe empiricalerror distribution
withoutevaluatingeveryhypothesis.

Herewe have emphasizedasymptoticpropertiesof
our boundbut we have not addressedratesof conver-
gence.Forfinite samplesizestherateatwhichthebound
convergesto its asymptoticbehavior canbe important.
Beforementioningsomewaysthattheconvergencerate
might be improved, however, we note that nearphase
transitionsstandardnotionsof convergenceratearein-
appropriate.Neara phasetransitionthe boundis “un-
stable”— replacing 6 by 6 ��� canalter the boundsig-
nificantly. In fact, neara phasetransition it is likely
that w�Z\� b ^ is significantly different for different sam-
pleseventhough jw�Z\��b}^ is highly predictable.Intuitively,
we would like a notion of convergencerate that mea-
suresthe size of the “region of instability” arounda
phasetransition.As thesamplesizeincreasesthephrase
transitionbecomessharperandtheregion of instability
smaller. It would beniceto havea formal definitionfor
the region of instability and the rateat which the size
of this region goesto zero,i.e., the rateat which phase
transitionsin theboundbecomesharp.

Therateof convergenceof our boundmight be im-
provedin variousways:» Removing thediscretizationof trueerrors.» Usingone-sidedbounds.» Usingnonuniformunionboundsoverdiscreteval-

uesof theform ²� .» TighteningtheChernoff boundusingdirectcalcu-
lationof Binomial coefficients.» Improving Lemma3.4.

The above ideasmay allow one to remove all )%*`Z��F^
termsfrom thestatementof thebound.

8 Conclusion

TraditionalPAC boundsarestatedin termsof thetrain-
ing error and classsize or VC dimension. The com-
putableboundgiven hereis typically muchtighter be-
causeit exploits the additionalinformation in the his-
togramof trainingerrors.Theuncomputablebounduses
theadditional(unavailable)informationin thedistribu-
tion of true errors. Any distribution of true errorscan



berealizedin a casewith independenthypotheses.We
haveð shown thatin suchcasesthis uncomputablebound
is asymptoticallyequal to actual generalizationerror.
Hencethis is the tightestpossiblebound,up to asymp-
totic equality, overall boundsexpressedasfunctionsofjw�Z\��b}^ andthe distribution of true errors. We have also
shown that theuseof thehistogramof empiricalerrors
resultsin aboundthat,while still tighterthantraditional
bounds,is looserthantheuncomputableboundevenin
thelargesampleasymptoticlimit.
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