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Abstract

Inference in Markov random fields, and development and evaluation of similarity measures
for nodes in graphs, are both active areas of data-mining research. In this paper, we demon-
strate a formal connection between inference in tree-structured Markov random fields and
personalized PageRank, a widely-used similarity measure for graph nodes based on graph-
walks. In particular we show a connection between computation of marginal probabilities
in tree-structured discrete-variable pairwise MRFs, and computation of similarity between
vertices of a graph using the personalized PageRank measure: roughly speaking, for these
MRFs, computing a marginal probability Pr(X; = j) can be reduced to computing a small
set of personalized-PageRank similarity vectors, followed by a very limited postprocessing
stage.
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1. Introduction

Developing and evaluating useful measures for the similarity of nodes in a graph is an active
area of data-mining research (e.g., (Page et al., 1998; Bhalotia et al., 2002; Liben-Nowell
and Kleinberg, 2003; Palmer and Faloutsos, 2003; Tong et al., 2006; Minkov et al., 2006)),
and one widely-used family of similarity measures are based on random walks on a graph
(Page et al., 1998; Haveliwala, 2002; Jeh and Widom, 2002; Balmin et al., 2004; Tong
et al., 2006). Graph-walk based similarity measures have been used for various applications
including information retrieval (Balmin et al., 2004), schema matching (Melnik et al., 2002),
word-sense disambiguation (Toutanova et al., 2004), entity resolution (Cohen and Minkov,
2006), and personal information management tasks (Minkov et al., 2006). Novel techniques
have been explored for computing these measures efficiently (e.g., (Jeh and Widom, 2003;
Csalogny et al., 2005; Tong et al., 2006; Chakrabarti, 2007)) or tuning them to specific tasks
(e.g., (Minkov and Cohen, 2007; Diligenti et al., 2005; Toutanova et al., 2004; Agarwal et al.,
2006)). These measures are closely related to similarity measures widely used for semi-
supervised learning (e.g., (Kondor and Lafferty, 2002; Zhu, 2005)) and spectral clustering
(e.g., (Meila and Shi, 2001)) and are broadly similar to spreading activation, a model of
human cognition that has been actively studied for nearly 40 years (e.g., (Quillian, 1969;
Anderson, 2007)).

Graphs are also used heavily in another active research area: in research on learn-
ing and inference with probabilistic models, graphical probabilistic models such as Bayes
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networks and Markov random fields (MRFs) are widely used (e.g., (Pearl, 1988), (Jordan,
1999),(Bishop, 2006, Chapter 8)). MRFs are used in the well-known junction-tree algorithm
for inference in Bayes networks Cowell et al. (1999). Conditional random fields—i.e., MRFs
tuned to optimize conditional probability of one set of variables given another—are also
widely used for structured learning problems (e.g., (Lafferty et al., 2001; Sha and Pereira,
2003; McCallum and Li, 2003)). MRFs are also used as an inferential “building block” in
Markov logic networks (Richardson and Domingos, 2006), a well-studied first-order proba-
bilistic model.

While MRFs are generally visualized as undirected graphs, they are graphs with a very
special internal structure, and it is unclear to what extent data-mining techniques developed
for other graphs can be usefully applied to MRFs. In this paper, we demonstrate a formal
connection between graph-walk based similarity measures and inference in MRFs. More
specifically, we show a connection between computation of marginal probabilities in certain
MRFS, and computation of similarity between vertices of a graph using the widely-used
personalized PageRank (PPR) measure (Page et al., 1998), also known as random walk with
restart (Tong et al., 2006). Our result shows that for certain MRFs, computing a marginal
probability Pr(X; = j) can be reduced to computing a small set of PPR similarity measures,
followed by a very limited postprocessing stage.

A little more precisely, our results hold for any tree-structured MRFs with discrete
variables and binary cliques—a class that includes most MRFs used in conditional random
fields or generated by the junction tree algorithm. We show that for an MRF of this form
with L leaves and |)| values of the variable X;, then the marginal probability distribution
Pr(X;) can be approximated arbitrarily well in O(L) time using || calls to an oracle that
computes a PPR ranking vector, where a PPR ranking vector is simply the result of a
personalized-PageRank similarity computation. The constructions used in the proof are
quite simple, and give an interesting insight into probabilistic inference in MRFs. Some
consequences of this result are discussed in Section 4.

The remainder of the paper is organized as follows. After presenting some background
material on graphs, MRFs, and similarity computation, we present in Section 3.1 a simplified
version of the main result, in the form of a theorem relating MRF inference to a similarity
measure for graphs that we call “all-paths similarity”: this measure is not widely used in
experimental practise, but is more transparently related to MRF inference. We then present
two sets of corollaries of this result, which allow us to relate MRF inference to more efficient
computations of all-paths similarity. In Section 3.4 we extend the result of Section 3.1 to
the more commonly-used personalized PageRank measure, and show a connection between
MRF inference and computation of PPR ranking vectors over a certain family of directed
graphs, and in Section 3.5 we extend this result to PPR ranking vectors over undirected
graphs. Finally, in Section 3.6 we experimentally investigate certain convergence issues
which are not tightly bounded by our theoretical results, and in Section 4 we conclude with
a summary of the results, a discussion of related work, and a discussion of the consequences
of these results.
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Input: A vertex v; graph G = (V, E) with weight matrix W.
Optional input: parameter v:0 < v < 1.

Output: APV (G, v): i.e., a ranking vector || Output: PPV (G,v): i.e., a ranking vector
s, where SIM AT (v,v') is given by s[v']. s, where SIMg?R(v,v’) is given by s[v'].
1. Let rg = e,,. 1. Let rg = (1 — y)e,.
2. Let s =rg. 2. Let s =rg.
3. Fort=1,...,|V| 3. Fort =1,..., to convergence:
(a) Let ry =1y - W (a) Let ry =141 - YW
(b) Let s=s+ry (b) Let s=s+ry
4. Return s. 4. Return s.

Figure 1: Computing ranking vectors for the all-paths similarity metric and the personal
PageRank similarity metric

2. Background
2.1 Graphs

Graphs arise in many contexts within computer science: for instance, collections of hyper-
text, social networks, and protein-protein interactions are commonly formalized as graphs.
Formally, a (directed) graph G = (V,E) has a set of vertices V' and a set of edges
E CV xV xR, where an edge (v,v’,w) is a directed link from v to v' with weight
w. We will assume here that edge weights w lie in the range 0 < w < 1. A graph is
undirected iff each edge has an inverse with the same weight, and acyclic iff there are no
paths from a vertex to itself.
A path through a graph G is a sequence of triples

p = ((vo, v1,w1), (v1,v2,w2), ..., (vr—1, v, Wr))

such that every triple (v;—1, vy, wy) is in E. The weight of the path p is defined as weight(p) =
Hle we. The set of all paths from v to v is written paths(G,v,v"). Here and elsewhere,
the argument G will be omitted when it is clear from context.

Sometimes it is convenient to think of V' as the set of integers {1,...,|V]}, and to think
of E as a weight matriz W. Formally, the weight matrix W for a graph G = (V, F) is a
|V | x |V| matrix such that W{v, '] is the weight of the edge from v to v" (or zero if no such
edge exists). We use e, to denote a unit vector with |V| components, all of which are zero
except for the v-th component, which is one.

2.2 “All-paths” similarity

It is often useful to define some notion of “closeness” or similarity over the vertices in a
graph. If the edge-weights in a graph are all in the interval [0, 1), then one reasonable notion
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of similarity for two vertices v, v’ in a directed acyclic graph (DAG) G is simply the total
weight of all the paths between v and v':

SIMAY (v,0) = Z weight(p) (1)
pEpaths(G,,v’)

According to this measure, v and v’ are highly similar if they are connected by many
strongly-weighted paths, and less similar if they are connected by only a few weakly-weighted
paths. (Since edge-weights are strictly less than one, longer paths will necessarily have
smaller weights in this measure.)

The set paths(v,v") can be infinite for graphs with cycles, and can be exponentially large
even for DAGS. However, there is a simple dynamic programming algorithm for finding the
total weight of all paths of length ¢ that start at p. This algorithm can be easily implemented
using matrix operations: since W2[v,v'] is the total weight of all length-2 paths from v to
o', and likewise Wt[v,v'] is the total weight of all length-t paths from v to v/, and since
no paths in a DAG can be longer than |V, the algorithm on the left-hand side of Figure 1
correctly computes SIM ép (+,+) for any DAG G.

We will call the vector s returned by Algorithm 1 the all-paths ranking vector for vertex
v in G, and write it as APV (G,v), or APV (v) when G is clear from context. Note that
APV (v) =S e, - Wt

Since computing all-paths similarity to v requires computing a ranking vector for v, it
is nearly as easy to compute the similarity of v to many vertices as to a single vertex. We
will consider an extended version of all-paths similarity as follows: if V is a set of vertices,
then the all-paths similarity of v to V is the product of the all-paths similarity of v to the
elements of V: i.e.,

SIMEF (v, ) = [ SIMER (v,v) (2)
v'ey

2.3 Personalized PageRank

The all-paths similarity metric is closely related to another widely-used metric which we will
call here personalized PageRank similarity (Page et al., 1998). An algorithm for computing
a ranking vector for the personalized PageRank similarity metric is shown on the right-hand
side of Figure 1. We call the output of this algorithm the personalized PageRank ranking
vector for v, and denote it as PPV (G,v), and we define SIM@ZR(U,U/) as the analogous
similarity metric between v and v/, i.e.,

SIMERR (v,v') = PPV(G,v)[V']

More formally, personalized PageRank is usually described as the result of a random
walk process on a graph. Assume that G is a graph such that for every node, the sum of
the weights of outgoing edges is exactly one—i.e., the sum of weights in each row of W is
exactly one. View these weights as the probability of leaving a vertex via that edge, and
now imagine a “random surfer” particle, which probabilistically traverses the graph G as
follows: at each time step, with probability 1—-y, the surfer “teleports” to the “start vertex”
v; and with probability YW vy, v2], the surfer moves from its current location v; to some
new location vs.
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Now consider the point where this process converges, i.e., the probability distribution
p% such that

py = (1 —7)e, + Py W

Solving this for pJ, yields
py = (1—7)e, - (I— W)™ (3)

This “random surfer” process is precisely the model that underlies traditional PageRank
(Page et al., 1998), except that in traditional PageRank, the surfer “teleports” to a vertex
v’ chosen uniformly from V', instead of teleporting to the designated “start vertex” v.

Although Equation 3 can be computed directly, inverting the matrix (I — yW) is ex-
pensive for a large graph. An alternative method for computing py* is the “power iteration
method”, which relies on the fact that

n

(I—AW)' = lim Y (YW)"

n—oo
i=0
for weight matrices W that are normalized as described above. (A somewhat more general
version of this fact is proved below, in Section 3.5.) This leads to the following proposition:

Proposition 1 If W is normalized so that every row sum is one, then the algorithm on
the right-hand side of Figure 1 converges and returns a vector s such that s = p},, where p;,
is the stationary distribution defined in Equation 3.

Proof The vector computed by the algorithm is

s= lim (1 —7)e, <Z(7W)”> =(1—7)e, nILDgO (Z(’yW)") = (1 —-7)e,(I—~yW)™!

n—00
t=0 t=0

Personalized PageRank similarity can be viewed as a variant of all-paths similarity,
obtained by downweighting paths of length n by a factor of (1 — «)y™. The proposition

above formalizes this statement: clearly, one could equivalently define SIM f’ ,f R(-, -) as

SIMngWR(”W/) =(1-9) Z weight(p) - fy|p| (4)
pEpaths(G,v0")

2.4 Markov random fields

A Markov random field F' = (X, ®) is defined by a vector X = (Xi,..., Xy) of random
variables, each of which takes one of the discrete values! in Y = {1,...,|)|}, and a set of
potential functions ®. Here we will consider only “pairwise” MRFs (with cliques of size
two) so the potential functions are ®; 1 Y x)Y — R, where R denotes the real numbers.
We use ®(X; = j,Xy = j') to denote ®; +(j,7'). The set of pairs (i,4') over which ® is
defined will be denoted Eg.

1. It is simple to extend any of our results to allow each X; to have a separate domain ).
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Figure 2: (A) Anexample MRF F' = ((X1, X2, X3, X4, X5), ®). (B) The analogous ordinary
graph G, = (V,E,). (C) A directed version of the analogous graph, Gg(v21),
with edges directed away from vy g.

An MRF defines a probability function over the possible assignments x = (z1,...,2y,)
to the variables X as follows:

Pr(X =x) = % [[ o&i=a,Xy=ay) (5)

(i,i/)eEq)

where Z = 3, cyn [1(iep, ®(Xi = 2, Xy = zy). An MRF of this sort is commonly
visualized as a graph in which the variables are vertices and the pairs in Eg are (undirected)
edges. For such a graph to be meaningful as an MRF, of course, it must be accompanied by
additional annotations—the values assumed by the potential function. (To emphasize the
difference between MRF-variable graphs, the simpler graph structure defined in Section 2.1
will sometimes be called an ordinary graph.) Figure 2(A) shows an MRF containing five
variables, each defined over the domain Y = {1,2}, along with some of the annotations
required to define the associated probability distribution over X.

A tree-structured MRF is an MRF where this graph forms a tree (i.e., there is exactly
one path in the graph between any pair of variables). A leaf variable X} in a tree-structured
MRF belongs to only one pair in Eg. The MRF of Figure 2(A) is tree-structured with three
leaves, X1, X3, and X5.

Tree-structured MRF's are important because certain types of inferences can be per-
formed efficiently: notably, one can efficiently compute the marginal probability of a variable
X, taking value j, which is defined to be

) 1
PrXi=j)=5 3 [l eXi=w Xo =) (6)
XEXij (i,i/)EEcp
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where X;; = {x € YV : x; = j} and Z is the normalization constant defined above. It will
also be useful to consider the unnormalized version of this quantity, the belief from F for
X; = j, which we will write as Belp(X; = j), and define as:

x€Xi; (1,4')EED

In an MRF, if all paths between variables X; and X; pass through a third vari-
able X, then X; and X, are conditionally independent given X, (i.e., Pr(X;, Xy|Xs) =
Pr(X;|Xs) Pr(Xy|Xs)). For instance, in the graph of the figure, X3 is conditionally inde-
pendent of X4 given Xo.

3. Results
3.1 All-paths similarity and MRF inference

We will next show that all-paths similarity is in some sense “closely related” to marginal
probabilities in tree-structured MRFs. By “closely related”, we simply mean than all-paths
similarity computations can be used to help compute marginals in a tree-structured MRF.
We formalize this idea in two stages. First, we define the “ordinary graph analog” of an
MRF—an ordinary graph with a similar structure. We then show that one can compute
marginal probabilities in the MRF in sublinear time, given an oracle for all-paths ranking
vectors on the MRF’s graph analog.

More precisely, suppose that G = {G1,...,G;,...,} is a set of graphs, and that F' is an
MRF with |®fg| edges and N variables over the domain Y, such that L variables are leaves.
We say that function g(F') can be computed in (G, APV)-oracle time O(t(L,|Pg|, N,|)V|))
if g(F") can be computed in the stated time, using calls to an oracle that computes, in unit
time, the ranking vector APV (G, v) for any graph G € G and any vertex v € G.

The central connection between all-paths similarity and MRF inference is given in the
following lemma.

Theorem 1 For every tree-structured MRF' F', there is a family of graphs G (of size polyno-
mial in L, M, N, and |Y|) such that any marginal probability Prp(X; = j) can be computed
in (G, APV)-oracle time O(L|Y|).

For many interesting graphs, L will be smaller than N—for instance, in a linear-chain
MRF, such as are commonly used for sequential tagging problems (Lafferty et al., 2001; Sha
and Pereira, 2003; McCallum and Li, 2003), there are only two “leaves”, so L = 2. Thus
the theorem above says that using an APV oracle can reduce MRF inference to sublinear
time. In fact, Prp(X; = j) can be computed with |)| calls to the oracle, followed by
O(L) postprocessing time for each call; further, the computation performed given the all-
paths oracle’s result is extremely simple, consisting of only a multiplication of certain vector
components and a normalization step.

The proof of the result follows. It is based a very simple and natural construction, which
is illustrated by example in Figure 2, and which is defined precisely below.

Definition 1 (Ordinary-graph analog of an MRF.) Let F' = (X, ®) be a tree-structured
MRF. The ordinary-graph analog of F is an undirected graph Gt = (V| E,) such that
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1. For each variable X; in F' and each possible value j for X;, V contains a node Vi

2. For each edge (i,i") in Eg and each possible j € Y, j' € Y, E, contains an undirected
edge (vij, vy jr,w), where w = ®(X; = j, Xy = j').

3. For each variable leaf variable Xy in F' and each possible j € ), V contains a node
a, and E, contains an undirected edge from (ax, vy j,1).

4. V and E, contain no other nodes or edges.

We will call the nodes aj that are defined by step 3 the anchor nodes of the graph, and
denote the set of anchor nodes by A. Note that the size of i is linear in the size of F: if F
has N variables, of which L are leaves, and ® has M edges, then G has (N|Y| + L) vertices
and (M|Y|> 4 2L) edges. (Note that ® may also have up to |V|? parameters for each edge.)
_ Figure 2(B) shows the ordinary-graph analog of the MRF of Figure 2(A). For this graph,
A= {al, as, a5}.

We are actually most interested in certain set G of directed graphs that are derived from
the analog of F', as follows.

Definition 2 (Graph analog directed away from v.) If G}f = (V, Eu) is the ordinary-graph
analog of the MRF I, let Gg(v) =(V, Ed(v)) be the directed graph that is obtained by directing
each edge “away from v”. More precisely, if v; j is in G, then let us call the vertices Vg
the alternatives to v; j, and define dist(v,v'), the “distance” from v to V', as follows

. , 0 if v’ is an alternative to v
dist(v,v") = . berwi
M, b (GF o.0) |p| otherwise
Now let Ed(v) contain the edges (v1,ve,w) € By, such that dist(v,v1) < dist(v,v2). The
directed graph Gg(v) = (V, Ed(y)) 1s called the ordinary-graph analog of the MRF F' directed
away from wv.

Figure 2(C) shows the ordinary-graph analog of the MRF of Figure 2(A), directed away
from vy 1.
The following lemma presents the main intuition behind the result of Theorem 1.

Lemma 1 If F is a MRF and Ggm ) is the ordinary-graph analog of F directed away from
v; 4, then the belief from F for X; ¥j is equivalent to the all-paths similarity of v; ; to the
set of anchor nodes A in Gg(v”). In other words,

Belp(X; = j) = SIMAE  (vig, A)

d(v; ;)

Proof By induction on N, the number of MRF variables. For brevity, we will use G for
éd(w’j) below.

When the MRF contains a single variable X7, then Bel(X; = j) = 1 for all j. (With
no edges, Equation 7 vacuously assigns the value of 1 to the product H(i?i,)e Es o(X; =

8
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) (B)

Figure 3: (A) The inductive step for Lemma 1, illustrating the blanket of an example MRF.
(B) The inductive step for Lemma 1, illustrating the paths from vg .

x;, Xy = x).) Likewise, vq; is connected by a unit-weight link directly to the single vertex
ae A so SIMéP(UZ',j,A) =1.

For the inductive step, assume the lemma holds for MRF's of fewer than IV variables, and
consider the the variables X,,,, ..., X}, that are directly connected to X; by an edge in E.

(These variables are called Markov blanket of X;.) Imagine that we removed X; from F:

then since F' is tree-structured, the subparts of F' that contain X,,,,..., X,,, respectively
would be disconnected from each other, and would hence comprise independent MRF's
Foyyo oo s Frg.

Figure 3(A) illustrates this construction for the MRF of Figure 2(A) and the variable
Xs. The Markov blanket of Xy are the variables X1, X3, Xy (i.e., B = 3 and m; = 1,
mgy = 3, and m3 = 4.) Removing X, from F produces the three smaller MRFs identified as
Fy, F3, Fy in the figure.

Using the independence of the X,,,’s given X;, we have

B
Belp(Xi = j) = [[ D_ Belr,, (Xm, = 3)@(Xi = j, Xm, = §') (8)
b=1j'cy

For those familiar with MRF’s, Equation 8 can be established from the independence of the
Xm,’s given X;. (However, Equation 8 also follows quite directly from Equation 5. A short
proof of this is given in Appendix A.)

We now turn to SIM ép (vm,fl). Imagine that we removed v;; from G: since F is

tree-structured, this would split G into disconnected subgraphs, which we will denote
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~

Gmyye-os G’mB respectively. We will also use vy, 1, .., Vp, |y to denote the roots of C’mb

(i.e., the vertices that were connected to v; ; in G.)

Figure 3(B) illustrates this construction. The graph shown in the figure is Gd(w,l)- The
disconnected subgraphs are labeled Gy, Gs, Gy.

Let Ay, be the subset of A contained in G,,,. (For instance A, in Figure 3(B) would
be the singleton set {as}.) Clearly all paths to a vertex in A must pass through one of the
rOOtS Uy, i/, SO

B
SIMEF (v, A) =[] > stmgrf (vm”/,Amb) W [vif, Uy 7]
b=1j'ey

By construction Wv; j, v, ] = ®(X; = j,Xm, = j'). Also, G, is almost identical?
to G d(vfn ) the ordinary-graph analog of Fi,, directed away from v,,, ;/, and it is easily

. . A A Fm .
verified that the differences between G,,, and G d(v” ) do not affect computation of all-
mb7

paths similarity. Thus

SIMAP U’U’ H Z SIM Fmb (Umb,j'7Amb) . (‘I)(AX'Z = j’ me - ]/) (9)
b=1j'€y d(’Umb ")

Now, the lemma can be proved by induction as follows. First rewrite Equation 8, using the

inductive hypothesis to replace Belr,,, (X, = j') with SIMé (Vg it Amy ):
d(’Umb j/>
Belp(X H Z SIMZE, &Fmy (Umbvjl’Amb)(me = j/)q)(Xi =J, Xm, = ]/) (10)
b=1;'€y Caomy ")

Since the right-hand side of Equation 10 is the same as the right-hand side of Equation 9,
it must be that Belp(X; = j) = SIMéP(vij, A), concluding the proof of the lemma. [ |

The proof of Theorem 1 is now immediate.
Proof (of Theorem 1). Given a tree-structured MRF F, let G be the set of all graphs
of the form GF( ) There are N|)| such graphs, each of which has N|Y| + L nodes and

|Eg||V|?+2L edges, and any marginal probability Prg(X; = j) can be computed as follows:
1. For each j' € V:

(a) Compute Sij = APV(GCI(%J—/% Ui,j’)
(b) Using the lemma, compute® Belp(X; = j') = [1,cisi5lal.

2. (The only differences are the addition in Gmb of some extra edges leading away from the nodes Vpny 5>
for j # j', and the omission in in G‘ﬂb of anchor node am, for the leaf variable X.,,, which is the root
of Gim,.)

3. Here A are the anchors in éd(vi_jf)'

10
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Input: A vertex v; graph G = (V, E) with weight matrix W.
Optional input: parameter v:0 < v < 1.

Output: APV (G,v) = APV (Gy(y),v) Output: PPV (G,v) = PPV(Gy),v)

o «Let dg = ), /cgey, where S contains || e xLet dy = ), g€y, where S contains
the alternatives to v, plus v itself. the alternatives to v, plus v itself.
o Let rg = e,. e Let rg =e,.
e Let s =ry. o Let s =(1—~)rp.
e Fort=1,...,|V] e Fort=1,..., to convergence:
oLetri=r;_1-W o Letry =1y - YW
o «For all v : r[v'] # 0, o «For all v' : r[v'] # 0,
o xLet d[v'] = min(d[v],t + 1) o xLet di[v'] = min(di—1[v],t + 1)
o «If d[v'] < t+ 1 then let ry[v'] =0 o #If d¢[v'] < t+ 1 then let r4[v'] =0
o Lets=s+4r1y o Let s=s+4ry
e Return s. e Return s.

Figure 4: Computing the “directed” variants of the all-paths similarity metric and the per-
sonal PageRank similarity metric.

Belp (X;=7)

2. Return Prp(X; =j) = S Belp(Xi=5")

This computation requires || calls to APV(-,-) followed by O(L) time to post-process
these vectors. |

3.2 “Directed” APV and MRF inference

Theorem 1 shows that that reducing MRF inference to APV computation is possible. As
stated, however, the theorem suggests that the reduction requires constructing many differ-
ent variant graphs. In fact, this is not necessary: whenever the APV oracle is called by the
algorithm of Theorem 1, it is called with arguments APV(Gd(U) v) for some vertex v, and it
is quite simple to compute the all-paths similarity ranking vector for v while simultaneously
determining which edges from Gu belong in the directed version Gd(v)

An algorithm for doing this computation is shown on the left-hand side of Figure 4. (The
starred lines correspond to additions to the algorithm of Figure 1.) The algorithm is based
on the observation that while computing r; (the all-paths ranking vector restricted to paths
of length t or less) it is also possible to compute (an approximation to) the minimum distance
from v to every node v": in Figure 4, d;[v'] = 0 if dist(v,v") > t, and di[v'] = dist(v,v") + 1
otherwise, and hence it can be determined at iteration ¢ whether or not to include an edge
(a weight from W) in the computation. We will call this variant of the APV algorithm

11
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Input: An MRF F| a variable X;, and a value j € ).
Optional input: parameter v:0 <y < 1.
Output: An approximation to the marginal probability Prp(X; = j).

e Let Gy, be the ordinary-graph analog of F.
e For each j' € V:

— Perform one of the following variant steps:
V1: Compute s; js = APV(GAd(vi’j/)?,Uivj/)
V2: Compute s; j» = APVdiT(Gu,Ui,j’)
V3: Compute s; j = PPV(Gy, ), Vi,j)
V4: Compute s; j» = PPV (@G, Vi)
V5: Compute s; j; = PPV (Gy,v; ;)

— Compute Bp(X; = j') = [I.cisiglal

BE(XiZj)

S, Br(Xi=7) as the value of Prp(X; = j)

e Return

Figure 5: Variants of the algorithm defined in Theorem 1.

directed APV. Figure 4 also shows the directed variant of the personal PageRank similarity
computation.

Below we will discuss not only the effects of replacing the APV oracle for a directed
graph with an APV#" oracle for an undirected graph, but also the effects of replacing the
APV oracle with a various types of PPV oracles. To facilitate this discussion, Figure 5
shows five variants of the algorithm used in the proof of Theorem 1. In each variant, a
different ranking vector is used to compute the “belief” in a particular variable assignment.
In the figure we will write this “belief” as Bp(X; = j)—as we will see, Bp(X; = j) need
not coincide with Bp(X; = j). Since it is straightforward to verify that APVdiT(Gu,vij)
computes the same ranking vector as APV (Gg4(v; ;),vij), it follows that:

Proposition 2 Variant V2 of Figure 5 is correct—i.e., it returns Prp(X; = 7).

Thus, for every tree-structured MRF F, any marginal probability Prp(X; = j) can be
computed in (G, APVY")-oracle time* O(L|Y|), where Gy, is the ordinary-graph analog of
F.

3.3 Propogating similarity from leaves to internal nodes

The algorithm of Theorem 1 is also inefficient if one needs to compute many marginal prob-
abilities on the same graph. MRF inference is usually performed with “message-passing”,
where “messages” originate in the leaves of the tree and propogate inward, to be combined

4. Here we use (G, APV%") as an abbreviation of (G, APV¥") for G = {G}, and we define (G, APV%")-
oracle time analogously to the (G, APV )-oracle time.

12
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Input:
e An MRF F.

e A set S of variables X;, corresponding to marginal-probability computations.

Preprocessing stage:
1. Create Gy, the ordinary-graph analog of F.

2. For each anchor node aj, in A, let sj, = APVdiT(G, a)

(In computing APV®" the set of “alternatives” to an anchor node ay, is defined to
be the empty set.)

Computation stage:
1. For each X; € S and each j € Y

(a) Compute Belp(X; = j) = Hézl Sk[vi 5]
(b) Compute Prp(X; = j) = Belp(X; =j)/ Zj’ Belp(Xi = j').

Figure 6: Computing many marginal probabilities efficiently with an APV %" oracle.

at internal nodes of the tree. The algorithm of Figure 6 implements a procedure with this
flavor. First, the algorithm computes the all-paths ranking vectors for each anchor node
ar € G. (Recall that internally, this computation requires a traversal of G to compute the

all-paths similarity of dj to each node v € G, a process similar to propogating messages
inward from ag.) After computing the L ranking vectors, the belief Belp(X; = j) is be
computed as

L
Belp(Xi = j) = [[ APV (G, a) [vi,] (11)
k=1

which is not identical to the computation that is justified by Lemma 1, namely

L
o AP Y A dir ( A .
Belp(X; =j) = SIMGd(vi,j)(vl’j’ A) = kl_ll APV (Gy, vij)|ak]

However, it is easy to see that for any v;; and ay,
APV (G, ap)[vi,] = APVHT (G, v; ) ak]

by simply recalling that APV (v1)[vs] depends only on the weight of the paths between v;
and vz, and noting that every path in Gg,,;) that leads to aj can be inverted to form a

path in C;’d(ak) that leads to v;;, and vice-versa. Thus the following proposition holds:

Proposition 3 The algorithm of Figure 6 correctly computes the marginal probabilities of
each variable X; in S. Hence

13
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o For every tree-structured MRF F, any marginal probability PrF(Xi = j) can be com-
puted in (G, APV¥")-oracle time O(L + |Y||S|), where G, is the ordinary-graph
analog of F.

e For every tree-structured MRF F, there is a family of polynomial-sized graphs G such
that any set of S marginal probabilities can be computed in (G, APV)-oracle time
O(L + | V|| S])-

The first claim of the proposition follows directly from the correctness of the algorithm
of Figure 6. The second follows from the observation that the calls to APV (G, v) can
be replaced with APV (G g(,),v).

3.4 “Directed” personalized PageRank and MRF inference

Returning to the algorithms of Figure 5: from Theorem 1 we know that Variant V1 is
correct, and from Proposition 2 we know that Variant V2 is correct. Let us now consider
the result of using the personalized PageRank ranking in place of the all-paths similarity
ranking. We have the following result.

Theorem 2 Variants 3 and 4 of the algorithm of Figure 5 return Prp(X; = j).

Proof We will first analyze Variant V3. For brevity, we will use G for Gd( ;)- Note that

PPV must converge in these cases, since G is a DAG. (To see this, notice that Wi, v']
is the weight of all length-¢ paths from v to v'. Since paths in éd(v) must have length no
more than V|, W! =0 for ¢t > |V].)

Consider an internal node v;; € G and an anchor vertex ar, and let us examine the
relationship between SIM P(vi j,a1) and SIMPPVR (vi 5, ar). All the paths in G between Vi
and ay are of some fixed length which is simply the number of variables in F' between X;
and the leaf X, that corresponds to ay. If we write this distance as d;, so it must be that

SIMgf:R(vi,j, ar) = (1 =) * SIMEF (vi 5, ax)

So for Variant V3, we have that

Br(X; = ]I sm gilf )’,Y(Ui,ﬁak)

(lkGA "

= H SIMGd(v (vig,ap)(1— )y it
akE.A )

— AP . _ d;

— HASIMGWM)(UW,@;C) I @ =)y
ap€A akE.A

= Br(X;=j) ¢

where we define ¢; = [, . 41(1 — )y dir . Note that this distance dg;, is the same for all the
alternatives to v;;, so that this argument also holds for other values of B #(X; = j'). Hence,
the value returned by this variant is
Bp(X; = J) _ BrXi=j) e _
Sy Br(Xi=j") Xy Br(Xi=j )-Cz'

14
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weight(viy — v21 — ag)
weight(viy — vag — ag)
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Figure 7: Behavior of PPR(G‘U, v;;) on a sample graph

and so the variant is correct.
The correctness of Variant V4 follows from the correctness of Variant V3 and the
arguments used to support Proposition 2. |

To summarize the proof informally: the personalized PageRank similarity metric differs
from the all-paths similarity metric only in the way it treats longer paths—specifically it
downweights paths of length d by a factor of (1 —~)y?. However, while this downweighting
changes the unnormalized “belief” in a variable assignment, it does not change the nor-
malized probability in a variable assignment, because the downweighting equally affects the
paths to a variable-assignment node v;; and the paths to its alternatives.

3.5 Computing marginals with “undirected” personalized PageRank

Let us now consider Variant V5. Again, the first issue to consider is convergence, which in
this case is not immediate, as G, is not a DAG, nor need it be appropriately normalized.
However, it is simple to show that:

Theorem 3 For every MRF F, there is an MRF F' that defines an equivalent probability
distribution such that the algorithm given in Figure 1 will always converge when given as
its graph input Gfl, the ordinary-graph analog of F'.

Proof We begin by demonstrating that if A is a matrix such that lim, ., A™ = 0, then
n
: n_ (1 Ay-l1
nlLH;O tg_lA =I-A) (12)

To see that this is true, define X,, = >"}' ,(A)". Multiplying both sides of this definition by
(I — A) will generate “telescoping” sums that can be simplified, as follows:

X, (I-A) = (zn: At> (I-A)
t=0
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= I-A)+(A-AH+. .. (A" — A"
= (I-A""
X, = I-A""HI-A)"!

Hence X,, = (I — A"")(I - A)~! and Equation 12 follows.

Hence the convergence of the PPV method requires only that lim, ..(yW)" = 0.
For this condition to hold it is sufficient that each row in W sum to at most one, rather
than exactly one. This condition is easy to meet by simply replacing W with %W, where
¢ = maxyey p_ ey W[v,0']; or equivalently, by dividing each potential ®(X; = j, Xy = j')
in F' by c¢. Notice that the joint probability defined by an MRF does not change if the
potential functions ® are uniformly scaled up or down by a constant. |

We will henceforth assume that the potential functions for MRF’s are appropriately
scaled, so that the PPV algorithm converges.

Although the algorithm converges, it is quite easy to show that this variant is not
correct, at least in the sense defined so far. Consider the following small graph G of Figure 7
(derived from an MRF F with two variables, each with two possible values), and consider
using Variant V5 to compute the “belief” for X; = 1, corresponding to the node v1;. For
this undirected graph G’, SIM g{; R (v11, a2) will be the sum of weights of the paths shown in

the figure, as well as infinitely many other paths.® The two paths marked with an asterisk
(x) are the paths that will be included in computation of SIMgPR 7(1)11, az). The other
d

(v11)>

paths contain loops, and are not included in the directed graph. The paths marked with
an exclamation point (!) are especially worrisome, as they are the paths associated with
the belief for X7 = 2. So it appears that rather than returning a downweighted version of
the Bel(X; = 1), the function SIMgZR(UH, az) is actually returning a weighted average of
Bel(X1 =1) and Bel(X; = 2), as well as certain other terms associated with other sorts of
paths not counted in Gg(vyy).

However, the weight of these “undesirable” paths is substantially lower than the weight
of the “correct” paths. This suggests that Variant V5 may nonetheless return a reasonably
accurate approximation of Prp(X; = j): in particular if 7 is small then the longer paths
will have only a small impact on the final result. This intuition is correct, as shown below:

Theorem 4 Let p.(F, X;,j) be the value returned by Variant V5 of the algorithm of Fig-
ure 5. Then

lim p, (F, X;,7) = Pr(X; = j)
v—0 F
Proof Recall from Equation 4 that

SIME™ (v, 0)=(1=7) Y weight(p) A (13)

pepaths(éu o)

The set paths(@u,v,v’) can be broken down into the disjoint sets paths(éd(v),v,v’) and
Sloops Where Sjoop, = paths(Gy,v,v') — paths(éd(v),v, V). If v = v;; and v/ = a;, then all the

5. The figure shows all paths of length four or less.
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paths in paths(éd(v),’u,v’ ) are of length d;;; clearly all the paths in Sj,,, are of length at
least d;; + 2. Hence we can rewrite Equation 13 as

BT (v = (1— )™ AP i 2 j . ~lPl—dir—2
SIMGAUN(UlijLk)—(l )ik SIMGd(vij)(vZ],ak)—i—’y Z weight(p) - v Kk

pesloop

For brevity, let B;j, = SIMgP )(vij,ak) and let E;j, = ) weight(p) - yPI=dir=2,
d

vij

pesloop
Note that FEjj; is bounded by some constant since PPVéu converges. We can now write
the “belief” computed by Variant V5 as

B(X;=j5) = [ @ =" (Bijk +7"Eijp)
akEA

= H (1 — )yt ( H Bijk) + 72(2 high-order terms)

akEA akEA
= ¢ |[( H Biji) + 72(2 high-order terms)
akEA

where the “high-order terms” are various products of B;j;’s and Ejj/’s. The sum of these
will henceforth be written T;j, so the value returned by this variant can be written

B{(Xi =J)
>y Br(X; =j")
i ((Hakefl Bijr) + '72Tik)
2 jrey i <(HakeA Bij) + '72Tik>
((Hak@i Biji) + ’YQTik>
2 jrey <(Hak€/l Bijig) + 72Tik)

(Belp(Xi = j) + v*Ti)

and hence lim,_.o p(F, X;,j) = Prp(X; = j). [ |

p’Y(FaXiaj)

3.6 Experimental confirmation

The focus of this paper is on formal, not experimental results. However, while Theorem 4
shows that a “vanilla” version of personalized PageRank can be used to perform approxi-
mate inference in tree-structured MRFs, and also suggests that the approximation will be
better for smaller v, the theorem does not give any precise bounds on the quality of the
approximation. To explore this issue, we conducted some experiments with Variant V5 of
the algorithm of Figure 5.
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Parameters: d,,q;, the maximum depth of the tree; pje,r, the probability that a node will
be a leaf; p.,(k), the probability that a non-leaf node will have exactly k children; pg(¢), the
probability that the potential between two nodes will have value ®(X; = j, Xy = j;) = ¢;
and py(j), the probability a node will have exactly J values.

To build a tree: repeatedly extend a tree at node X;, as follows (where X; is a variable
with legal values 1,...,J;):

1. If the depth of X; is more than d,,,,, make X; a leaf. Otherwise, with probability
Dleaf, make X; a leaf.

2. If X; is not a leaf: (a) Pick C, the number of children of X;, according to pex(.); (b)
generate new nodes X, ,..., X, to be the children of X;; (c) and for each child node
X, of X;: (i) Pick Jy, the number of children of X,, according to p(.), (ii) For each
jed{l,.... i}, 7 e{1,...,Jy} pick ®(X; = j, X; = j') according to pe(.).

Figure 8: Generating random tree-structured MRFs

We constructed a random tree-structured MRF, following the procedure described in
Figure 8. The resulting ordinary-graph analog G, contained 968 nodes and 3864 edges, with
a diameter of 16. We then picked 100 variable-value pairs (X;, j) and ran Variant V5 of the
algorithm of Figure 5. We halted iteration of the loop in the PPV computation whenever
(a) t > 16 and (b) the L1-norm of r; was less than 1071, The first condition ensures that
every PPV (v; ;,ay) is non-zero.

With v = 0.5, the average relative error (i.e. |p, — p|/p) was 3.7%. The largest relative
error® among the 100 samples was less than 20%. This is a surprisingly small amount of
error. For comparison, we also ran exact inference where each potential ®(X; = j, X; = j')
is perturbed by a randomly-chosen factor a, where a is chosen uniformly at random from
[1 —€,1+¢). For e =3 x 10~* the average relative error was 3.4% on the same graph. In
many reasonable settings—i.e., if potentials were estimated from data—the error associated
with using Variant 5 would not be noticible.

We repeated this experiment with three other randomly-generated graphs of different
sizes, and using different values of . As expected, errors are smaller with smaller values of

6. Large relative errors always occurred in estimating small probabilities: the largest error was in approxi-
mating of the value Pr(X; = j) = 3.01 x 107" with Pr(X; = j) ~ 2.52 x 107",

Graph Size Relative Error (%)

\4 |E| |v=025 =05 =038

122 480 0.1 0.3 0.9

724 2,888 0.4 1.8 4.9

968 3,864 0.9 3.7 10.4
3326 13,296 1.1 4.6 13.8

Table 1: Performance of Variant 5 on four randomly constructed graphs
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~. The relative error also appears to increase with the size of the graph. These results are
summarized in Table 1.

4. Concluding Remarks

Inference in tree-structured MRFs is arguably the most essential and prototypical com-
putation for the subfield of graphical model inference and learning; likewise, personalized
PageRank/random walk with restart is an essential and prototypical computation for ap-
proaches to data-mining that rely on similarity in structured data. Although widely studied,
both practically and theoretically, these two subareas are seldom connected in any concrete
way. The primary contribution of this paper is to clarify the connection between MRF
inference and similarity measures based on graph walks.

More specifically, in this paper we have established a formal connection between per-
sonalized PageRank, a widely-used similarity measure for vertices in a graph, and inference
in Markov random fields. We have shown that one can approximate marginal probabilities
in a tree-structured pairwise discrete-valued MRF F' by performing personalized PageRank
computations in the “graph analog” (;'5 of the MRF—i.e., an ordinary graph with a similar
structure. The “graph analog” used in our construction is quite intuitive: as shown in
Figure 2, the graph contains one node v;; for each possible value j that a variable X; can
assume; an edge with weight ®(X; = j, Xy = j') between nodes for v;; and v, where
®(-,-) is the potential function for the MRF; and for every “leaf variable” Xj, a special
“anchor node” a;, that is connected to each vy; associated with X;. Given this construction
we show that

e the unnormalized probability or “belief” for a variable’s value in F, Belp(X; = j), is
approximately proportional to v;;’s similarity to the set of anchor nodes in ij , where
similarity to a set of nodes A is the product of similarity to the individual nodes
ar € .A;

e the quality of this approximation is better when ~, the “damping factor” for person-
alized PageRank, is smaller, becoming a perfect approximation as v — 0;

e experimentally, the approximation is quite good for moderate values of v (e.g., v =
0.5) on certain classes of random MRFs.

Thus the main theorems immediately suggest both an intuitive interpretation of marginal
probabilities in an MRF, and an algorithm for MRF inference. Alternatively, one can
precompute personal PageRank ranking vectors for each leaf node a; in an MRF, and then
compute Belp(X; = j) as H£:1 APVdiT(@u,vij)[ak]. This approach is broadly similar to
the “message-passing” approach usually used for inference in MRFs, in which “messages”
originate in the leaves of the tree and propogate inwards, to be combined at internal nodes.

Our results were developed by analogy to results involving “all-paths similarity” and
“directed” versions of all-paths similarity and personalized PageRank—similarity measures
that are easier to analyze, but not as commonly used in practice. These intermediate results
may be of independent interest, e.g. as pedagogical devices for presenting MRF inference to
audiences familiar with graph-walk similarity (or vice versa). Although both MRF inference
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and graph-walk similarity measures are well-studied formally, the proof of our results are
quite accessible, requiring little technical machinery from either subarea.

One reason for the popularity of Bayes networks and other graphical probabilistic models
is that they can be implemented with highly parallel “marker passing” schemes (Pearl,
1988)—a property that makes the presence of similar inference schemes in the human brain
seem somewhat more plausible. Personalized PageRank is also easily parallelized” and is
in fact quite similar to the class of cognitive models called spreading activation models
(Quillian, 1969). It is possible that further insight into the neural plausibility of graphical-
model inference schemes could be gained by exploiting our reduction of the marker-passing
process of belief propogation to the even simpler parallel process of computing personalized
PageRank ranking vectors.

One prior work that establishes a connection between graph walks and MRF inference
is the “walk-sum” framework of Malioutov et al (Malioutov et al., 2006). The walk-sum
framework is applied to Gaussian Markov random fields (in which each variable X; takes
on a real value z; € R) and edge weights indicate covariances, and one of their results is
that inference for certain classes of Gaussian graphical models can be implemented by a
“walk-sum” process similar to computation of all-paths ranking vectors (Malioutov et al.,
2006, Appendix A). Their basic result and construction is broadly similar to the analysis
of all-paths similarity in Section 3.1—the main technical difference is that for Gaussian
random fields, the construction of “analogous” ordinary graphs is simpler. Malioutov et al
also define a more general condition of “walk-summability”, which holds for certain cyclic
Gaussian MRFs, and show that the walk-sum method version of belief propogation will
converge for all “walk-summable” networks. However, they do not explore the consequences
of using PageRank-style damped walks as we do (i.e., they have no results analogous to our
Theorems 2 or 4).

It is to be hoped that many of the well-developed results and techniques from these
two subareas can be fruitfully combined to obtain new practical or formal contributions.
Another possible point of synergy is between techniques for quickly approximating graph-
walk similarities (e.g., (Jeh and Widom, 2003; Csalogny et al., 2005; Tong et al., 2006;
Chakrabarti, 2007)) and inference tasks on large MRFs. These are of particular interest
because some theoretical approaches to approximate inference in general MRFs (e.g., recent
work in inference via self-avoiding walks (Weitz, 2006; Jung and Shah, 2006)) reduce the
general inference problem in moderate-sized MRFs to inference in larger “computation
trees”, which are tree-structured MRFs. (One technical obstacle to immediate application
of fast approximation techniques for graph-walk similarity is that some approximations
ignore very small similarities, which can be important in computing marginal probabilities.)
Another obvious area for further study is the performance of the inference method analyzed
in Theorem 4 for general MRFs. This method is quite similar to loopy belief propogation
(Pearl, 1988; Murphy et al., 1999), but is guaranteed (by Theorem 3) to converge; however,
analysis of its limiting accuracy on MRF's that are not trees remains open. One potential

7. If each vertex has a processor, one way to compute PPV (v) would be the following. At time 0, “send”
activation 1 to processor v. At time ¢ > 0, let each processor v’ do the following steps: (1) “receive”
total activation a from its neighbors; (2) “keep” activation (1 — v)a by adding it to a counter s[v’]; and
(3) “send” activation yaW[v',v"”] to each neighbor v".
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avenue of inquiry along these lines is to extend the notion of walk-summability to discrete-
valued MRFs.

Appendix A. Proof of Equation 8

Although substantial technical machinery has been developed in both subareas (Markov
random fields and analysis of graph similarities) the proofs of this paper are largely self-
contained. The principle exception to this is Equation 8, which claims that

B
Belp(X; = j) = [[ D Belr,,(Xm, = §)@(Xi = j, Xpn, = §')

b=1j'€y

This claim can actually be established quite easily, without recourse to graphical model
theory. Let us begin by considering a very simple variant of the sort of independencies
needed to establish this. Consider sets Q1, 92, R1,Ro, S, let X = Q1 X Ry X Qo X Ry X S,
and let X; = {(q1,71,q2,7m2) € X : s = j}. Define the function 8(j) as

B(s) =Y filar,m1)a1(r1,5) falg2,m2)ga(ra, )

XEXj

where the f;’s and g;’s are arbitrarily functions. Below we will write (3(s) as 3(S = s), to
help reinforce the similarity of this to computation of “belief” in an MRF. We claim

Proposition 4

B(S=s) = ZZZZfl(Ch,?“l)gl(?“hS)f2(Q2,T2)92(T2,8)
Loq1 T2 Qg2
= D> fila,r)ai(r,s) YD falazma)ga(ra, s)

The proof of the proposition is immediate, requiring only distributing the common
factors across two summations.
From this proposition we can easily generalize to the following:

Lemma 2 Let B be an integer, let Q1,...,9p, R1,...,Rp and S be sets. Define
XB:Q1XR1XQQXRQX...QBXRBXS
and let X]-B ={{q1,71,...,9B,7B,8) € X : s =j}. Define
B
BES =9 = > [Ifslasr)alrs,s) (14)
xEXjB b=1
where again the fy’s and gp’s are arbitrarily functions. Then

B
pES =5 =11 D_ D folarm)an(rs,s) (15)

b=1r,eRp Gp€Qp
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Proof If we write Equation 14 as
BES=3)=>"> .3 filri.a)gi(ar,s) ... fo(rs,a8)gs(qs, 5)
r q1 B 4B

we see that we can again distribute the common factors fi(r1,q1)g1(q1,$) across most of
the sums, yielding

ﬁ;]?(S =s)=
D AL a)g(an )Y Y DY falre,a2)92(2, 8) - - f3(r, aB)gB(gs, 5)

We can now distribute out the common factors fa(r2,¢2)g2(q2, s), and so on: continuing
this process repeatedly will yield Equation 15. [ |
Now, consider Equation 8 and define 7, to be the variables in F},,, and R; to be
Ry = {rp : rp is an assignment to the variables in 7, — {X,,, }}

For b = 1,...,B, let Q, = )Y represent the possible values of X,,,, and let S = Y
be the possible values of X;. With a slight abuse of notation we will also let X =

(r1,Tmy, .-, Th, Tm,,2;) and let &; = {x € X : &; = j}. (Note that x € X is isomor-
phic to the vectors (xi,...,x,) that we used in the body of the paper to represent an
assignment of values to the variables X1,..., X, and &} is isomorphic to the set denoted

Xij used in the body of the paper—only the ordering of the variables is changed.) Let Eg,
be the edges in Eg between variables in 7p, and define

fb(rb,qb) = H @(XZ/ = xi/,Xi// = xi”)
(i’,i”)GEq)b

where z;/ is the value assigned to Xy by r (if Xy € Tp,) or by ¢ (if Xir = Xy, ). Also define
gb(qb7 S) = Q(me = vaXi - S)
Substituting these values into Equation 14 gives us

B
> T folaws ) go(rs, )

XEX; b=1

B
= 11D D flaers)gslrs,s)

b=1qp€Qp rpERy

B
- H Z Z H DXy =z, X =) | (Xomyy = Tiyr Xi = 8)

b=1zm, €Y rpERp (i’,i”)EE@b

B
= H Z Z H Q( Xy =y, X =an) | (X =Ty, Xi = 9)

b=1 Tmy, ey ry€Rp (i/,i//)EEcpb

BelF(Xi = S)
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B
= II 3 Belr,, (X, = 2my)®(Xo, = Ty, Xi = 5)
b=1 wmbey

This concludes the proof of the statement of Equation 8.
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