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Abstract

We study the problem of non-interactive correlation distillation (NICD). Suppose Alice and
Bob each has a string, denoted byA = aga; a, 1 and B = lpby b, 1, respectively. Fur-
thermore, for everyk = 0;1;::;;n 1, (ax; bk) is independently drawn from a distribution N,
known as the \noise mode". Alice and Bob wish to \distill" the correlation non-interactively,
i.e., they wish to each apply a function to their strings, and output one bit, denoted by X and
Y, such that Prob [X = Y] can be made as close to 1 as possible. The problem is, for what
noise model can they succeed? This problem is related to varus topics in computer science,
including information reconciliation and random beacons. In fact, if NICD is indeed possible
for some general class of noise models, then some of theseitspwould, in some sense, become
straightforward corollaries.

We prove two negative results on NICD for various noise model. We prove that for these
models, it is impossible to distill the correlation to be arbitrarily close to 1. We also give an
example where Alice and Bob can increase their correlation ith one bit of communication.
This example, which may be of its own interest, demonstrateghat even the smallest amount of
communication is provably more powerful than no communicaton.

An extended abstract of this paper is to appear in the Latin American Theoretical INfor-
matics (LATIN 2004), Buenos Aires, Argentina, 2004.

1 Introduction

1.1 Non-Interactive Correlation Distillation

Consider the following scenario. LetN be a distribution over , Where is an alphabet.

We call N a \noise model." Suppose Alice and Bob each receives a string = aga; an 1
and B = Iypby b, 1, respectively, as their local inputs. For everyk = 0;1:;n 1, (ak; )
is independently drawn from N. Now, Alice and Bob wish to engage in a protocol to \distill"
their correlation. An the end of the protocol, they wish to each output a bit, denoted by X
and Y, respectively, such that both X and Y are \random enough”, while Prob [X = Y] can be
made as close to 1 as possible, possibly by increasimy We call such a protocol acorrelation
distillation protocol. Furthermore, if Alice and Bob wish to do so non-interactively, i.e., without
communication, we call this \non-interactive correlation distillation” (NICD). Notice that in NICD,

the most general thing for Alice and Bob to do is to each apply afunction to their local inputs and



outputs one bit. The problem of NICD is, for what noise model @n Alice and Bob achieve this
goal?

We note that NICD is indeed possible for many noise models. Foexample, if a noise model
N is in fact \noiseless," i.e. Prob oy [@ = b = 1, then NICD is possible. However, we are
interested in the \noisy" noise models, for example, thebinary symmetric mode| where Alice and
Bob each has an unbiased bit as input, which agree with probaitity 1  p, and the binary erasure
model where Alice's input is an unbiased bitx, and Bob's input is x with probability 1  p, and a
special symbol? with probability p. These models are extensively studied in the context of ermo
correcting codes [4, 11], where Alice encodes her informain before sending it through a \noisy
channel". Itis known that there exists e cient encoding sch emes that withstand these noise models
and allow Alice and Bob to achieve almost perfect correlatio. However, in the case of NICD, the
\raw data" are already noisy. Can the techniques in error corecting codes be used here, and is
NICD possible for these noise models?

1.2 Motivations and Related Work

Besides the obvious relation to error correcting codes, thetudy of NICD is naturally motivated
by several other topics. We review these topics and discus®me of the related work.

Information Reconciliation Information reconciliation is an extensively studied topic [5, 15,
8, 9, 10] with applications in quantum cryptography and information-theoretical cryptography. In
this setting, Alice and Bob each receives a sequence of ranghobits drawn from a noise model,
while Eve, the eavesdropper, also possesses some informatiabout the their bits. Alice and
Bob wish to \reconcile” their information via an \informati on reconciliation protocol”, where they
exchange information in a noiseless, public channel in ordeto agree on a random stringU with
very high probability. Therefore, information reconciliation protocols are somewhat like correlation
distillation protocols. However, the primary concern for information reconciliation is privacy, i.e.,
that Eve gains almost no information about U. Notice that Eve can see the conversation between
Alice and Bob, and thus maximum privacy would be achieved if hformation reconciliation can be
performed without communication.

Random Beacons A random beacon is an entity that broadcasts uncorrelated, mbiased random
bits. The concept of random beacons were rst introduced in B83 by Rabin [17], who showed how
they can be used to solve various problems in cryptography. ¥©m then on, random beacons have
found many applications in security and cryptography [7, 14 3, 12]. There are many proposals to
construct a publicly veri able random beacon, among them are the ones that use the signalsofn
a cosmic source [16]. In these proposals, Alice (as the beacowner) and Bob (as the verier)
both point a telescope to an extraterrestrial object, e.g. apulsar, and then measure the signals
from it. Presumably these signals contain enough amount ofandomness. Then Alice converts her
measurement results into a sequence of random bits, and puiBhes them as beacon bits. Bob can
then verify the bits by performing his own measurement and caversion. However, it is inevitable
that there would be discrepancies in the results of Alice andBob, due to measurement errors
(described by a noise model). These discrepancies may cauge beacon bits published by Alice
to disagree with the ones computed by Bob. One of the major corerns in the study on random
beacons is to preventcheating in the presence of measurement error. In other words, one nds to
design a mechanism to prevent Alice from maliciously modifing her measurement data in order to
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a ect the beacon bits, while pretending that the modi catio n comes from the measurement error.
Notice that in general, there is no communication between Alce and Bob. We note that if NICD
is possible, then the cheating problem would be solved, simcNICD protocols can be used to distill
almost perfectly correlated bits. Then with very high probability, the bits output by Alice and Bob
should agree, and this essentially removes the measuremeatror.

Related Work As we have discussed, the problem of NICD lays, in some sens#, the founda-
tions of both the studies of information reconciliation and random beacons. In fact, Researchers
from both ares have, to some extent, considered the problemfdNICD. In particular, a basic version
of the problem concerning only the binary symmetric noise mdel was discovered and proven inde-
pendently by several researchers since as early as 1991, luding Alon, Maurer,and Wigderson [2]
and Mossel and O'Donnell [16]. They proved that NICD is imposible over the binary symmetric
noise model. Mossel and O'Donnell studieanulti-party version of this problem, wherek > 2 parties
wish to agree on some random bits. They also only considerecé binary symmetric noise model.
In fact, we are not aware of any prior work that studies NICD beyond the binary symmetric noise
model.

We stress the importance of understanding the problem of NI® for general noise models. As
we have mentioned, this problem is important to both the studies of information reconciliation
and random beacons. In both studies, there is no reason to assie that the binary symmetric
noise model is the only reasonable one. As an example, the neaement of the signals from
extraterrestrial objects is not unique, and di erent measurements may yield di erent noise models.
If one of these noise models admits NICD, then the problems oinformation reconciliation and
random beacon could, in some sense, be solved. Therefore, atter understanding of NICD over
more general class of noise models would be very helpful.

1.3 Our Contribution

We study NICD beyond the binary symmetric noise model. First, we prove an impossibility result
for NICD over a class of so-called \regular" noise models in &ction 3. Intuitively, a noise model N
is regular if it satis es the following three requirements: that it is symmetric, i.e., N (a;b) = N (b;
for every a;b2 ;thatitis locally uniform, i.e., both the distributions of the local inputs of Alice
and Bob are uniform; that it is connected i.e., cannot be partitioned into g and 1 such that
N(a;b)= N(b;a=0forall a2 gandb2 ;. Notice that if a noise model is not connected,
that NICD is indeed possible for such a model. Suppose is patitioned into g and 1. If Alice
and Bob interpret symbols in ¢ as a \0" and symbols in 1 as a \1", then they essentially have a
noiseless binary noise model, which admits NICD.

In section 4, we move over to the binary erasure noise modelt is the simplest noise model that
is not symmetric, and thus is not regular. The binary erasuremodel is also a realistic one. Consider
as example the situation where Alice and Bob receive their iputs by observing a pulsar. It is quite
likely that the noise of the measurements by Alice and Bob areof the \erasure-type”, i.e., the
corruption of information can be detected. Furthermore, it is also possible that Alice and Bob have
di erent measurement apparatus and di erent levels of accuacy. In the random beacon problem,
Alice (as the beacon owner) might own a more sophisticated (@ad more expensive) measuring
device with higher accuracy, while Bob (as the veri er) has amore noisy measurement device. An
extreme case would be that Alice has perfect accuracy in her sasurement, but Bob's measurement



is noisy. Such a situation can be described by the binary erase noise model. We prove that NICD
is impossible for this noise model as well.

The impossibility results we prove suggest that for many nose models, communication is essen-
tial for correlation distillation. Thus it is interesting t o ask how much communication is essential,
and in particular, if a single bit of communication helps. In Section 5, we answer this question in
positive by presenting a protocol that non-trivially disti lls correlation from the binary symmetric
noise model with one bit of communication. This result showsthat even the minimal amount of
communication is provably more powerful than no communicatons at all. The protocol itself may
also be of its own interest.

1.4 Organization of the Paper

We present some preliminaries and notations in Section 2. Wgrove an impossibility result for the
class of regular noise models in Section 3. Another negativeesult for the binary erasure model
is proven in Section 4. We present the one-bit protocol for dstilling correlation for the binary
symmetric model in Section 5. In Section??, we conclude the paper with open problems. Some of
the proofs are postponed to the Appendix.

2 Preliminaries and Notations

We use p] to denote the setf0; 1;::;;n  1g. We often work with symbols from a particular alphabet
which is a nite set of cardinality g and is normally denoted by . We often identify with [ (.

All vectors are column vectors by default. A string is a sequence of symbols from an alphabet.
We identify a string with a vector and use them interchangeally. For a string x of length n, we use
x[j] to denote its j-th entry, for j =0;1;::;;n 1. We usel, to denote the all-one vector (whose
each entry is 1) of dimensionn. When the dimension is clear from the context, it is often omited.

We identify a function with its truth table, which is written as a vector. For example, we view
a function over f0; 1g" also as a 2-dimensional vector. We assume a canonical ordering af-bit
strings.

We will work with tensor products. Let A and B both be vectors or both be matrices. We use
A B to denote the tensor product of A and B, and A " to denote the n-th tensor power of A,
which is the tensor product of n copies ofA.

De nition 1 (Noise Model) A noise modelover an alphabet , often denoted byN, is a prob-
abilistic distribution over . The n-th tensor power of a noise modeN is the distribution of
a pair of length-n strings (A;B), where A = apa; ay 1 and B = Ipby b, 1, and (ax;h) is
independently drawn fromN for k =0;1;::;;n 1

In this paper we study randomized, non-interactive protocols. For the impossibility results in
Section 3 and Section 4, we assume that Alice and Bob each ouligs a single bit, since it su ces
to prove a negative result on the \minimally useful" protocols. We shall consider protocols that
outputs multiple bits in Section 5.

Since Alice and Bob do not communicate, the most general thig they can do is to apply a
(randomized) function to their private inputs and outputs a bit.



De nition 2 (Protocols) A protocol P over a noise modelN is a family of function pairs

A, B)forn> 0,where A; B: "7 [ 1,1] are called thecharacteristic functions. The output
of protocol P over noise modelN, denoted byP(N), is a sequence of distributionsfD 1;D>;:::g,
where then-th distribution D, is of the bit pair (Xn;Yy), de ned as follows.

(&b N M™x @y B Xn  Buex=Yn  Bury)=2 : (Xn;Yn)

Where By, is the Bernoulli Distribution of parameter p, de ned as Bp(0) =1 p and Bp(1) = p.

De nition 3 (Statistical Distance) The statistical distance betwqgn two probabilistic distribu-
tions A and B, denoted asSD(A;B), is de ned to be SD(A;B) = % «JA(X) B(x)] where the
summation is taken over the support ofA and B. If SD(A;B) , We sayA is -closeto B.

De nition 4 ( -Locally Uniform Protocols) A protocol P is -locally uniform over a noise
model N, if for every n > 0, both X, and Y, are -close to the uniform distribution over f0; 19,
where (Xn;Yn) is the n-th distribution of P(N). A protocol is locally uniform if it is O-locally
uniform.

De nition 5 (Correlation of Protocols) The correlation of a protocol P over a noise model
N, denoted byCory [P], is de ned to be

Comy [P] = Iiminrlj f2 Prob[X,=Ys] 1g Q)

where (X; Yn) is the n-th distribution of P(N).

3 An Impossibility Result for Regular Noise Models
We prove a general impossibility result for NICD over the regilar noise models.

De nition 6 (Distribution Matrix) Let N be a noise model over , wherej j= g. We say a
g gmatrix M is the distribution matrix for N, if My, = N(x;y) for all x;y 2 1 We write the
distribution matrix of N by My .

De nition 7 (Regular Noise Model) A g qmatrix M is regular if it is symmetric, and 14
is the unique eigenvector with the largest absolute eigerua. let be the di erence betweenM 's
largest absolute eigenvalue and the second largest. We cgll the scaled eigenvalue gapf M. A
noise modelN is regular if its distribution matrix is regular.

Theorem 1 If N is a regular noise model over with scaled eigenvalue gap, then the correlation
of any -locally uniform protocol over the N is at most1 (1 4 ?).

Notice that a distribution matrix M is non-negative (that every entry is non-negative). By the
Perron-Frobenius Theorem [13], ifM is symmetric, irreducible, and hasly as an eigenvector, then
14 is the unique eigenvector with the largest eigenvalue, andhus M is regular.

YHere we identify with [ ).



Proof:  Consider a protocol P over the noise modelN. We dene q=j j and identify with
[g] for the rest of the proof. We useM to denote the distribution matrix of N and denote the
eigenvector of M by vo;v1;:;vq 1 with corresponding eigenvalues o;::;; ¢ 1. We assume that
jo>] 4 j g 1j- SinceM is regular, ¢ is the unique largest eigenvalue that corresponds
to eigenvector 1.

SinceM is the distribution matrix, we know that the sum of all its ent ries is 1. Thus we have

1=13 M 13= o 15 1= o Q;

or o=1=qg Since the scaled eigenvalue gap ofl is , we know thatj 1j = (1 )=q
Consider the characteristic functions 4 and B. Itis easy to see that

; X X #
1+ N @D A@) @

a2 "ph2 n

Prob[X, =1]=

NI =

Clearly, M " is the distribution matrix for N ". We will be using a result about the eigenvalues
and eigenvectors ofM , stated in Lemma 1.
SinceP is -locally uniform, we have

X
N "&b “(a 2 3)
a2z "h2 n
orj( )T M " 1pj 2, as we identify A with the g"-dimensional vector represented by its

truth table. Since 14 is an eigenvector ofM with eigenvalue 1=qg 14 is an eigenvector oM " with
eigenvalue Eq' (see Lemma 1). SinceM is symmetric, so isM ". Thus we have

i A2 d 4)
Similarly we have
il B2 o (5)
Now, we consider the correlation ofP. Let (X,;Y,) be the outputs of Alice and Bob. Then we
have X X
2 Prob[X,=Y,] 1= N "(A;B) ~(A) B(B) (6)
A2 nB2 n

In other words, we have
2 Prob[Xpn=VYs] 1=(™H" M " B (7)

e diagonalize the matrix M ". First we de ne a natural notion of inner product: PA;Bi =
qin «» n AX]B[x]. It is obvious that under this inner product, both 4 and B have norm at
most 1. SinceM " is symmetric, it has a set of eigenvectors that form an orthowrmal basis.
We denote the eigenvectors ofM " by u; with corresponding eigenvalues ¢, wheret 2 [d"].
We assume thatj of | 1j j ¢ 1j. By Lemma 1, the eigenvalues ; are of the form

L, k., wherek; 2 [q. Therefore M " has a unique maximum eigenvalue ¢ = § = 1=d",

which corresponds to the eigenvectorl," = 1. The second largest absolute eigenvalue dfl "
ei oi— n 1o -
isja= ¢ " jd=@Q )=



P
Nolgv we perform a Fourier analysis to vectolgs Aand B. We write # = t2[q] t Ut and

= {2[gq] t Ut- Then by Parseval, we have 2 1, , 2 1. Furthermore, from (4) and
(5), we havej oj 2 andj of 2.
Putting things together, we have

Cony n[P] = ( M)y M " 7

= q tot ot
2 n

S X _

jod+@ ) jood (eigenvalue gap)
t2[a"], |
X ox

42+1 ) 2 2 (Cauchy-Schwartz)
t t

1 @1 42?:

Lemma 1 Let A be ana a matrix of eigenvectors vp;:::;va 1, with corresponding eigenvalues
0, a 1. Let B be ab b matrix of eigenvectors ug;::;;up 1, with corresponding eigenvalues
0,5 b 1. Then the eigenvalues of the matrixA B are v; u; with corresponding eigenvalues
i j,fori2[alandj 2 [0].

The proof to this lemma is postponed to Appendix A.

De nition 8 (Binary Symmetric Noise Model) The binary symmetric noise modelis a dis-
tribution over alphabet f0; 1g, denoted byS, and is de ned as S(0;0) = S(1;1) = (1 p)=2 and
S(0;1) = S(1;0) = p=2.

Corollary 1  The correlation of any locally uniform protocol over the binary symmetric noise model
Spisatmostl 2p.

It is easy to see that this bound is tight, since the nasve praocol where both Alice and Bob outputs
their rst bits is locally uniform with correlation 1 2p.

Proof:  Notice that S, is regular with scaled eigenvalue gap |2 [

This corollary was independently discovered by various resarchers, including Alon, Maurer,and
Wigderson [2], and Mossel and O'Donnell [16], and the latterattributing it as a \folklore".

4 The Binary Erasure Noise Model

We prove a similar impossibility result for another noise madel, namely the binary erasure noise
model. Intuitively, this model describes the situation where Alice sends an unbiased bit to Bob,
which is erased (and replaced by a special symbd ) with probability p.

De nition 9 (Binary Erasure Noise Model) The binary erasure noise models a distribution
over alphabetf 0; 1, ?g, denoted byE, and de ned asE(0;0) = E(1;1) = (1 p)=2, E(0;?) = E(1,?
)= p=2.



Notice that in this model, Alice's input is the uniform distr ibution over f0; 1g, and Bob's input
is 0 and 1 with probability (1  p)=2 each, and? with probability p. A nasve protocol under this
model only uses the rst pair of the inputs. Alice outputs her bit, and Bob outputs his bit if his
input is 0 or 1, and outputs a random bit if his input is ?. This is a locally uniform protocol with
correlation 1 p. The next theorem shows that no protocol can do much better tran the nawve
protocol.

I'gheorem 2 The correlation of any locally uniform protocol over the noise modelE, is at most
1 p(1 4°2).

We suspect that it is not a tight bound, but it is su cient to sh ow that it is bounded away from 1
and is independent fromn. Therefore, even with perfect accuracy in Alice's measurernt, NICD
is impossible if Bob's measurement is noisy.

The proof to Theorem 2 uses a more involved Fourier analysisral is postponed to Appendix A.

5 A One-bit Communication Protocol

We present a protocol that non-trivially distills correlat ion over the binary symmetric noise model
with one bit of communication. Recall that over no non-interactive, locally uniform protocols can
have a correlation more than 1 2p. Now, we consider protocols with one bit of communication.
Suppose Alice sends one bit to Bob, which Bob receives with pfect accuracy. With one bit of
communication, Alice can generate an unbiased bik and send it to Bob, and then Alice and Bob
both output x. This protocol has perfect correlation. Thus, to make the pioblem non-trivial, we
require that Alice and Bob must output two bits each. SupposeAlice outputs (X 1;X2) and Bob
outputs (Y1;Y2). We de ne the correlation of a protocol to be 2 minj=1.2fProb [X; = Yilg 1.
In this situation, we say a protocol is locally uniform, if both (X 1;X>) and (Yz;Y2) are uniformly
distributed.

Now we describe a locally uniform protocol of correlation alout 1  3p=2. The protocol is called
the \AND" protocol. Both Alice and Bob only take the rsttwo b its as their inputs. Alice directly
output her bits, and sends the AND of her bits to Bob. Then, intuitively, Bob \guesses" Alice's
bits using the Bayes rule and outputs them. A technical issueis that Bob has to \balance" his
output so that the protocol is still locally uniform. The det ailed description is in Figure 1.

We can easily verify (by a straightforward computation) the following result.

Theorem 3 The AND protocol is a locally uniform protocol with correlation 1 % + 4p22p. [

This is a constant-factor improvement over the non-interadive case.

This result may seem a little surprising. It appears that Alice does not fully utilize the one-bit
communication, since she sends an AND of two bits, whose ertpy is less than 1. It is tempting
to speculate that by having Alice send the XOR of the two bits, Alice and Bob can obtain better
result, since Bob gets more information. Nevertheless, th&XOR does not work, in some sense due
to its \symmetry". Consider the case Alice sends the XOR of he bits to Bob. Bob can compute
the XOR of his bits, and if the two XOR's agree, Bob knows that with high probability, both
his bits agrees with Alice's. However, if the two XOR's don't agree, Bob knows one of his bits is
\corrupted,” but he has no information about which one. Furt hermore, however Bob guesses, he
will be wrong with probability 1 =2. On the other hand, in the AND protocol, if Bob receives a
\1" as the AND of the bits from Alice, he knows for sure that Ali ce has (3 1) and thus he simply
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STEP | Alice computesr := a; ™ ap, sendsr to Bob, and outputs
(a1; a2).

STEP Il Bob, upon receivingr from Alice:

IFr =1 THEN output (1;1).
ELSE IFb; = b, =1 THEN output
{ (0;0) with probability p=2 p);
{ (0;1) with probability (1 p)=2 p);
{ (1;0) with probability (1 p)=2 p);
ELSEoutput ( by; bp).

Figure 1. The AND protocol: Alice receives input bits a;; ap,, and Bob received input bits by; by,
where (@ az; biby) is drawn from S 2,

outputs (1;1); if r =0 and by = bp = 1, he knows that his input is \corrupted”, and he \guesses"
Alice's bit according to the Bayes rule of posterior probablities. If Bob receives a \0" as the AND
and (b;; ) 6 (1;1), then the data looks \consistent” and Bob just outputs his bits. In this way,
1=4 of the time (when Bob receives a 1), Bob knows Alice's bits fosure and can achieve perfect
correlation; otherwise Alice and Bob behave almost like in he non-interactive case, which gives
1 2p correlation. So the overall correlation is about 24 1+(3=4) (1 2p)=1 3p=2.
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A Proofs

Lemma 1 Let A be ana a matrix of eigenvectorsvyp;:::;Va 1, With corresponding eigenvalues
0, a 1. Let B be ab b matrix of eigenvectors ug; ::;;up 1, with corresponding eigenvalues
0,5 b 1. Then the eigenvalues of the matrixA B are v; u; with corresponding eigenvalues

i j,fori2[a]andj 2 [0].
Proof: (to Lemma 1) We prove that for everyi 2 [a] andj 2 [b], (A B)(vi u))=

i
(Vi uj), which will imply that ( vi uj) is an eigenvector. Then, sinceA B)is an (ab (ab)
matrix, it only has ab eigenvectors. Therefore this would imply our lemma.
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Now we prove that (A B)(vi uj)= i j (vi Uuj).

X
(A B)(vi uplxy) = (A B)(x;y);(s;t) (Vi upl(s;1)]
s2[a];t2[b]
= Axs By vils] ujft]
62[a];t2[b] 1 0 1
X X
= @ Axs Vi[s]A @ Byt Uj [t]A
s2[a] t2[b]
= i vilx] o oulyl
= 0 g (vou)lxy)l
Since the above equation holds for alk 2 [a];y 2 [b], we have A& B)(vi uj)= i ; (v Uyj).

D Theorem 2 The correlation of any locally uniform protocol over the noise modelE; is at most
1 p(l 42).

Proof: We introduce more notations. A binary string is a string over alphabetf0;1g. For a
binary string x, we denote its Hamming weight by jxj, which is the number of 1's inx. We call a
vector v over alphabetf0; 1; ?g an extended bit vector and de ne its degree denoted by deg{), to
be the number of ?'s in it. An error vector, denoted by u is a vector over alphabetf ?;?g, and its
degreealso the number of?'s in it. Take a k-dimensional bit vector v and an n-dimensional error
vector u of degree 6 k), we de ne their composition to be an n-dimensional extended bit vector
x de ned as 8
< V[j] if uli]=?andj =jfl : 0 I<ijul[j]= ?gj
x[i] = (8)
2 if ufi]=2
and we write this asx = v.u. As an example, we have (10;1). (?;?;2:?;?) =(7?,;1,0;?;1).
Notice that every extended bit vector x can be uniquely written as such a composition of a bit
vector v and an error vector u. So we denotev to be the extracted bit vector of x, and write it as
v = [X]; we denoteu to be the error vector of x and write it as u = fxag.

For a bit vector x and an extended bit vector v, both of dimension n, we sayx is consistent
with v, if for every i such that v[i] 6 ?, we havex]i] = v[i]. We denote this asx v v.

For a bit vector x and an error vector u of degreed, we de ne the restricted vector of x with
respect tou to be the unique (n d)-dimensional bit vector v such that x v (v.u), and we write
this as v = xj,. The excluded vectorof x with respect to u is the d-dimensional vector v° de ned
to be vqi] = x[k] wherek = jfj : 0 j<i;u [j]= ?gj. We also write x = v_”v 0 and sayx is
joined by v and v®with respect to u.

We now x a protocol P and consider its characteristic functions A and B (we omit the
subscript n). Both are real functions over f0; 1; ?g". Both since in the erasure model, the input to
Alice never contains? , we assume that # is a function over f0; 1g". We perform Fourier analysis
to A, using parity functions as the orthonormal basis.

X
Ax) = s s(X) ©)
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P
where we have 2 1. SinceP is -locally uniform, we have
Jo 2 (10)

The analysis for B is more complicated. We decompose® into 2" \sub-functions”, according
to the 2" error vectors. For error vector u, we de ne a function  that maps (n  k)-dimensional
bit vectors to f 1;+1g, wherek is the degree ofu. Then we perform a Fourier analysis for every
sub-function, and write X

u(X) = us s (X) (11)
S
Again we havep s 2s 1 forevery error vector u.

Wedene = pH1l p),thenitis easy to see thatthe probability that Bob receives an extended
error vector of degreedis 9 (1 p)". Furthermore, it is easy to verify that

doow = N ko 1 (12)
o K 1 p°
u2f ?2;2gn k=0

For the rest of the proof, we write ! as a shorthand for 9€9()
Finally, we estimate the correlation between the outputs. We denote it by and it is not hard

to see that
- 1 p "X uX A i
= 5 (%) u(Xju) (13)

u2f 2;2g " X

By substituting in the Fourier coe cients, we have

1 p" X X X X

— u ;

= 5 st s(X) t(Xju)
u2f ?2;2gn X sf 0;1g" tf 0;1gn deg(u) |

N !

_ 1" X X X .

= 5 s t s(xX) t (Xju)
u2f 2;?2g" sf 0;1g" tf 0;1gn deg(u) X

Now, we x an error vector u of degreer, and x sets s, t. We write s= sg[ S, such that for
everyi 2 sg, we haveu[i] = ? and for everyi 2 s;, we haveu[i] =? . We write this as sp = sj,. If
S; = ;, we say that s is consistent with u, and we write this assv u. Then we have

X

s(X) 1 (Xju)

x2f 0;1g" v2f g{lg” d v02f 0;1gd

X
= Sp t (V) S1 (V(b

v2f 0;1g" d vO2f 0;1gd

So (V) S1 (V% t (V)

So the only we we get non-zero as a result is whesg = t and s; = ;, which meanss = t.
Therefore, we have

X X
n u

= @1 p S U;sju

u2f 2;?2g" SV u

12
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@

(1

@

0 1,5, 2 0 1,31=2

X X X

p)" @ uA 4 @ A O (Cauchy-Schwartz)
u2f ?2;2gn u2f ?2;2gn svu
0 10 134
n=2 4 X u X 2A X 2 A5

p) @ A 0@ i (Eq. 12)

u2f 2;?2g" SV u sV u

O l 31:2
n=2 4 X u X 2A 5 P 2

p) @ 2 (Parseval, ¢, fg, 1)

u2f ?2;2gn svu

1=2
p)n=2 4X 2 X ug
s
s usvu
" X #1=2
p)"=2 2@+
s
P2 1+ )" Ya+4 2@+ ) T (Eq. 10)
1 pld 42
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