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Abstract

One of the recurring themes in information theory and quan tum information theory is correlation

corruption and correlation reco v er. Correlation corruption refers to the situation where Alice and

Bob share information that is not p erfectly correlated (or p erfectly en tangled, if they share quan tum

information). Correlation corruption arises in man y natural situations, including transmitting

information through a noisy c hannel, measuring a noisy signal source, quan tum decoherence, and

adv ersarial distortion. Correlation reco v ery refers to the action Alice and Bob tak es to \restore"

the correlation/en tanglemen t b y agreeing on some p erfectly correlated/en tangled information.

T raditionally correlation repair is done via a prev en tiv e strategy , namely error correction. Using

this strategy , Alice enco des her information using an error correcting co de or a quan tum error

correcting co de b efore sending it through a noisy c hannel to Bob, who then deco des and reco v ers

the original information. Error correcting co des and quan tum error correcting co des are extremely

useful ob jects in information theory with n umerous applications in man y other areas of science and

tec hnology . They are w ell studied and w ell understo o d. Ho w ev er they ha v e limitations. W e shall

sho w that some assumptions used b y error correction are not sound in man y scenarios and mak e

the prev en tiv e strategy unsuitable.

W e study the alternativ e strategy of correlation repair, kno wn as the reparativ e strategy . Using

this strategy , Alice and Bob start b y sharing imp erfectly correlated (ra w) information, and then

engage in a proto col to \distill" the correlation/en tanglemen t via comm unication. W e call these

proto cols (classical) correlation distillation proto cols and (quan tum) en tanglemen t distillation pro-

to cols. W e sho w that suc h a reparativ e strategy can b e as e�cien t as the prev en tiv e strategy .

F urthermore, the reparativ e strategy is more 
exible, in that it do esn't ha v e the limitations suf-

fered b y error correction. W e also p oin t out that in particular, quan tum en tanglemen t distillation
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proto cols pla y a v ery imp ortan t role in quan tum information theory . Despite the signi�cance of

these proto cols, they ha v e receiv ed m uc h less atten tion than error correcting co des and are m uc h

less w ell understo o d.

W e fo cus on the comm unication complexit y of the correlation and en tanglemen t distillation

proto cols. In designing error correcting co des, e�ciency is one of the main concerns. One w an ts to

construct an error correcting co de with the least p ossible redundancy while b eing able to withhold

the highest rate of noise. In correlation and en tanglemen t distillation proto cols, the e�ciency is

measured b y the amoun t the comm unication b et w een Alice and Bob, and th us it is imp ortan t to

design proto cols with minimal amoun t of comm unication. Our study is concerned with the minimal

amoun t the comm unication needed for distillation.

W e presen t a n um b er of results concerning comm unication complexit y for proto cols o v er v arious

noise mo dels, whic h are mathematically mo dels for di�eren t t yp es of correlation corruption. These

results span b oth classical and quan tum information theory , and ha v e connections to other areas

of computer science, including cryptograph y and computational complexit y .
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Chapter 1

In tro duction

W e in tro duce the notion of correlation distillation and en tanglemen t distillation. W e also discuss

their motiv ations and related w ork.

1.1 Correlation Corruption and Correlation Repair

Information theory , since its inception in 1948 b y Claude Shannon in his groundbreaking pap er [82 ],

has dev elop ed in to a ric h �eld of researc h, with applications in a broad sp ectrum of areas, including

electrical engineering, computer science, statistics, and ph ysics. F rom the 1970s, as researc hers

started to understand quan tum mec hanics, the �eld of quan tum information theory emerged as a

natural extension to the classical information theory . Exciting (and sometimes confusing) results

w ere disco v ered, suc h as the EPR parado x (that t w o quan tum states can b e space-separated y et

en tangled, suc h that their measuremen ts will b e correlated), the non-cloning theorem (that quan tum

information cannot b e duplicated), and telep ortation (that Alice and transmit an unkno wn quan tum

state to Bob b y sending t w o classical bits). Not only did quan tum information theory con tribute

to the dev elopmen t of quan tum mec hanics, it also found applications in \traditional" areas, suc h

as cryptograph y .

One of the most recurring themes in information theory is c orr elation c orruption and c orr elation

r e c overy . Correlation corruption refers to the situation where Alice and Bob share some information

whic h is not p erfectly \correlated". Classically this means that with p ositiv e probabilit y , Alice's

bits do esn't agree with Bob's. Quan tum mec hanically , this means that Alice's quan tum state isn't
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p erfectly en tangled with Bob's quan tum state. Researc hers ha v e striv en to understand the nature

of correlation corruption and constructed v arious mathematical mo dels for it; w e call them noise

mo dels . On the other hand, correlation reco v ery refers to the action Alice and Bob tak e to \restore"

the correlation (or en tanglemen t) to the maxim um. Naturally , the goal is to p erform correlation

repair, using as little resource as p ossible .

W e discuss some situations where the theme of correlation corruption and correlation reco v ery

o ccurs naturally .

1.1.1 Information T ransmission

P erhaps the most w ell-kno wn problem in information theory is to transmit information through

a noisy c hannel. In fact, it w as considered in Shannon's original pap er [82 ] and remains one of

the most imp ortan t topics in information theory . When Alice sends information to Bob through

a noisy channel , the c hannel can \distort" the information. More concretely , supp ose Alice sends

classical bits to Bob, a classical noisy c hannel ma y 
ip some of the bits (a bit \0" b ecomes \1", and

a bit \1" b ecomes \0"), or erase some of the bits (a bit b ecomes \ ? ", a sp ecial sym b ol indicating

the loss of the bit); supp ose Alice sends qubits to Bob, a quan tum noisy c hannel ma y apply a \bit-


ip" (normally denoted b y X ) whic h switc hes j 0 i and j 1 i , a \phase-shift" (normally denoted b y

Z ), whic h k eeps j 0 i unc hanged but c hanges j 1 i to �j 1 i , or a bit-
ip comp osed with a phase-shift

(normally denoted b y Y ). If Alice k eeps a cop y of the information she sends to Bob, then the noisy

c hannel certainly can corrupt the correlation b et w een Alice and Bob. A large part of information

theory is to understand the nature of these noisy c hannels and devise mec hanisms to �gh t the noise,

namely , to p erform correlation reco v ery .

1.1.2 Random Beacons

A random b eacon is an en tit y that broadcasts uncorrelated un biased random bits. The concept of

random b eacons w ere �rst in tro duced in 1983 b y Rabin [74 ], who sho w ed ho w they can b e used

to solv e problems in cryptograph y . Bennett, DiVincenzo, and Linsk er [26 ] prop osed to use a ran-

dom b eacon to authen ticate video recording. Maurer [60 ], Aumann and Rabin [6 ], and Ding [33 ]

prop osed to use a random b eacon of extremely high rate to build information-theoretically se-
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cure cryptographic primitiv es, e.g., k ey exc hange, encryption, and oblivious transfer. v on Ahn et.

al. [2 ] discusses v arious applications of random b eacons, including v eri�able lotteries and pro of of

ignorance.

There are man y prop osals to construct a public, veri�able random b eacon, among them are the

ones that use the signals from a cosmic source [2, 63 ]. In these prop osals, Alice (as the b eacon

o wner) and Bob (as a v eri�er) b oth p oin t a radio telescop e to some extraterrestrial ob jects, e.g.

pulsars, and then measure the signal from them, whic h presumably con tains enough randomness.

Ho w ev er, it is inevitable that Alice and Bob ha v e discrepancy in their results, due to measuremen t

errors. Nev ertheless, Alice and Bob still wish to agree on some common random bits, or, in other

w ords, to reco v er the correlation b et w een them. Notice that the random bits they wish to agree

on are not necessarily the \ra w data" from the measuremen t. Alice and Bob are free to apply an y

transformation to their measuremen t results.

1.1.3 Distilling EPR P airs

An EPR pair, or an Einstein-P o dolsky-Rosen pair [35 ], is a qubit pair in the state

1

p

2

( j 00 i + j 11 i )

shared b y t w o parties, with one part y (Alice) holding one quan tum bit and the other part y (Bob)

holding the second bit. EPR pairs are maximally en tangled states and pla y a v ery imp ortan t

role in quan tum information theory . Using an EPR pair, Alice and Bob can p erform quan tum

telep ortation. By p erforming only lo cal op erations and classical comm unication (often abbreviated

as \LOCC"), Alice can \transp ort" a qubit to Bob, who could b e miles a w a y from Alice [18 ]. So

EPR pairs, along with a classical comm unication c hannel, e�ectiv ely constitute a quan tum c hannel.

Con v ersely , \sup erdense co ding" is p ossible with EPR pairs: if Alice and Bob share an EPR pair,

then Alice can transp ort t w o classical bits to Bob b y just sending one qubit [29 ]. Therefore, it is

v ery desirable for Alice and Bob to pre-man ufacture a large n um b er of EPR pairs and store them.

In this w a y , they only need to main tain a classical c hannel b et w een them, whic h is m uc h more

economical than a quan tum c hannel, to transmit quan tum information.

Ho w ev er, it is v ery hard to store qubits, since they can easily b ecome en tangled with the en vi-

ronmen t and de c oher e . Moreo v er, the decoherence happ en con tin uously with time, and it is hard to

prev en t with curren t tec hnology . This p oses a serious problem to telep ortation, since telep ortation
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needs p erfect EPR pairs, and if EPR pairs cannot b e stored almost p erfectly , telep ortation w ould

not b e useful. Therefore, Alice and Bob need to \distill" almost p erfect EPR pairs from the noisy

ones, or, in other w ords, to \reco v er" the en tanglemen t.

1.1.4 Quan tum Key Distribution

Consider the quan tum k ey distribution proto cols b y Bennett and Brassard [16 ], and b y Bennett [13 ].

In these proto cols, Alice randomly pro duces a sequence of qubits and send them to Bob, who then

measures these qubits. If Alice k eeps a cop y of the qubits she sends to Bob, then Alice and Bob

will share a n um b er of p erfectly en tangled states. Next, Alice and Bob can exc hange information

to agree on some random bits, whic h then will b e used as their shared k ey . Ho w ev er, Ev e, the

ea v esdropp er, migh t in tercept some of the qubits Alice sen t and distort them. This distortion

caused b y Ev e will result in imp erfectly en tangled states b et w een Alice and Bob. Therefore, they

need to reco v er from the imp erfect en tanglemen t and agree on almost p erfectly en tangled states,

or EPR pairs.

1.2 Error Correction: the Prev en tiv e Strategy

The most p opular strategy to correlation repair is though the means of Error Correcting Co des

(ECCs) and Quan tum Error Correcting Co des (QECCs). Consider the situation of transmitting

information through a noisy c hannel. Alice can enc o de her information using an err or c orr e cting

c o de , or a quantum err or c orr e cting c o de in to a c o de-wor d , b efore sending it to Bob. Then Bob

can de c o de the noisy co de-w ord and reco v er the information. See Figure 1.1. W e call this the

\prev en tiv e" strategy , since prev en tiv e measures are tak en b efore the corruption tak es place.

Error correcting co des and quan tum error correcting co des ha v e long b een cen tral ob jects of

study in the �eld of information theory , and they ha v e receiv ed tremendous amoun t of atten tion.

Moreo v er, not only are they extremely useful in information theory , they also found n umerous

applications in other �elds, including com binatorics, cryptograph y , and computational complexit y .

Ho w ev er, they ha v e their limitations, and w e discuss some of these limitations b elo w.
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Figure 1.1: The prev en tiv e strategy for correlation repair.

Timing Constrain t

First of all, there is the timing c onstr aint . Error correction co des only w ork if Alice can enco de

the information b efor e the noise tak es place, whic h is not alw a ys p ossible. Consider the random

b eacon where Alice and Bob measure the noisy signals from a pulsar. In this case, it is imp ossible

to enco de the signal from the pulsar and th us error correction b ecomes totally useless.

Assumptions on Noise Mo del

Moreo v er, almost all researc h w ork on error correcting co des fo cuses on a relativ ely limited noise

mo del, whic h w e call the identic al indep endent distortion (IID) . In this mo del, the information is

transmitted in units (e.g. bits or qubits) through a noisy c hannel, whic h applies a \distortion"

pro cess to eac h of the units indep enden tly . Examples of the deformation pro cess include \
ip a bit

with probabilit y � " (whic h corresp onds to the Binary Symmetric Channel), \c hange a bit to ? with

probabilit y � " (whic h corresp onds to the Erasure Channel), and \replace a qubit b y a a completely

mixed state with probabilit y � " (whic h corresp onds to the Dep olarization Channel). Tw o imp ortan t

assumptions in the I ID mo del is that: 1) the deformation pro cesses are iden tical to eac h unit; 2) the

pro cesses are indep enden t. These t w o assumptions greatly simplify the problem of error correction,

since the La w of the Large Num b ers can b e used. One can th us separate the so-called \t ypical

error syndromes" from the \at ypical" ones, and only fo cus on the t ypical syndromes. Ho w ev er, it

is not alw a ys realistic to assume the I ID mo del. This is b est illustrated b y the case of quan tum

k ey distribution proto cols. Recall in this situation, Ev e ma y in tercept some qubits sen t b y Alice

and cause distortion. Notice Ev e is adv ersarial in nature and there is no reason to assume the the
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noise she causes is I ID. Therefore, quan tum error correction is not suitable in this case.

As a commen t, w e p oin t out that Shor and Preskill [84 ] in fact used a particular class of quan tum

error correcting co des (kno wn as CSS co des) in the analysis of securit y of the BB84 proto col. In

particular, they sho w ed that this class of QECCs, whic h w ere originally designed to w ork in a

so-called \b ounded corrupt" noise mo del, w ork in the so-called \�delit y" noise mo del as w ell. Here,

the �delit y mo del is adv ersarial and is suitable for the quan tum k ey distribution proto col. Ho w ev er,

this app ears to b e a coincidence, and there is no evidence that an arbitrary QECC designed for a

non-adv ersarial mo del will automatically w ork for an adv ersarial one.

Assumptions on Noise Rate

Finally , error correcting assumes that the noise r ate is kno wn at the time of enco ding, so that an

appropriate enco ding sc heme with appropriate redundancy can b e designed. Notice that the noise

rate has to b e determined b efore the noise actually tak es place, and therefore one often has to guess

the rate. If the guess is to o high, then to o m uc h redundancy w ould b e added and bandwidth w asted;

if the guess is to o lo w, then to o little redundancy ma y cause the loss of information. F urthermore,

there are situations where there simply is not a �xed noise rate. T ak e the decohering EPR pairs as

an example. The decoherence happ ens con tin uously with time, and th us the noise rate is v arying

with time (more precisely , increases with time). In this case, it is rather ine�cien t and in
exible

to use an quan tum error correcting co de of a �xed rate.

1.3 Correlation Distillation: the Reparativ e Strategy

Correlation Distillation Proto cols (CDPs) and En tanglemen t Distillation Proto cols (EDPs) pro vide

an alternativ e strategy for correlation repair. In this strategy , Alice and Bob start b y sharing

imp erfectly consisten t information, and then \distill" near-p erfect information via comm unication

and lo cal op erations. See Figure 1.2. If it is the classical information Alice and Bob are to distill,

w e call the pro cess a \correlation distillation proto col"; if it is the quan tum information, w e call it

an \en tanglemen t distillation proto col". Ov erall, w e call the strategy the \reparativ e strategy".

As a tec hnical note, w e alw a ys assume that the comm unication in the proto cols is classical and

noise-free. It is a standard assumption that only classical comm unication is allo w ed in quan tum
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Figure 1.2: Reparativ e strategy for correlation repair.

en tanglemen t distillation proto cols, since quan tum comm unication is considerably more exp ensiv e.

These proto cols that only in v olv e lo cal op erations and classical comm unications are called \LOCC

proto cols", standing for \Lo cal Op eration Classical Comm unication". The assumption of noise-

free comm unication can b e justi�ed in the follo wing w a ys. First, the amoun t of comm unication is

normally m uc h smaller than the amoun t of the information Alice and Bob share, and th us they can

a�ord to protect their comm unication either using a comm unication c hannel of higher qualit y or

using error correcting co des of high redundancy . In this w a y , Alice and Bob can virtually assume

noiseless comm unication. Second, m uc h of the study in this thesis fo cus on the question of ho w

m uc h information Alice and Bob need to exc hange in order to p erform correlation/en tanglemen t

distillation, and the assumption of noiseless comm unication greatly simpli�es the analysis. Finally ,

in the case of en tanglemen t distillation, classical comm unication is used to distill quan tum en tan-

glemen t, and it is reasonable to assume a noise-free classical c hannel while the quan tum c hannel

migh t b e noisy .

Correlation distillation proto cols and en tanglemen t distillation proto cols solv e sev eral problems

with error correcting co des and quan tum error correcting co des. First, since the distillation tak es

place after the noise, there is no timing constrain t for correlation/en tanglemen t distillation. There-

fore, CDPs are suitable for situations suc h as random b eacons. F urthermore, since Alice and Bob

p erform distillation only after the correlation corruption, they can measure the noise rate �rst,

and then c ho ose the appropriate distillation proto col. This is more 
exible and some times more

desirable than error correction, whic h needs to guess the noise rate (for example, in the case of

decohering EPR pairs). In fact, as w e shall exhibit later in the thesis, there exist situations (b oth

in classical and in quan tum) where error correction almost completely fails while it is still p ossible
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to do correlation distillation (see Section 4.3). Finally , as w e shall discuss later, CDP/EDPs admit

a broader range of noise mo dels, and in particular, noise mo dels that are not iden tical indep enden t

distortion. In particular, while QECCs are not appropriate for quan tum k ey distribution proto cols,

where the noise mo del is adv ersarial, EDPs turned out to b e the p erfect solution, as p oin ted out

b y Lo and Chau [57 ] and Shor and Preskill [84 ] (they used the term \en tanglemen t puri�cation

proto cols" for EDPs).

1

Besides the \practical" adv an tages of EDPs, they ha v e great theoretical imp ortance in quan tum

information theory . Quan tum en tanglemen t pla ys a crucial role in quan tum information and re-

searc hers ha v e striv en to understand en tanglemen t, and in particular, w a ys to measure the amoun t

the en tanglemen t as a ph ysical resource. Among v arious prop osals is the concept of distil lable en-

tanglement [25 ]. F or a quan tum state � , its distillable en tanglemen t is de�ned to b e asymptotically

the ratio of the amoun t of EPR pairs that can b e pro duced b y the optimal EDP from n copies of

state � o v er n , as n increases. Clearly , the study of en tanglemen t distillation proto cols is closely

related to that of en tanglemen t.

If w e compare the t w o approac hes to information agreemen t, ECC/QECC and CDP/EDP ,

p erhaps the most salien t di�erence b et w een them is that ECC/QECCs are algorithms p erformed b y

a single part y (Alice for enco ding and Bob for deco ding), while CDP/EDP are t w o-part y proto cols

that in v olv e comm unication. In designing ECC/QECCs, the overhe ad is one of the main concerns

and the goal is to design ECC/QECCs with as lo w as p ossible o v erhead that can withstand an as

high as p ossible noise rate. F or CDP/EDPs, the o v erhead is the amoun t of comm unication b et w een

Alice and Bob, i.e., the n um b er of bits exc hanged b et w een them. Therefore, the c ommunic ation

c omplexity of CDP/EDPs is one of their most imp ortan t parameters.

1.4 Our Con tributions

In this thesis, w e study the comm unication complexit y of correlation and en tanglemen t distillation

proto cols. Since CDP/EDPs are proto cols, they are more complicated ob jects than ECC/QECCs.

F or example, with proto cols, one migh t w an t to distinguish one-way comm unication, where only

1

In fact, Shor and Preskill used CSS co des, whic h are a sp ecial class of quan tum error correcting co des, in their

pro of. See the discussion b efore.
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Alice sends information to Bob, who nev er sends an ything bac k, from two-way comm unications,

where Alice and Bob exc hange bits. A proto col can b e deterministic , where b oth Alice and Bob

are deterministic, r andomize d , where Alice and Bob can ha v e their o wn supply of random bits, or

r andomize d public-c oin , where Alice and Bob share a common random source.

2

It is the fo cus of

this thesis to study v arious t yp e of CDP/EDPs o v er a large range of noise mo dels.

W e brie
y summarize a collection of results con tained in this thesis. The ones mark ed with a

star ( ? ) are the ma jor results.

1. A Relation Bet w een ECC/QECCs and CDP/EDPs

W e relate a large class of error correcting co des and quan tum error correcting co des to corre-

lation distillation proto cols and en tanglemen t distillation proto cols. More precisely , w e p oin t

out that ev ery linear ECC corresp onds to a CDP o v er the same noise mo del with the same

o v erhead, and ev ery stabilizer QECC corresp onds to an EDP o v er the same noise mo del with

the same o v erhead. See Theorem 4.1 and Theorem 4.4. F urthermore, w e pro v e that their

exist natural noise mo dels where CDP/EDPs o v erp erform ECC/QECCs. See Theorem 4.5,

Theorem 4.7, and the discussions in Section 4.3.

2. ( ? ) Imp ossibilit y Resulta for Non-In teractiv e Correlation Distillation

W e sho w sev eral general imp ossibilit y result for non-in teractiv e correlation distillation o v er a

n um b er of natural noise mo dels, including the binary symmetric mo del, the binary erasure

mo del, and the extensions. W e also sho w ho w this result is related to v arious researc h areas,

including random b eacon and information reconciliation. See Theorem 5.1, Theorem 5.2,

Theorem 5.3, and Theorem 5.4.

3. A P ositiv e Result on One-bit Correlation Distillation

W e presen t a p ositiv e result where Alice and Bob, b y exc hanging one bit of information,

can p erform correlation repair, whic h w ould b e imp ossible without comm unication. This

sho ws that ev en the minimal amoun t of comm unication can help in correlation repair. See

Theorem 6.1.

2

W e are using the notations from Kushilevitz and Nisan [52 ].
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4. ( ? ) An Imp ossibilit y Result of Non-In teractiv e En tanglemen t Distillation

W e sho w sev eral imp ossibilit y results for non-in teractiv e en tanglemen t distillation, where Al-

ice and Bob wish to pro duce near-EPR pairs without comm unication. These are the �rst

results in the area of comm unication complexit y of EDPs, and they pro vide the �rst step

in understanding en tanglemen t distillation proto cols. See Theorem 7.1, Theorem 7.2, Theo-

rem 7.3.

5. An Imp ossibilit y Result of EDPs o v er the En tanglemen t Noise Mo del

W e pro v e an imp ossibilit y result on en tanglemen t distillation o v er the so-called \en tanglemen t

noise mo del". W e sho w that it is imp ossible to distill EPR pairs from an arbitrarily en tangled

quan tum state. W e sho w ho w this result is related to classical randomness extractors. See

Theorem 8.1.

6. ( ? ) A Complete Characterization of EDPs o v er the Fidelit y Noise Mo del

W e completely c haracterize the comm unication complexit y of en tanglemen t distillation proto-

cols o v er the so-called \�delit y noise mo del". W e presen t a proto col that distills near-p erfect

EPR pairs v ery e�cien tly , and pro v e suc h a proto col is in fact optimal (up to an additiv e con-

stan t). W e also sho w ho w this noise mo del is related to other areas of quan tum information

theory , including purit y-testing proto cols [23 ] and quan tum k ey-distribution proto cols [57 , 84].

See Theorem 8.2, Theorem 8.3, Theorem 8.4 and Theorem 8.5.

These results app ear in the follo wing publications.

1. A. Am bainis, A. Smith, |.

Extracting Quan tum En tanglemen t (General En tanglemen t Puri�cation Proto cols).

App eared in the IEEE Confer enc e of Computational Complexity (CCC 2002) , Mon tr � eal,

Queb � ec, Canada, pp. 103-112, 2002.

2. |.

On the (Im)p ossibilit y of Non-in teractiv e Correlation Distillation.

App eared in the L atin A meric an The or etic al INformatics (LA TIN 2004) , Buenos Aires, Ar-

gen tina, 2004.
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3. A. Am bainis, |.

T o w ards the Classical Comm unication Complexit y of En tanglemen t Distillation Proto cols

with Incomplete Information.

T o app ear in the 19th A nnual IEEE Confer enc e of Computational Complexity (CCC 2004) ,

Amherst, MA.
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Figure 1.3: Summary of kno wn results

W e summarize all the results in this thesis in a table in Figure 1.3. Eac h ro w in the table

corresp onds to a noise mo del, and eac h column corresp onds to the amoun t of the comm unication

allo w ed for a proto col. In eac h cell, w e put the kno wn upp er and lo w er b ounds on the \qualit y" of

the b est kno wn CDP/EDPs. The ones with a smiley face indicates m y original con tributions, and

the ones with a non-smiley face indicates m y disco v ery that are indep enden t from other researc hers.

The blanks indicate op en problems.

1.5 Related W ork

W e discuss some related w ork on correlation distillation and comm unication complexit y .

1.5.1 Error Correction

As w e discussed b efore, error correction is closely related to correlation distillation proto cols. Er-

ror correction is the prev en tiv e strategy for correlation reco v er, and correlation distillation is the
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reparativ e strategy .

Not only are error correcting co des extremely useful in information theory , they ha v e also found

n umerous applications in other �elds, including com binatorics, cryptograph y , and computational

complexit y .

Error correction has receiv ed a tremendous amoun t of atten tion. Because of its sheer v olume,

it is imp ossible to giv e an (ev en remotely) comprehensiv e list of the literature on this topic. I only

list a few items. Shannon [82 ] is the �rst one to consider the problem of error correction, and his

pap er mark ed the b eginning of the �eld of information theory . Blah ut [12 ] has a w onderful b o ok

completely dedicated to error correcting co des and con tains ab ound resources. Sudan [86 ] has a

v ery nice surv ey on ECCs that is more tailor-made for audiences in computational complexit y .

Shor [83 ] and Steane [85 ] are the �rst to study quan tum error correcting co des and to actually

construct them. Gottesman's thesis [36 ] is a great source for the theory b ehind quan tum error

correcting co des with man y results. Nielsen and Ch uang's b o ok [69 ] also giv es a nice description

on b oth classical and quan tum error correction.

1.5.2 Tw o-part y Coin-
ipping

Tw o-part y coin-
ipping is a classical problem in cryptograph y , where Alice and Bob wish to es-

tablish some commonly agreed random bits b y comm unication. Blum [10 ] is the �rst to study the

setting where Alice and Bob initially don't share an y information and one of them could b e c heat-

ing. He suggested proto cols that are secure against a computationally-limited adv ersary , based on

n um b er-theoretical assumptions. F ollo wing Blum's w ork, Lindell [54 ] studied the parallel v ersion

of the problem under the same setting. Barak [9 ] consider the t w o-part y coin-tossing resistan t to

the man-in-the-middle attac k. On the other hand, researc hers ha v e studied quan tum coin-
ipping,

where Alice and Bob exc hange quan tum information and agree on a classical bit. F or results in this

area, see [56 , 62 , 1, 4 , 88 , 53 ]. Classical t w o-part y coin-
ipping is a sp ecial v ersion of correlation

distillation proto cols with the assumption that: 1) the pla y ers do not share an y prior information;

2) they are p olynomial-time b ounded; and 3) they don't necessarily collab orate and are liable to

c heating. As a result, the proto cols for t w o-part y coin-
ipping rely on cryptographic assumptions

and the comm unication complexit y is higher than the n um b er of coin 
ips they agreed on. Quan tum
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t w o-part y coin-
ipping, ho w ev er, do es not �t in to this thesis, since it requires a quan tum c hannel

b et w een Alice and Bob.

1.5.3 Information Reconciliation

Information reconciliation is an extensiv ely studied concept [17 , 61 , 27, 30 , 31 ] with applications

in quan tum cryptograph y and information-theoretical cryptograph y . In this setting, Alice and Bob

eac h p ossesses a sequence of random bits that agree \most of the time". Here the \agreemen t"

b et w een Alice's bits (denoted b y A ) and Bob's bits (denoted b y B ) is describ ed b y the m utual

information I ( A ; B ). Moreo v er, Ev e, the ea v esdropp er, also p ossess some information (denoted b y

Z ) ab out the bits held b y Alice and Bob, whic h is quan ti�ed b y the m utual information I ( Z ; AB ).

Alice and Bob wish to \reconcile" their information (namely , to agree on some random information)

b y comm unicating in a public c hannel (whic h is noiseless but readable b y Ev e). Their goal is to

agree on a common random string U with v ery high probabilit y , while ensuring that Ev e gains little

information from U . In terms of the en trop y , let C b e the comm unication b et w een Alice and Bob,

then w e should ha v e H ( U j AC ) � 0, H ( U j B C ) � 0, and I ( U ; Z C ) � 0. Information reconciliation

and correlation distillation op erate in similar mo dels: Alice and Bob share noisy information, and

then comm unicate to agree on something with higher correlation. Ho w ev er, the primary concern for

information reconciliation is privacy , i.e., that Ev e gains little information ab out the information

agreed up on, while this thesis fo cus on the comm unication complexit y .

1.5.4 Quan tum En tanglemen t Distillation

As w e men tioned b efore, quan tum en tanglemen t distillation proto cols are t w o-part y proto cols in-

v olving only lo cal (quan tum) op eration and classical comm unication. These proto cols generally

tak es some en tangled bipartite states as input and output near-p erfect EPR pairs. The pro cess

of en tanglemen t distillation w as also kno wn as \en tanglemen t concen tration" or \en tanglemen t

puri�cation".

There ha v e b een a lot of researc h e�orts on studying en tanglemen t distillation proto cols [21 ,

22 , 25 , 43 , 44 , 75 , 76 , 77 , 7 ]. Di�eren t \noise" mo dels on the imp erfect EPR pairs are presen ted

and studied.
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T o the b est of our kno wledge, Bennett, Bernstein, P op escu, and Sc h umac her are the �rst

to consider the problem of pro ducing EPR pairs from \less en tangled" states. In their seminal

pap er [21 ], they giv e a proto col that con v erts man y iden tical copies of pure state j � i = (cos � j 01 i +

sin � j 10 i ) to p erfect EPR pairs. They call this pro cess \en tanglemen t concen tration". In the same

y ear, Bennett, Brassard, P op escu, Sc h umac her, Smolin, and W o otters [22 ] studied the problem

of \extracting" near-p erfect EPR pairs from iden tical copies of mixed en tangled states. This is

the �rst time that the notion \en tanglemen t puri�cation proto cols" w as presen ted, whic h w ere

renamed to \en tanglemen t distillation proto cols" later. They also p oin ted out that EDPs can b e

used to send quan tum information through a noisy c hannel. Later, Bennett, DiVincenzo, Smolin

and W o otters [25 ] impro v ed the e�ciency of the proto cols in [22 ] and pro v ed a result that closely

related EDPs to quan tum error correcting co des, whic h is an alternativ e means to transmit quan tum

information reliably through a noisy c hannel. Horo dec ki, Horo dec ki, and Horo dec ki [42 , 45] and

Rains [75 , 76 , 77 ] giv e v arious asymptotic b ounds on distillable en tanglemen t for arbitrary en tangled

states. They considered the situation where n iden tical copies of a state are giv en as input to an

LOCC proto col, whic h then outputs m EPR pairs. They studied the asymptotic b eha vior of m=n

as n approac hes in�nit y . Researc hers also studied EDPs for a single cop y of an arbitrary pure

state, see, for example, Vidal [90 ], Jonathan and Plenio [49 ], Hardy [41 ], and Vidal, Jonathan, and

Nielsen [91 ]. Muc h of the w ork w as built on the result of ma jorization b y Nielsen [67 ], who is the

�rst one that studied conditions under whic h one pure state can b e transformed in to another one

b y LOCC.

F rom another direction, researc hers ha v e studied EDPs with inc omplete information , where

Alice and Bob do not kno w the exact state they share. The state is in a mixed state, or is prepared

adv ersarially . In this case w e cannot hop e that Alice and Bob w ould act optimally . Ho w ev er, there

still exist proto cols that do reasonably w ell. Bennett et. al [22 , 25 ] studied the mo del where Bob's

share in the EPR pairs underw en t a noisy c hannel, resulting in a mixed state. They sho w ed that

their proto col w ould \distill" near-p erfect EPR pairs ev en when Alice and Bob do not ha v e the

complete kno wledge of the shared state. Under another circumstance, \purit y-testing proto cols"

w ere studied implicitly b y Lo and Chau [57 ], Shor and Preskill [84 ], and later explicitly b y Barn um,

Cr � ep eau, Gottesman, Smith, and T app [23 ]. Purit y-testing proto cols are LOCC proto cols that
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appro ximately distinguish the state of p erfect EPR pairs from the rest states. Am bainis, Smith,

and Y ang [7 ] p oin ted out that purit y-testing proto cols are indeed EDPs where Alice and Bob only

kno w the �delity of the state they share. Using constructions from [23 ], Am bainis, Smith and Y ang

constructed a \Random Hash" proto col that pro duces ( n � s ) EPR pairs of conditional �delit y

at least 1 �

2

� s

1 � �

on an y n qubit-pair input state of �delit y 1 � � . Their proto col w ould fail with

probabilit y � , and the conditional �delit y of its output is the �delit y c onditione d on the proto col

not failing.

Muc h of previous w ork assumes that Alice and Bob ha v e the complete information ab out the

state they share, and th us they can act optimal ly . The main fo cus of the ma jorit y of the previous

w ork is the yield of the proto cols, i.e., the question \ho w man y EPR pairs can b e extracted from

the input state, using unlimite d classical comm unication?" Lately , there has b een w ork that start

to study the comm unication complexit y of EDPs, started b y Lo and P op escu [58 ] and follo w ed b y

Am bainis and Y ang [8 ]. Here the question is \ho w man y bits need to b e exc hanged in order to

distill n EPR pairs?" In the thesis, I con tin ue this line of researc h on the comm unication complexit y

of EDPs with the fo cus on the situation where Alice and Bob ha v e inc omplete information ab out

their shared states.

1.5.5 Comm unication Complexit y

Classical comm unication complexit y studies the minimal amoun t of classical information (t ypically

measured in bits) needed to b e transmitted b et w een m ultiple parties in order to collectiv ely p erform

a certain computation. The results are t ypically information theoretical, and do not rely on an y

un-pro v en assumptions. The �eld of comm unication complexit y w as pioneered b y Y ao [94 ], and

no w is a v ery ric h �eld in theoretical computer science, and has found applications in man y areas,

lik e net w ork analysis, VLSI design, data structure, and computational complexit y . The readers are

referred to [52 ] for a nice in tro duction and tutorial.

Quan tum comm unication complexit y mostly studies the minimal amoun t of quan tum informa-

tion (t ypically measured in qubits) needed to b e exc hanged in order to p erform some (classical or

quan tum) task. This �eld w as also �rst studied b y Y ao [95 ], and no w it is b ecoming one of the

main topics in quan tum information theory . It is a v ery successful area, and n umerous results ha v e
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emerged. In fact, most kno wn lo w er b ounds in quan tum computation can b e regarded as comm u-

nication complexit y results. W e refer the readers to [15 ] for a nice surv ey , and [19 , 50 , 51 , 78 ] for

some imp ortan t tec hniques and results.

Despite the n umerous results emerging from classical and quan tum comm unication complexit y ,

another class of problem, namely the classic al comm unication complexit y for quantum proto cols,

has b eing largely ignored un til v ery recen tly . This class of problem is concerned with the minimal

n um b er of classical bits needed to b e comm unicated to p erform certain quan tum tasks. An example

is the classical comm unication complexit y for EDPs. One ma y ask \ho w man y bits do Alice and

Bob need to exc hange in order to distill n EPR pairs?" One reason that not man y researc hers

pa y to o m uc h atten tion to this problem migh t b e the conception that classical comm unication is

\c heap" compared to quan tum comm unication, and th us one can assume they are free. Ho w ev er,

as p oin ted b y Lo and P op escu [58 ], there are situations where classical comm unication can not b e

justi�ably ignored. One example is the sup er-dense co ding [29 ]. Alice and Bob can use n qubits to

transmit 2 n bits of classical information, if they previously share n EPR pairs. Nev ertheless, if it

tak es more than n bits of classical comm unication to distill the n EPR pairs, it w ould completely

destro y the purp ose of sup er-dense co ding. F urthermore, in the study of LOCC proto cols o v er

quan tum states, no quan tum comm unication tak es place, and it is therefore in teresting to study

the classical comm unication complexit y of these (quan tum) proto cols.

The history of classical comm unication complexit y for quan tum proto cols can probably traced

bac k to the seminal pap er b y Bennett and Wiesner [29 ], whic h discussed telep ortation and con-

structed a proto col that uses 2 n classical bits to transmit n qubits. Ho w ev er, this topic w as largely

o v erlo ok ed un til the w ork b y Lo and P op escu [58 ] and Lo [55 ]. Lo and P op escu [58 ] discussed the

classical comm unication complexit y of v arious proto cols b y Bennett et. al. [21 ]. They observ ed that

the \en tanglemen t concen tration proto col" in [21 ] do es not require an y classical comm unication.

Ho w ev er, the \en tanglemen t dilution proto col", whic h transforms m EPR pairs in to n copies of less

en tangled qubit pairs, requires O ( n ) bits of classical comm unication. Lo and P op escu then con-

structed a new dilution proto col that only uses O (

p

n ) bits of comm unication. This proto col w as

pro v en to b e asymptotically optimal indep enden tly b y Ha yden and Win ter [47 ], and Harro w and

Lo [46 ], who pro v ed matc hing lo w er b ounds for general en tanglemen t dilution proto cols. Lo [55 ]
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studied the comm unication complexit y for Alice and Bob to join tly pr ep ar e man y copies of arbitrary

(kno wn) pure states, and pro v ed a non-trivial upp er b ound.

All the previous results fo cus on a relativ ely simple situation, where the input are iden tical

copies of a kno wn pure state, and only the asymptotic results are kno wn. In this thesis, I study the

comm unication complexit y of EDPs with inc omplete information . In this setting, Alice and Bob

do not ha v e the complete kno wledge ab out the input state they share. Rather, the input state is

a mixed state, or is adv ersarially prepared. I also study the pr e cise comm unication complexit y of

EDPs, rather than their asymptotic b eha vior. In fact, w e try to answ er questions of the follo wing

fashion: \On this particular input state class, ho w man y bits of classical comm unication are needed

in order to just output a single EPR pair with a certain qualit y?"
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Chapter 2

Quan tum Mec hanics and Quan tum

Information Theory

W e in tro duce the notions and concepts in quan tum mec hanics and quan tum information theory .

2.1 Quan tum Mec hanics

W e brie
y summarize the la ws and con v en tions in quan tum mec hanics used in this thesis. This

summary is b y no means complete and w e refer the reader to P eres [73 ] and Nielsen and Ch uang [69 ]

for a more comprehensiv e treatise.

2.1.1 The Quan tum States and the Dirac Notation

A quan tum system is describ ed in a Hilb ert sp ac e , i.e., a linear space with a w ell-de�ned inner

pro duct. In this thesis w e only consider Hilb ert spaces of �nite dimension. W e use H

N

to denote

a Hilb ert space of dimension N . A pur e state is describ ed b y a unit (column) v ector in a Hilb ert

space H

N

and is normally denoted in the so-called Dir ac notation as j � i . A qubit is a t w o-state

quan tum system (and is th us in a 2-dimensional space H

2

), and is also the smallest quan tum

state p ossible. A general qubit can b e written as j � i = � j 0 i + � j 1 i , where � and � are complex

n um b ers satisfying j � j

2

+ j � j

2

= 1. W e can view this general state j � i as a sup erp osition of the

t w o basis states j 0 i and j 1 i . In general, a system of n qubits is describ ed in a Hilb ert space of
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dimension 2

n

, whic h can b e con v enien tly view ed as a tensor pro duct of n t w o-state subspaces, i.e.,

H

2

n

= H

2


 H

2


 � � � 
 H

2

. W e alw a ys assume the existence of a �xed, canonical c omputational

b asis in an N -dimensional Hilb ert space, denoted as fj 0 i ; j 1 i ; :::; j N � 1 ig , and a general pure state

can b e written as j � i =

P

2

n

� 1

x =0

�

x

j x i , where

P

2

n

� 1

x =0

j �

x

j

2

= 1. Naturally w e ha v e N = 2

n

. Again,

it is in general a sup erp osition of 2

n

basis states.

A \bra" is a unit ro w v ector, de�ned as h � j = ( j � i )

y

, where x

y

denotes the op eration of applying

transp ose follo w ed b y the complex conjugate to x . F or pure states j � i and j  i , their inner pro duct

can b e con v enien tly written as ( j � i ; j  i ) = h � j � j  i = h � j  i .

An outer pr o duct of t w o pure states j � i and j  i is a matrix de�ned as j � i h  j = j � i � h  j .

The outer pro duct and the inner pro duct are con v enien tly related b y the trace of a matrix.

T r( j � i h  j ) = h  j � i (2.1)

2.1.2 The Densit y Matrix and Mixed States

An alternativ e w a y to describ e a pure state j � i is b y its outer pro duct with itself, j � i h � j . This is

kno wn as the density matrix notation, and j � i h � j is the densit y matrix represen ting state j � i . One

adv an tage for the densit y matrix notation is that it can con v enien tly represen t mixe d states . A

mixed state emerges when w e do not ha v e the complete information ab out a quan tum system but

only partial kno wledge represen ted as a probabilistic distribution. More precisely , a mixed state

is a probabilistic ensem ble (mixture) of pure states. In Dirac notation, one writes a mixed state

as f p

i

; j �

i

ig , whic h means this state is in state j �

i

i with probabilit y p

i

. Naturally , w e ha v e that

P

i

p

i

= 1. In the densit y matrix notation, suc h a state is simply represen ted as

� =

X

i

p

i

� j �

i

i h �

i

j : (2.2)

It is easy to see that all densit y matrices are p ositiv e op erators (i.e., they are Hermitians and

all their eigen v alues are non-negativ e) and ha v e trace 1. In fact, one can de�ne a densit y matrix

as one that is p ositiv e and ha v e trace 1. Notice an y suc h matrix can b e written in the form of

Eq. (2.2) b y sp ectral decomp osition.

Notice that there migh t exist t w o v ery di�eren t ensem bles of pure states that yield the same
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densit y matrix. F or example, consider an ensem ble A whic h is state j 0 i with probabilit y 0 : 5, and

state j 1 i with probabilit y 0 : 5. Its densit y matrix is �

A

= 0 : 5 � j 0 i h 0 j + 0 : 5 � j 1 i h 1 j = I = 2. Consider

another ensem ble B that is state j �

+

i =

1

p

2

( j 0 i + j 1 i ) with probabilit y 0 : 5 and state j �

�

i =

1

p

2

( j 0 i � j 1 i ) with probabilit y 0 : 5. It densit y matrix is �

B

= 0 : 5 � j �

+

i h �

+

j + 0 : 5 � j �

�

i h �

�

j = I = 2.

So these t w o ensem bles ha v e the same densit y matrix, although they are formed v ery di�eren tly .

Ho w ev er, b y the la ws of quan tum mec hanics, all the information one can obtain from a quan tum

system can b e deriv ed from its densit y matrix. Therefore, if t w o systems ha v e iden tical densit y

matrices, then there is no w a y to distinguish them. So the t w o ensem bles A and B describ e the

same quan tum system.

When studying a large quan tum system, sometimes it is con v enien t to fo cus on a smaller

\subsystem" within the large system. One can deriv e the r e duc e d density matrix for the subsystem

from the densit y matrix of the large system. Supp ose the smaller system is in a Hilb ert space H

A

and the large system is in a Hilb ert space H

AB

with densit y matrix � . Then the densit y matrix �

A

for the subsystem can b e obtained b y \tracing out" the system B , denoted b y �

A

= T r

B

( � ). Here

T r

B

is a linear op erator de�ned as

T r

A

( j a

0

i h a

1

j

A


 j b

0

i h b

1

j

B

) = h b

0

j b

1

i � j a

0

i h a

1

j (2.3)

Here w e use sup erscript to denote the subsystem a state is in: j a

0

i h a

1

j

A

is a state in subsystem A

and j b

0

i h b

1

j

B

is a state in subsystem B . It is p ossible that � is a pure state in the large quan tum

system AB , while the lo cal densit y matrix �

A

corresp onds to a mixed state. In this case w e sa y that

state AB is entangle d . En tanglemen t is one of the most imp ortan t features in quan tum mec hanics

and quan tum information theory .

2.1.3 Quan tum Op erations

There are t w o t yp es of op erations that can b e applied to a quan tum system, namely unitary

op erations and measuremen ts.

A unitary op eration is a linear op erator. F or a quan tum system of dimension N , suc h a linear

op erator can b e naturally describ ed as an N � N matrix U that maps a pure state j � i to U j � i ,

and (equiv alen tly) a mixed state � to U �U

y

. Suc h a matrix is unitary , if and only if U U

y

= I .
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The la ws of quan tum mec hanics stipulate that all unitary op erations are allo w ed. Some of the

most imp ortan t unitary op erations are single-qubit op erators kno wn as P auli op erators or P auli

matrices, denoted b y X , Y , and Z , resp ectiv ely , and de�ned as

X ( � j 0 i + � j 1 i ) = � j 0 i + � j 1 i (2.4)

Y ( � j 0 i + � j 1 i ) = � i� j 0 i + i� j 1 i (2.5)

Z ( � j 0 i + � j 1 i ) = � j 0 i � � j 1 i (2.6)

The simplest v ersion of measuremen ts is a pr oje ctive me asur ement . A pr oje ctor is a linear

op erator P suc h that P

2

= P . An observable is an orthogonal decomp osition of the iden tit y

op eration. In other w ords, an observ able is a collection of pro jectors f P

i

g satisfying

P

i

P

i

= I . If

one applies an observ able j � i to a state j � i , w e ha v e a pro jectiv e measuremen t. A measuremen t is

generally probabilistic: the resulting state is

P

i

j � i

p

h � j P

i

j � i

with probabilit y h � j P

i

j � i . A measuremen t

on a mixed state can b e naturally generalized. A more general v ersion of measuremen t, kno wn

as PO VM (\P ositiv e Op erator-V alued Measuremen t"), is more con v enien tly describ ed using the

densit y matrix notation. A PO VM is a collection of me asur ement op er ators f E

i

g , where eac h E

i

is a p ositiv e op eration and w e ha v e

P

i

E

i

= I . One ma y write E

i

= M

y

i

M

i

for eac h i . The result

of suc h a measuremen t on a quan tum state � is state

M

i

�M

y

i

T r ( M

y

i

M

i

� )

with probabilit y T r( M

y

i

M

i

� ). T o

see that PO VM is indeed a more general notion, observ e that it includes unitary op erations as a

sp ecial case. It can b e sho wn, ho w ev er, that an y PO VM can b e realized b y unitary op erator and

pro jectiv e measuremen ts with ancillary qubits.

The formalism of sup er-op er ators is used to describ e ho w a quan tum system ev olv e when in ter-

acting with its en vironmen t. A sup er-op erator, normally denoted b y E , is a linear op erator o v er

densit y matrices de�ned as

E ( � ) =

X

i

E

i

�E

y

i

(2.7)

where

P

i

E

y

i

E

i

� I . W e sa y E is tr ac e-pr eserving , if

P

i

E

y

i

E

i

= I .
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2.2 Quan tum Information Theory

W e review some of the basic notions in quan tum information theory . W e do not attempt to giv e

a complete or comprehensiv e surv ey on this topic. Again, the readers are refereed to Nielsen and

Ch uang [69 ] for more comprehensiv e treatise.

2.2.1 En trop y

The entr opy of a quan tum state � is denoted b y S ( � ) and kno wn as the von Neumann entr opy . It

is de�ned as

S ( � ) = � T r( � log � ) (2.8)

where the logarithm is base-2.

It is not hard to deriv e from the de�nition that all pure states ha v e en trop y zero and the

maxim um en trop y of an n -qubit system is n , whic h is ac hiev ed b y the completely mixed state

I

2

n

.

2.2.2 En tanglemen t

In this thesis w e will b e mainly in terested in bipartite systems shared b et w een Alice and Bob. In

suc h a bipartite system, the entanglement of a normalized pure state j � i , denoted b y E ( j � i ), is

de�ned to b e the v on Neumann en trop y of the mixed state obtained b y tracing out Bob's subsystem.

In other w ords,

E ( j � i ) = S (T r

B

( j � i h � j )) (2.9)

A pure state is entangle d if its en tanglemen t is non-zero, and is otherwise disentangle d or

sep ar able . A mixed state is disen tangled if it can b e expressed as an ensem ble f p

i

; j �

i

ig where eac h

j �

i

i is disen tangled. All other mixed states are en tangled. Ho w ev er, there isn't an agreed-up on

de�nition on the amoun t of en tanglemen t of a mixed state.

F or a bipartite system consisting of n qubit pairs (or 2 n qubits in total), its maxim um p ossible

en tanglemen t is n . The most imp ortan t among the maximally en tangled states are the four Bel l

31



states , de�ned as

�

+

=

1

p

2

( j 0 i

A

j 0 i

B

+ j 1 i

A

j 1 i

B

) (2.10)

�

�

=

1

p

2

( j 0 i

A

j 0 i

B

� j 1 i

A

j 1 i

B

) (2.11)

	

+

=

1

p

2

( j 0 i

A

j 1 i

B

+ j 1 i

A

j 0 i

B

) (2.12)

	

�

=

1

p

2

( j 0 i

A

j 1 i

B

� j 1 i

A

j 0 i

B

) (2.13)

These are maximally en tangled t w o-qubit pure states.

The Bell states are closely related to the P auli matrices. In particular, it is easy to v erify that

unitary op erators of the form I 
 U , where U 2 f X ; Y ; Z g translates one Bell state to another. F or

example, w e ha v e ( I 
 X ) �

+

= 	

+

, ( I 
 Y ) �

+

= 	

�

, and ( I 
 Z )�

+

= �

�

.

An EPR p air , or an Einstein-P o dolsky-Rosen pair, refers to the Bell state �

+

.

1

W e denote

the state (�

+

)


 n

, whic h represen ts n p erfect EPR pairs, b y �

n

. W e also abuse the notation to

use �

n

to denote b oth the v ector j �

n

i and its densit y matrix j �

n

i h �

n

j , when there is no danger of

confusion.

2.2.3 Fidelit y

The �delit y is a measure of the \closeness" of t w o quan tum states. F or t w o (mixed) states � and

� of equal dimension, their �delit y if de�ned as

F ( �; � ) = T r

2

(

q

�

1 = 2

� �

1 = 2

) : (2.14)

Notice w e are using a di�eren t de�nition as in [NC00], where the squar e r o ot of (2.14) is used.

If � = j ' i h ' j is a pure state, the de�nition simpli�es to

F ( �; j ' i h ' j ) = h ' j � j ' i (2.15)

A sp ecial case for the �delit y is when j ' i = �

n

for some n . In this case, w e call the �delit y of

1

There exist con texts where an EPR pair refers to the state 	

�

. See, for example, Bohm [14 ]. But in this thesis,

w e use the con v en tion of �

+

.
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� and j ' i simply the �delity of state � , denoted as F ( � ). In other w ords, w e ha v e

F ( � ) = h �

n

j � j �

n

i (2.16)

W e are often in terested in the �delit y of t w o states of unequal dimensions, and in particular,

the �delit y of a general bipartite state � , and the Bell state �

+

. If � has dimension 2, then this

is simply F ( � ). Ho w ev er, when � has a higher dimension, w e need to de�ne its b ase �delity as the

�delit y of the state obtained b y tracing out all but the �rst qubit pair of � . W e denote the base

�delit y of � b y F

b

( � ). Mathematically , w e ha v e F

b

( � ) = F (T r

1

( � )).

It is easy to v erify that the �delit y is linear with resp ect to ensem bles, so long as one of the

inputs is a pure state, as in the follo wing claim.

Claim 2.1 If � is the density matrix for a mixe d state that is an ensemble f p

i

; j �

i

ig , and � is the

density matrix of a pur e state, then we have

F ( �; � ) =

X

i

p

i

� F ( j �

i

i h �

i

j ; � ) : (2.17)

The �delit y is also monotone with resp ect to trace-preserving op erations [69 ].

Claim 2.2 F or any states � and � and any tr ac e-pr eserving op er ator E , we have

F ( E ( � ) ; E ( � )) � F ( �; � ) : (2.18)

One useful fact is that the base �delit y of an y completely disen tangled state is at most 1 = 2.

Lemma 2.1 If � is a c ompletely disentangle d state, then F

b

( � ) � 1 = 2 .

Pro of: By the de�nition of base �delit y , w e ma y assume that � has dimension 2. By Claim 2.1,

w e only need to consider the case that � is a pure state j � i h � j . Since j � i is disen tangled, w e ma y

write it as

j � i = ( �

0

j 0 i + �

1

j 1 i ) 
 ( �

0

j 0 i + �

1

j 1 i )
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Then a direct calculation rev eals that

F

b

( j � i h � j ) =

1

2

j �

0

�

0

+ �

1

�

1

j

2

=

1

2

�

j �

0

j

2

j �
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�

j �

0

j

2

j �

0

j

2

+ j �

1

j

2

j �

1

j

2

+ j �

0

�

�

1

j
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+ j �

1

�

�

0

j

2

�

=

1

2

( j �

0

j

2

+ j �

1

j

2

)( j �

0

j

2

+ j �

1

j

2

)

=

1

2

2.3 Some Useful Results

2.3.1 The Deviation of Pure States o v er Unitary Op erations

W e study ho w m uc h \deviation" a quan tum state undergo es when applied v arious unitary op era-

tions. In particular, w e will pro v e t w o lemmas that w ould b e useful in the rest of the thesis.

First, w e consider the \deviation" of an arbitrary pure state under the op erations f I ; X ; Y ; Z g

o v er its �rst qubit.

Lemma 2.2 L et j � i and j  i b e two pur e states of the same dimension, not ne c essarily bip artite.

L et I , X , Y , and Z b e the unitary op er ations over the �rst qubit of j � i . Then we have

X

U 2f I ;X ;Y ;Z g

jh � j U j  ij

2

� 2 (2.19)

Pro of: W e write j � i = �

0

j 0 ij �

0

i + �

1

j 1 ij �

1

i and j  i = �

0

j 0 ij  

0

i + �

1

j 1 ij  

1

i

Then w e ha v e

h � j I j  i = �

�

0

�

0

h �

0

j  

0

i + �

�

1

�

1

h �

1

j  

1

i

h � j X j  i = �

�

1

�

0

h �

1

j  

0

i + �

�

0

�

1

h  

0

j �

1

i

h � j Y j  i = � i�

1

�

�

0

h �

1

j  

0

i + i�

0

�

�

1

h �

0

j  

1

i

h � j Z j  i = �

�

0

�

0

h �

0

j  

0

i � �

�

1

�

1

h �

1

j  

1

i
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Therefore

X

U 2f I ;X ;Y ;Z g

jh � j U j  ij
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+ 2 j �

0

j

2

j �

1

j

2

+ 2 j �

1

j

2

j �

0

j

2

= 2( j �

0

j

2

+ j �

1

j

2

)( j �

0

j

2

+ j �

1

j

2

)

= 2

An immediate corollary is

Corollary 2.1 F or any pur e state j � i ,

P

U 2f I ;X ;Y ;Z g

jh � j U j � ij

2

� 2 .

Next, w e consider quan tum states and op erations o v er bipartite systems, and study the \de-

viation" of a general bipartite state under unitary op erations of the form U 
 U

�

, where U

�

is

de�ned as the complex conjugate of U , i.e., one simply tak es the conjugate of eac h en try in U

�

.

Alternativ ely , U

�

is de�ned as the unique unitary op eration that satis�es that U

�

j �

�

i = ( U j � i )

�

.

W e in terpret U 
 U

�

as Alice applies U to her �rst qubit and Bob applies U

�

to his �rst qubit.

Again, w e consider U 2 f I ; X ; Y ; Z g .

Lemma 2.3 L et j � i b e a pur e state in a bip artite system shar e d b etwe en A lic e and Bob. L et I ,

X 
 X

�

, Y 
 Y

�

, and Z 
 Z

�

b e the unitary op er ations over the �rst A l l these 4 op er ations work

on the �rst qubit of A lic e and the �rst qubit of Bob. Then we have

h � j � i + h � j ( X 
 X

�

) j � i + h � j ( Y 
 Y

�

) j � i + h � j ( Z 
 Z

�

) j � i = 4 F

b

( j � i ) (2.20)

Pro of: W e �rst consider ho w the Bell states b eha v e under these unitary op erations. It is easy to

v erify the result, whic h w e compile in to the follo wing �gure.

It is easy to see that the state �

+

is in v arian t under an y of the 4 op erations, while other Bell

states will c hange their signs under some op erations.

Notice the 4 Bell states form an orthonormal basis for a bipartite system of 2 qubits. W e
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Figure 2.1: The Bell States under P auli Op erators

decomp ose j � i in to the Bell basis and write

j � i = �

0

�

+


 j  

0

i + �
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�

�


 j  

1

i + �

2

	

+


 j  

2

i + �
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 j  

3

i

where

P

3

j =0

j �

j

j

2

= 1. Therefore w e ha v e
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and so,

h � j � i + h � j ( X 
 X

�

) j � i + h � j ( Y 
 Y

�

) j � i + h � j ( Z 
 Z

�

) j � i = 4 j �

0

j

2

= 4 F

b

( j � i )

2.3.2 P ositiv e Op erators

F or t w o p ositiv e op erators A and B , w e sa y A dominates B , if A � B is still a p ositiv e op erator,

and w e write this as A � B , or equiv alen tly , B � A .

Lemma 2.4 F or any sup er-op er ator E and any p ositive op er ators A and B , if A � B , then E ( A ) �

E ( B ) .
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This directly follo ws the fact that E is linear and preserv es the p ositivit y of op erators: If A � B is

a p ositiv e op erator, then E ( A ) � E ( B ) = E ( A � B ) is also a p ositiv e op erator.

Lemma 2.5 L et � and � b e density matric es such that � � a � � , for some p ositive numb er a . F or

any PO VM f E

i

g , wher e E

i

= M

y

i

M

i

, let p

i

= T r( �M

i

) and and q

i

= T r( � M

i

) b e the pr ob abilities

the me asur ement r esult b eing i for � and � , r esp e ctively. Then we have p

i

� a � q

i

.

This is ob vious, since w e ha v e p

i

� a � q

i

= T r(( � � a � � ) M

i

) � 0.
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Chapter 3

Preliminaries and Notations

3.1 General Notations

W e presen t some general notations, b oth classical and quan tum, to b e used throughout the thesis.

All logarithms are base-2. All v ectors are column v ectors b y default. W e use [ n ] to denote the

set f 0 ; 1 ; :::; n � 1 g . If A and B are t w o sets, then A � B denotes the Cartesian pro duct b et w een

sets A and B .

W e often w ork with sym b ols from a particular alphab et , whic h is a �nite set and is normally

denoted b y �. W e alw a ys assume the existence of a canonical one-to-one corresp ondence b et w een

an alphab et � of size q and the set [ q ], and often iden tify � with [ q ].

A string is a sequence of sym b ols from an alphab et. W e often iden tify a string with a v ector

and shall use them in terc hangeably . F or a string x of length n , w e use x [ j ] to denote its j -th en try ,

for j = 0 ; 1 ; :::; n � 1. W e often also use a tuple to index an en try in a v ector. F or example, W e

index an ( a � b )-dimensional v ector b y ( x; y ), where x 2 [ a ] and y 2 [ b ]. In this case, w e assume

there exists a canonical mapping from [ a ] � [ b ] to [ ab ]. W e use 0

n

to denote the all-zero v ector

(whose eac h en try is 0) of dimension n , and 1

n

to denote the all-one v ector (whose eac h en try is 1)

of dimensional n . When the dimension is clear from the con text, it is often omitted.

The Hamming distanc e b et w een 2 strings x and y of equal length is the n um b er of p ositions

that these 2 strings di�er, and is denoted b y dist ( x; y ). F or strings x and y , w e use x ; y to denote

the c onc atenation of these 2 strings.
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A binary string or binary ve ctor is a string o v er alphab et f 0 ; 1 g . W e iden tify an in teger with

the binary v ector obtained from its binary represen tation. F or a binary v ector x , w e denote its

Hamming weight b y j x j , whic h is the n um b er of 1's in x . Ob viously the Hamming distance b et w een

2 binary strings x and y is simply j x � y j , where x � y denote the string obtained b y en try-wise

X ORing x and y .

A classical probabilistic distribution for some alphab et �, normally denoted b y D , is a mapping

from �

�

to [0 ; 1], suc h that

P

x 2 �

�

D ( x ) = 1. A uniform distribution o v er a set S is denoted b y U

S

,

and is de�ned to b e U

S

( x ) = 1 = j S j for all x 2 S .

W e iden tify a random v ariable with its distribution and shall use the terms \random v ariable"

and \probabilistic distribution" in terc hangeably .

The c orr elation of a pair of random v ariables X and Y o v er a distribution D , denoted b y

Co r

D

[( X ; Y )], is the probabilit y they agree min us the probabilit y they disagree.

Co r

D

[( X ; Y )] = Prob

D

[ X = Y ] � Prob

D

[ X 6= Y ] : (3.1)

The statistic al distanc e b et w een t w o distributions X and Y is

SD ( X ; Y ) =

1

2

X

x

j Prob [ X = x ] � Prob [ Y � x ] j (3.2)

If the statistical distance b et w een X and Y is � , then w e sa y that they are � -close .

F or an y function o v er a �nite set, w e iden tify this function with its truth table, whic h can b e

written as a v ector. F or example, w e regard a function o v er f 0 ; 1 g

n

also as a 2

n

-dimensional v ector.

W e assume a canonical ordering of n -bit strings.

3.2 Proto cols

W e fo cus on t w o-part y proto cols executed b et w een Alice and Bob. A proto col is normally denoted

b y P . Classical proto cols can b e mo deled b y t w o in teractiv e T uring mac hines as b y Goldreic h [40 ].

Quan tum proto cols can b e mo deled b y t w o quan tum circuits connected b y classic wires, as de�ned

b y Y ao [95 ]. The actual mo del of computation isn't essen tial for this thesis, since all the lo w er
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b ounds I shall pro v e are information-theoretical, and therefore are indep enden t from the actual

computation mo del b eing used, and all the algorithms I presen t w ould b e e�cien tly realizable in

an y of the reasonable computation mo dels.

Next, w e will giv e formal de�nitions on v arious asp ects of the correlation distillation proto cols.

Ho w ev er, �rst w e discuss di�eren t t yp es of these proto cols

Classical vs. Quan tum The classical v ersion of correlation distillation proto cols w ork with clas-

sical information. A t the b eginning of a proto col, Alice and Bob share information that is not

p erfectly correlated, and at the end of the proto col, they output classical information that is

almost p erfectly correlated.

The quan tum v ersion of correlation distillation proto cols is more appropriately called en tan-

glemen t distillation proto cols. Here, Alice and Bob start with qubits that are imp erfectly

en tangled, and at the end, they output qubits that are almost p erfectly en tangled.

Reco v ering vs. Refreshing In tuitiv ely , the r e c overing pr oto c ols are the ones that try to reco v er

the information that is \corrupted" b y a noisy c hannel. A bit more formally , a proto col is

a reco v ering proto col, if Alice directly outputs her lo cal input. Consider the situation where

Alice sends some information A through a noisy c hannel, and when Bob receiv es B from the

c hannel, A and B are not p erfectly correlated (or en tangled). In a reco v ering proto col, Alice

and Bob try to reconstruct the information A Alice sen t out. A t the end of the proto col,

Alice will output A , and Bob tries to output

^

A that is as \close" to A as p ossible.

Proto cols that are not reco v ering proto cols are called r efr eshing pr oto c ols . These proto cols,

on the other hand, aim to generate fresh information that is not necessarily the original

shared information. A t the end of a refreshing proto col, Alice and Bob eac h outputs some

information, whic h w e denote as X and Y . The goal is to ha v e X and Y b e as correlated (or

en tangled) as p ossible.

Non-in teractiv e, One-w a y , and Tw o-w a y Dep ending on the amoun t of comm unication, a pro-

to col can b e non-inter active , one-way , or two-way . A non-in teractiv e proto col is one where

Alice and Bob don't comm unicate at all. They are p erhaps the simplest proto cols in their

class. F or in teractiv e proto cols, w e sa y a proto col P is a k -bit proto col, if it con tains k bits
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of comm unication. In a one-way proto col, only one of the pla y ers sends information to the

other part y . W e alw a ys assume that in this case it is Alice that sends information to Bob,

and Bob sends nothing bac k. In a two-way proto col, Alice and Bob b oth send information to

eac h other.

Deterministic, Randomized, and Randomized Public-Coin A distillation proto col is either

deterministic or r andomize d . Deterministic proto cols refer to ones where b oth Alice and Bob

are deterministic. In a randomized proto col, b oth Alice and Bob are randomized. They b oth

ha v e their o wn supply of random bits, but they do not share an y randomness. A proto col is

r andomize d public-c oin , if Alice and Bob ha v e read access to a shar e d random string.

Clearly a randomized public-coin proto col is more p o w erful than a randomized one, whic h

in turn is more p o w erful than a deterministic proto col. In fact, refreshing proto cols with

shared randomness are trivial, since Alice and Bob can simply discard the imp erfectly shared

information and use the shared randomness en tirely . Ho w ev er, shared randomness do es not

trivialize quan tum en tanglemen t distillation proto cols. In fact, it pro v es v ery useful in con-

structing EDPs.

Absolute vs. Conditional W e assume that proto cols alw a ys terminate. Ho w ev er, w e mak e a

distinction b et w een a suc c essful termination and an ab ort . Proto cols that alw a ys successfully

terminate are called absolute pr oto c ols ; proto cols that ma y ab ort are called c onditional pr oto-

c ols . F or a conditional proto col, w e assume that b esides the normal output, Alice will output

a sp ecial sym b ol (either SUCC or F AIL ) that indicates if the proto col successfully terminates

or ab orts. W e assume that this sp ecial sym b ol is output in a sp ecial tap e (in the T uring

Mac hine notation) or a sp ecial wire (in the circuit notation), so that it will not b e confused

with the \normal" output of Alice. W e also assume that the sp ecial sym b ol is a piece of

classical information.

A classical correlation distillation proto col P w orks o v er a �xed alphab et �. Both the input and

the output of P are pairs of strings in �.

1

A string p air S 2 �

n

� �

n

is written as S = ( S

A

; S

B

),

indicating that S

A

b elongs to Alice and S

B

b elongs to Bob.

1

In fact, in some of the proto cols w e study in the thesis, the input and the output alphab ets are di�eren t. Ho w ev er,

they can b e view ed as a natural extension to our con v en tion here.
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W e sa y P is a (� ; n; m )-proto col, if the input string pairs ha v e length n , and the output pairs

ha v e length m . W e call m the yield of the proto col P . F ormally w e ma y write this as

P ( I ) = O (3.3)

where I 2 �

n

� �

n

is the input string pair, and O 2 �

m

� �

m

is the output string pair. A t the

b eginning of the proto col, Alice receiv es I

A

as her lo cal input, and Bob receiv es I

B

as his. A t the

end of the proto col, Alice outputs O

A

as her lo cal output, and Bob outputs O

B

. Notice that if P

is randomized, then O can b e a random v ariable.

A quan tum en tanglemen t distillation proto col P w orks o v er qubits. The shared quan tum state

b et w een Alice and Bob can b e describ ed b y a mixed state � . Supp ose Alice and Bob share a state

consisting of n qubit pairs, then � is a mixed state in a Hilb ert space of dimension 2

2 n

. The reduced

densit y matrices of Alice and Bob represen t the lo cal information they p ossess regarding the state

� . W e denote them b y �

A

and �

B

. In other w ords, w e ha v e �

A

= T r

B

[ � ] and �

B

= T r

A

[ � ].

W e sa y P is an ( n; m )-proto col, if its input consists n qubit pairs and it outputs m qubit pairs.

W e call m the yield of P . F ormally w e write this as

P ( � ) = � (3.4)

where � is a densit y matrix of dimension 2

2 n

and � a densit y matrix of dimension 2

2 m

.

3.3 Noise Mo dels

F or b oth classical and quan tum proto cols, noise mo dels are used to describ e the inputs to the

proto cols. A noise mo del is normally denoted b y N , and is either classical or quan tum, and is either

adv ersarial or probabilistic.

De�nition 3.1 (Adv ersarial Classical Noise Mo del) A n adv ersarial classical noise mo del over

an alphab et � , often denote d by N

ca

� ;n

, is a set of string p airs.

N

ca

� ;n

= f I

1

; I

2

; :::; I

M

g (3.5)
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wher e I

k

2 �

n

� �

n

for k = 1 ; 2 ; :::; M . When ther e is no danger of c onfusion, the subscripts �

and/or n ar e omitte d.

De�nition 3.2 (Probabilistic Classical Noise Mo del) A probabilistic classical noise mo del

over an alphab et � , often denote d by N

cp

� ;n

, is a pr ob abilistic distribution over �

n

� �

n

. When

ther e is no danger of c onfusion, the subscripts � and/or n ar e omitte d.

De�nition 3.3 (Adv ersarial Quan tum Noise Mo del) A n adv ersarial quan tum noise mo del ,

often denote d by N

qa

n

, is a set of quantum (mixe d) states in a 2

2 n

-dimensional Hilb ert sp ac e.

N

qa

n

= f �

0

; �

1

; :::; �

M � 1

g (3.6)

When ther e is no danger of c onfusion, the subscript n is omitte d.

De�nition 3.4 (Probabilistic Quan tum Noise Mo del) A probabilistic quan tum noise mo del ,

often denote d by N

qp

n

, is a single density matrix � of dimension 2

2 n

. When ther e is no danger of

c onfusion, the subscript n is omitte d.

All our de�nitions on noise mo dels (classical/quan tum, adv ersarial/probabilistic) can b e natu-

rally extended to families of noise mo dels.

De�nition 3.5 (Noise Mo del F amily) A noise mo del family is an in�nite se quenc e of noise

mo dels over a �xe d alphab et � .

N = ( N

1

; N

2

; :::; N

n

; ::: ) (3.7)

3.4 Qualit y of the Proto cols

W e de�ne measures for the qualit y of correlation distillation proto cols.

3.4.1 Classical Correlation Distillation Proto cols

The qualit y of a classical proto col is measured b y the c orr elation of the string pair it outputs.
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De�nition 3.6 (Correlation of Classical Proto cols) If a classic al c orr elation distil lation pr o-

to c ol P pr o duc es a string p air O = ( O

A

; O

B

) on input I , then its correlation on input I is the

c orr elation b etwe en O

A

and O

B

, and it written as as Co r [ P ( I )] . The c orr elation of P over an

adversarial noise mo del N

ca

, denote d by Co r

N

ca

[ P ] , is the minimal c orr elation of P over al l inputs

in N

ca

Co r

N

ca

[ P ] = min

I 2 N

ca

f Co r [ P ( I )] g (3.8)

The c orr elation of P over a pr ob abilistic noise mo del N

cp

, denote d by P [ N

cp

] , is the exp e cte d c orr e-

lation of P over al l inputs in N

ca

Co r

N

cp

[ P ] = E

I 2 N

cp

f Co r [ P ( I )] g (3.9)

De�nition 3.7 (P erfect Classical Proto col) A classic al c orr elation distil lation pr oto c ol P is

p erfect for a classic al noise mo del N

c

, if Co r

N

cp

[ P ] = 1 .

Often there are other constrain ts on the output b esides the correlation. In a reco v ering proto col,

Alice needs to output the original information she sen t o v er. In a refreshing proto col, b oth Alice

and Bob need to output (lo cally) uniformly distributed bits. The p erformance of a proto col is

measured b oth in its yield and the correlation of its output with the constrain ts.

3.4.2 Quan tum En tanglemen t Distillation Proto cols

The qualit y of a quan tum proto col is measured b y the �delit y of its output and the p erfect EPR

pairs.

De�nition 3.8 (Fidelit y of Quan tum Proto cols) The �delity of an entanglement distil lation

pr oto c ol P on input state � is the �delity of its output, written as F ( P ( � )) . The �delity of P over

an adversarial noise mo del N

qa

, denote d by F

N

qa

( P ) , is the minimal �delity of P on al l inputs in

N

qa

F

N

qa

( P ) = min

� 2 N

qa

f F ( P ( � )) g : (3.10)

The �delity of a pr oto c ol P over N

qp

is simply F ( P ( N

qp

)) .
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De�nition 3.9 (P erfect Quan tum Proto col) A quantum c orr elation distil lation pr oto c ol P is

p erfect for a quantum noise mo del N

q

, if F

N

q

( P ) = 1 .

De�nition 3.10 (Conditional Fidelit y) F or a c onditional pr oto c ol P , its conditional �delit y

over a noise mo del N

q

is its �delity c onditione d on that P suc c e e ds (i.e., outputs \ SUCC "), and is

denote d by F

c

N

q

( P ) .
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Chapter 4

Error Correcting Co des and

Correlation Distillation Proto cols

W e discuss the relation b et w een error correcting co des and correlation distillation proto cols. In

particular, w e shall establish sev eral results. The �rst result relates classical linear error correcting

co des to classical correlation distillation proto cols b y pro ving that ev ery linear ECC corresp onds to

a CDP of the same o v erhead with resp ect to the same noise mo del; the second result relates quan tum

stabilizer co des to en tanglemen t distillation proto cols b y pro ving a similar result, that an y stabilizer

QECC corresp onds to an EDP of the same o v erhead with resp ect to the same noise mo del.

1

The

last result separates the p o w er of error correction from correlation distillation. In particular, w e

presen t t w o noisy c hannels (one classical and one quan tum) of suc h high noise rates that error

correction b ecomes useless (for noiseless transmission of information), but there exist correlation

distillation proto cols that can ac hiev e a p ositiv e rate of noiseless information transmission.

The results in this Chapter relativ e to this thesis are summarized in Figure 4.1.

1

In fact, w e pro v e that for an y stabilizer QECC with an o v erhead of ` qubits , there exists an EDP with an o v erhead

of ` bits . Th us, in some sense EDPs are much mor e e�cien t than QECC, since classical bits are m uc h c heap er than

qubits.
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Figure 4.1: Results in Chapter 4.

4.1 Classical Error Correcting Co des and Correlation Distillation

Proto cols

Here w e pro v e a v ery general result that relates a v ery large class of error correcting co des to

correlation distillation proto cols.

4.1.1 Error Correcting Co des

W e describ e the notion of Error Correcting Co des v ery brie
y . Generally , an error correcting co de

is a systematic w a y of adding redundancy to the information, so that the redundan t information is

resilien t to \small" disturbances. In this thesis w e only fo cus on blo ck c o des that enco de messages

of a �xed length in to co de-w ords of a �xed length.

De�nition 4.1 (Classical Error Correcting Co de) A (classical) error correcting co de of p a-

r ameter ( n; k ; d ) over an alphab et � is function E : �

k

7! �

n

, such that for any x; y 2 �

k

, x 6= y ,

dist ( E ( x ) ; E ( y )) � d . The function E is c al le d an enco der . A string x 2 �

k

is c al le d a message ,

and its image E ( x ) 2 �

n

is c al le d its co de-w ord .

This de�nition implicitly de�nes a de c o der D as w ell. Consider an ( n; k ; d )-co de. F or an y string

t 2 �

n

, there can b e at most one co de-w ord of Hamming distance less than or equal to ( d � 1) = 2

from t . If suc h a co de-w ord exists, and supp ose it is E ( x ), then t will naturally b e deco ded to
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message x . If no suc h co de-w ord exists, the deco ding of t is unde�ne d . More formally , D : �

n

7! �

k

is de�ned as

D ( t ) =

8

>

<

>

:

x if there exists an x s.t. dist ( E ( x ) ; t ) � ( d � 1) = 2

? otherwise

(4.1)

W e stress that w e fo cus on the prop erties of the co de-w ords, rather than c omputational c om-

plexity of enco ding/deco ding. F or example, w e don't require the enco ding and deco ding algorithms

of the co des to b e e�cien t. Neither do w e consider list de c o ding , where some strings more than

( d � 1) = 2 a w a y from an y co de-w ords ma y b e deco ded to a list of \candidate" messages (in terested

readers are referred to Gurusw ami's Ph.D. thesis [38 ] for a comprehensiv e surv ey).

4.1.2 Linear Co des

P erhaps the most imp ortan t class of error correcting co des is the class of line ar c o des . Linear co des

are of particular in terest b ecause of their simplicit y and b eautiful mathematical structures. In fact,

most of the kno wn go o d co des b elong to the class of linear co des. The alphab et of a linear co de is

a �nite �eld F , and the enco der E for a linear co de is a linear mapping from F

k

to F

n

. Therefore E

can b e succinctly describ ed as an n � k gener ator matrix G , and the enco ding is simply a matrix

m ultiplication: a message x , a k -dimensional v ector, is mapp ed to co de-w ord G � x . All the co de-

w ords form a k -dimensional subspace in F

n

, whic h is the column space of G

2

. An ( n; k ; d )-linear

co de is often denoted as a [ n; k ; d ]-co de. The square brac k ets replaces the round paren theses to

indicate that it is a linear co de.

Giv en t w o linear co des E and E

0

, represen ted b y generator matrices G and G

0

, w e sa y they are

e quivalent , if G

0

can b e obtained from G b y ro w p erm utations and elemen tary column op erations.

In tuitiv ely , if E and E

0

are equiv alen t, then one is only trivially di�eren t from the other, and there

exists a v ery simple corresp ondence b et w een the co de-w ords of E and E

0

.

Next, w e describ e a sp ecial form of linear co des, kno wn as the systematic co des. The de�nition

is tak en from [12 , De�nition 3.2.4, page 49].

2

The column space of G is the subspace generated b y the columns of G .
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De�nition 4.2 (Systematic Co de) A line ar c o de E is a systematic co de , if its gener ator matrix

G is of the form G =

2

6

4

I

P

3

7

5

, wher e I is an k � k identity matrix and P a ( n � k ) � k matrix.

In tuitiv ely , a systematic co de is one where a co de-w ord is the message it enco des concatenated with

( n � k ) so-called \parit y-c hec k sym b ols".

It is a standard exercise in linear algebra that an y linear co de is equiv alen t to a systematic

co de [12 , Theorem 3.2.5, page 80].

4.1.3 The Classical Bounded Corruption Mo del

W e describ e a classical noise mo del that is used b y most error correcting co des, namely , the classic al

b ounde d c orruption mo del .

De�nition 4.3 (Classical Bounded Corruption Mo del) A classical b ounded corruption mo del

of p ar ameter ( n; t ) over alphab et � , denote d by B

c

n;t

, is an adversarial mo del c onsisting of al l the

p airs ( a; b ) , wher e b oth a and b ar e elements of �

n

and the Hamming distanc e b etwe en a and b is

at most t . In other wor ds,

B

c

n;t

= f ( a; b ) j a; b 2 �

n

; dist ( a; b ) � t g (4.2)

In tuitiv ely , the classical b ounded corruption mo del adv ersarially corrupts (mo di�es) up to t

sym b ols in a string of length n .

No w w e are ready to state a p ositiv e result. W e sho w a relation b et w een systematic linear co des

and correlation distillation proto cols o v er the b ounded corruption noise mo del.

Theorem 4.1 (F rom ECC to CDP) F or every systematic line ar c o de E of p ar ameter [ n; k ; d ]

over alphab et � , ther e exists a p erfe ct r e c overing, one-way, (� ; k ; k ) -pr oto c ol P

E

over a classic al

b ounde d c orruption noise mo del B

c

k ; ( d � 1) = 2

that uses ( n � k ) bits of c ommunic ation.

Pro of: The idea b ehind this pro of is in fact v ery simple. Let the generator matrix of the sys-

tematic linear co de E b e G =

2

6

4

I

P

3

7

5

. Then P

E

pro ceeds as follo ws. When P

E

starts, Alice and

Bob eac h p ossesses a length- k string, I

A

and I

B

, resp ectiv ely . Alice then computes C = P � I

A

,
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an ( n � k )-dimensional v ector, sends it o v er to Bob, and output O

A

= I

A

. Bob then applies the

deco ding function D and compute O

B

= D ( I

B

; C ).

W e pro v e that P

E

is p erfect with resp ect to B

c

k ; ( d � 1) = 2

. In fact, I

A

; C is the co de-w ord for the

message I

A

, and since the c hannel B

c

k ; ( d � 1) = 2

only c hanges at most ( d � 1) = 2 sym b ols, w e ha v e that

dist ([ I

A

; C ] ; [ I

B

; C ]) � ( d � 1) = 2. Therefore, the deco ding function D will correctly deco de I

B

; C

to I

A

. In other w ords, w e ha v e O

A

= O

B

, and th us P

E

is p erfect.

W e presen t this p ositiv e result as a link to relate error correction to correlation distillation. As

the result sho ws, in general, correlation distillation is at least as e�cien t as error correction, if not

more e�cien t, for the ma jorit y of the error correction co des.

4.2 Quan tum Error Correcting Co des and En tanglemen t Distilla-

tion Proto cols

W e relate the notion of quan tum error correcting co des (QECCs) to en tanglemen t distillation

proto cols (EDPs), with the fo cus on their e�ciencies.

4.2.1 Quan tum Error Correcting Co des

Lik e their coun terparts in classical information theory , quan tum error correcting co des are system-

atic w a ys of adding redundancy to the quan tum information, so that the enco ded information is

resilien t to \small" noises. Ho w ev er, quan tum error correction is more complicated. First of all,

unlik e in the classical case, quan tum information cannot b e duplicated, due to the No-cloning The-

orem [93 ]. So the redundancy added b y QECCs is limited, and measuremen t of the error syndrome

should not yield an y information ab out the enco ded message. Second, the noise mo del is more

complicated: one qubit can su�er from a bit 
ip (an X op erator), a phase shift (a Z op erator), a

bit 
ip c ombine d with a phase shift (a Y op erator), or a sup erp osition of them. There are in�nitely

man y (in fact, uncoun tably man y) p ossible w a ys to \corrupt" a co de-w ord, and a QECC needs to

correct all of them. Indeed, less than one decade ago, it w as not ev en clear if QECC w as p ossible

at all, and a p ositiv e answ er b y Shor [83 ] and Steane [85 ] caused quite a surprise in the quan tum

information comm unit y . In a n utshell, QECC is p ossible b ecause of the follo wing reasons. First, for
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prop erly designed co des, the measuremen t of the error syndrome will only yield information ab out

the err ors on a co de-w ord, and no information ab out the enco ded message, th us not violating the

no-cloning theorem. Second, due to the linearit y of quan tum mec hanics, it su�ces to correct the

b asis err ors , and all other errors will b e automatically corrected (b y \collapsing" in to one of the

basis errors), th us solving the problem of in�nitely man y errors.

W e no w formally de�ne QECCs. W e alw a ys assume that these co des w ork o v er qubits, and

they are blo ck c o des .

De�nition 4.4 (Quan tum Error Correcting Co de) A n error correcting co de of p ar ameter ( n; k ; r )

is a p air of quantum algorithms ( E ; D ) , b oth over n qubits as input (they c an have ancil lary qubits,

initialize d to state j 0

m

i ), such that for every x 2 f 0 ; 1 g

k

, j �

x

i = E j x ij 0

n � k

i , and for any state j  i

that c an b e obtaine d fr om j �

x

i by (arbitr arily) mo difying at most r qubits, we have D j  i = j x i 
 �

for some mixe d state � of n � k qubits. We write such a c o de a [ [ n; k ; r ] ] -c o de.

4.2.2 The Quan tum Bounded Corruption Mo del

W e describ e the quan tum b ounded corruption mo del, whic h is the quan tum coun terpart of the

classical b ounded corruption mo del. Corresp ondingly , this mo del is used b y most quan tum error

correcting co des.

Before giving the formal de�nition, w e need some additional notations. Recall that X , Y , and Z

denote the P auli op erators, while I denotes the iden tit y op erator, all o v er a single qubit. W e de�ne

X

0

= Y

0

= Z

0

= I . W e use X

k

, Y

k

, and Z

k

to denote these op erators o v er the k -th qubit. Giv en

a 2 n -bit v ector v = ( x

0

; x

1

; :::; x

n � 1

; z

0

; z

1

; :::z

n � 1

), whic h w e call a Pauli ve ctor , w e can asso ciate

it with a unique multi-qubit Pauli op er ator U

v

, de�ned as

P

v

= X

x

0

0

Z

z

0

0


 � � � 
 X

x

n � 1

n � 1

Z

z

n � 1

n � 1

(4.3)

whic h is a unitary op erator o v er n qubits. Notice that since X � Z = � iY , w e ha v e X

0

Z

0

= I ,

X

0

Z

1

= Z , X

1

Z

0

= X , and X

1

Z

1

= � iY . In other w ords, a P auli v ector designates a unitary

op erator formed b y applying one of the four op erators in f I ; X ; Y ; Z g to eac h of the n qubits. W e

de�ne the de gr e e of a P auli v ector to b e the n um b er of k 's where x

k

and z

k

are not b oth 0, and w e
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denote this b y deg ( v ).

W e use [ A; B ] to denote AB � B A , and w e sa y op erators A and B c ommute , if [ A; B ] = 0. W e

use f A; B g to denote AB + B A , and w e sa y op erators A and B anti-c ommute , if f A; B g = 0. It is

not hard to see that an y t w o P auli op erators either comm ute or an ti-comm ute.

De�nition 4.5 (Quan tum Bounded Corruption Mo del) A quan tum b ounded corruption mo del

of p ar ameter ( n; r ) , denote d by B

q

n;r

, is an adversarial quantum noise mo del c onsisting of al l states

of the form ( I 
 P

v

)�

n

, wher e v is a Pauli ve ctor of de gr e e at most k . In other wor ds,

B

q

n;r

= f ( I 
 P

v

) �

n

j deg ( v ) � r g (4.4)

In tuitiv ely , the quan tum b ounded corruption mo del adv ersarially corrupts up to r EPR pairs.

The corruption app ears quite limited, since it only allo ws applying one of the P auli op erators to

Bob's share of the qubit (w e call them \P auli corruptions"). There are certainly more w a ys to

corrupt the qubits; in fact there are uncoun tably man y . Ho w ev er, since P auli matrices, along with

the iden tit y op erator, form a basis for one-qubit op erations, an y corruption can b e decomp osed

in to a linear sup erp osition of the P auli corruptions (or a mixture of them, if the corruption in v olv es

measuremen ts).

4.2.3 An Equiv alence b et w een QECCs and One-w a y EDPs

Bennett et. al. [25 ] sho w ed that ev ery QECC corresp onds to a one-w a y EDP with the same \e�-

ciency". W e review their results here.

Theorem 4.2 (F rom QECC to EDP [25 ]) F or every [ [ n; k ; r ] ] -c o de, ther e exists a c orr esp ond-

ing p erfe ct, deterministic, one-way, ( n; k ) -pr oto c ol over a quantum b ounde d c orruption mo del B

q

n;r

that uses 2 n bits of c ommunic ation.

Pro of 's sk etc h: Let ( E ; D ) b e an [ [ n; k ; r ] ]-co de. W e construct a proto col P as follo ws. First

Alice generates k fresh EPR pairs lo cally , k eeps half of them, and enco des the other half using E .

Next, Alice sends these n qubits to Bob b y telep ortation, using the shared n EPR pairs. Finally

Bob deco des the n qubits receiv ed using D . Since at most r out of the n original EPR pairs are
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corrupted, the n qubits Bob receiv es from the telep ortation con tains at most r errors, and they can

b e reco v ered b y the deco ding algorithm D .

Theorem 4.3 (F rom EDP to QECC [25 ]) F or every p erfe ct, one-way ( n; k ) -pr oto c ol over a

quantum b ounde d c orruption mo del B

q

n;r

, ther e exists a c orr esp onding [ [ n; k ; r ] ] -c o de.

Pro of 's sk etc h: First, w e sho w ho w Alice and Bob can turn the EDP proto col in to a error-

correcting proto col with one-w a y comm unication. This is simple: Alice and Bob �rst use the EDP

to distill k p erfect EPR pairs, and then Alice telep ort k qubits to Bob using the distilled EPR

pairs. In b oth the EDP and the telep ortation, only one-w a y comm unication is used. Finally , it w as

pro v en that an y error-correcting proto col with one-w a y comm unication corresp onds to a QECC

with the same rate but no comm unication [25 ].

4.2.4 Stabilizer Co des and EDPs

Theorems 4.2 and Theorem 4.3 establishes the equiv alence b et w een QECCs and EDPs o v er the

quan tum b ounded corruption mo del. In particular, Theorem 4.2 sho ws a p ositiv e result on the

p o w er of EDPs. Ho w ev er, the construction of the EDPs in this theorem is not v ery e�cien t. Since

n telep ortation pro cedures are used, a total of 2 n bits of comm unication is needed. Can w e do

b etter than this? The answ er is \y es" for a large class of QECCs, namely the stabilizer co des.

Stabilizer Co de

The class of stabilizer co des is a v ery general class of quan tum error correcting co des, and is

the analogue of the class of linear co des in classical error correction. W e brie
y describ e the

prop erties, and the readers are referred to Gottesman [37 ] and Nielsen and Ch uang [69 ] for a

comprehensiv e tutorial. Informally , a stabilizer co de S is a collection of \parit y c hec k" op erators

S = f M

0

; M

1

; :::; M

` � 1

g , where eac h M

i

is a P auli op erator, and a state j x i is a co de-w ord, if and

only if M

i

j x i = j x i for all i = 1 ; 2 ; :::; ` � 1. W e use h S i to denote the subgroup generated b y S ,

and N ( S ) the normalizer of S , whic h consists of all P auli op erators P suc h that P � S � P

y

= S . W e

sa y a subspace L is stabilize d b y S , if ev ery elemen t j � i 2 L is in v arian t under all elemen ts in S .

In other w ords, L = fj � i j 8 i 2 [ ` ] ; M

i

j � i = j � ig , and w e write this as L = C ( S ). Then C ( S ) is

also precisely the subspace spanned b y all the co de-w ords.
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De�nition 4.6 (Stablizer Co de) A [ [ n; k ; r ] ] - stabilizer co de S is an indep endent set of ( n � k )

Pauli ve ctors of dimension 2 n , denote d by S = f M

0

; M

1

; :::; M

n � k � 1

g , such that for any two Pauli

ve ctors P

0

, P

1

of de gr e e at most r , P

y

0

P

1

62 N ( S ) � h S i .

It is kno wn that an [ [ n; k ; r ] ]-stabilizer co de is an [ [ n; k ; r ] ]-QECC [37 , 69 ]. In other w ords, there

exists generic constructions of the enco ding/deco ding circuit pair ( E ; D ) from an y stabilizer co de.

In particular, the deco ding circuit D tak es the follo wing form. First, a unitary op erator M is

applied to all n qubits, whic h, in tuitiv ely , computes the ( n � k ) \parit y c hec ks" de�ned b y the

( n � k ) op erators M

0

; M

1

; :::; M

n � k � 1

2 S . Then, ( n � k ) qubits are measured in the computational

basis, resulting an \error syndrome" e . Finally , an appropriate \correction" circuit U

e

is applied

to the remaining k qubits. In particular, if the error syndrome is 0

n � k

, then the correction circuit

is the iden tit y circuit.

Theorem 4.4 (F rom Stabilizer QECC to EDP) F or every [ [ n; k ; r ] ] -stabilizer c o de, ther e ex-

ists a c orr esp onding p erfe ct, one-way, ( n; k ) -pr oto c ol over a quantum b ounde d c orruption mo del

B

q

n;r

that uses ( n � k ) bits of c ommunic ation.

Comparing this result to Theorem 4.2, w e see a large impro v emen t for comm unication complexit y

(from 2 n to n � k ). Notice that there exists [ [ n; k ; r ] ]-stabilizer co des where c is a constan t and

k = n � c log n . In this case, Theorem 4.4 yields an exp onen tial impro v emen t o v er Theorem 4.2. This

result app ears to b e a folk-lore in the quan tum information theory comm unit y and in particular,

app eared as an exercise in Nielsen and Ch uang [69 , pp.597].

W e presen t a sk etc h of the pro of for completeness.

Pro of 's sk etc h: Let S = f M

0

; M

1

; :::; M

n � k � 1

g b e an [ [ n; k ; r ] ]-stabilizer co de, and ( E ; D ) b e the

corresp onding enco ding/deco ding circuit pair. In particular, w e assume that D tak es the form

of a parit y c hec k circuit M (whic h is a linear mapping mo dulo 2) follo w ed b y measuring ( n � k )

qubits and then a family of correction circuits U

e

. W e construct a corresp onding EDP P

S

as

follo ws. Alice applies the deco ding circuit D to her share of qubits, i.e., she applies the parit y c hec k

circuit M follo w ed b y a measuremen t and the corresp onding correction circuit. She then outputs

the remaining k qubits and sends the ( n � k ) bits of the measuremen t result, denoted b y e

A

, to

Bob. Bob p erforms the same parit y c hec k circuit M to his share of qubits, follo w ed b y the same
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measuremen t and obtain ( n � k ) bits, denoted b y e

B

. Then Bob computes e = e

A

� e

B

and applies

the correction circuit U

e

to his remaining k qubits and output them.

W e pro v e that proto col P

S

is p erfect. The main observ ation is that a stabilizer co de is linear.

The en tire space of n -qubit states can b e decomp osed in to 2

n � k

subspaces, eac h of dimension 2

k

and denoted b y L

e

, where e 2 f 0 ; 1 g

n � k

, suc h that eac h subspace L

e

is stabilized b y the group

generated b y S

e

= f ( � 1)

e

0

� M

0

; :::; ( � 1)

e

n � k � 1

� M

n � k � 1

g . In particular, L

0

is the subspace spanned

b y all co de-w ords. Naturally , all these 2

n � k

subspaces are isomorphic to eac h other.

No w consider the op eration in P

S

. If the input to the proto col is ( I 
 P

v

) j � i

A

j � i

B

, then

this state b ecomes ( M 
 M P

v

) j � i

A

j � i

B

after b oth Alice and Bob ha v e applied their parit y c hec k

circuits. If j � i is a co de-w ord, then it is clear that Alice's measuremen t w ould yield e

A

= 0 and

Bob will apply the correction circuit U

e

= U

e

B

, whic h will correct the \corrupted co de-w ord"

P

v

j � i , and result in state j  i

A

j  i

B

, where j  i is the deco ding of state j � i . No w, w e �xed P

v

and

consider the case j � i 2 L

a

is not a co de-w ord. In this case, it is not hard to see that M j � i will

yield a measuremen t result of a . F urthermore, the measuremen t of M P

v

j � i

B

will giv e a result of

e � a , since j � i is stabilized b y h S

e

i , whic h has the same comm ute/an ti-comm ute prop ert y with

P

v

as h S

e

i , since a phase c hange do es not a�ect comm utabilit y . Therefore, Bob will still apply the

correcting circuit U

e

, e�ectiv ely \remo v e" the a�ect of P

v

| this is b y the isomorphism b et w een

L

0

and L

a

.

Finally , notice that the state �

n

can is a sup erp osition of 2

n

states of form j �

x

i

A

j �

x

i

B

, with

2

k

x 's from eac h subspace L

e

. Ov erall, w e conclude that the output of the proto col P

S

is �

k

.

4.3 Separating Error Correction from Correlation Distillation

W e presen t t w o (v ery) noisy c hannels, one classical, one quan tum. In b oth c hannels the error cor-

rection almost completely fails to transmit information noiselessly (b ecause of the high noise rate),

while there exist correlation distillation proto cols promising a p ositiv e rate of noiseless information

transmission. These results sho w a separation b et w een the p o w er of error correction and that of

correlation distillation.
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4.3.1 Separation Result for Classical Channels

Consider a classical b ounded corruption mo del B

c

n;n= 3

. It is a classical result that a p erfect error

correcting co de can only enco de t w o bits of information for suc h a c hannel. So error correction is

almost useless.

Theorem 4.5 (Limits on ECCs) A p erfe ct err or c orr e cting c o de for B

c

n;n= 3

c an only enc o de 2

bits of information.

Pro of: W e pro v e that there can b e at most 4 n -bit v ectors suc h that an y t w o of them ha v e

Hamming distance at least 2 n= 3. This will imply the theorem.

W e write these v ectors as v

1

; v

2

; :::; v

m

and de�ne m new v ectors u

1

; u

2

; ::; u

m

as follo ws: u

i

[ j ] =

2 v

i

[ j ] � 1. Th us eac h en try of u

i

is � 1 and w e ha v e ( u

i

; u

j

) � � 1 = 3, where ( x; y ) denotes the scaled

inner pro duct ( x; y ) =

1

n

P

i

x [ i ] � y [ i ]. This is b ecause an y u

i

and u

j

m ust di�er at at least 2 n= 3 of

their en tries. No w, let u =

P

i

u

i

, and w e compute ( u; u ). W e ha v e

( u; u ) =

X

i

( u

i

; u

i

) +

X

i 6= j

( u

i

; u

j

) � m � m ( m � 1) = 3 = m (4 � m ) = 3

Since w e ha v e ( u; u ) � 0, w e ha v e m � 4.

Ho w ev er, using correlation distillation proto cols, w e can do m uc h b etter. T o sho w the result,

w e need to in tro duce some notions from [72 , 65 ].

Consider a co op erativ e game pla y ed b y t w o pla y ers, the \sender" S and the \receiv er" R . A t the

b eginning of the game, S receiv es a priv ate input x and R receiv es a priv ate input y , where the pair

( x; y ) is dra wn from a pre-determined set T � f ( x; y ) j x; y 2 f 0 ; 1 g

�

g . Here w e call T the supp ort set .

F urthermore, w e de�ne the pr oje ction of T on the sender S to b e T

S

= f x : ( x; y ) 2 T for some y g ,

and T

R

similarly . During the game, S and R comm unicate, using a pre-determined proto col P . A t

the end of the game, R outputs x

0

, and they win if x

0

= x . A winning proto col is one that alw a ys

wins o v er all inputs in T . The c ommunic ation c omplexity of the proto col P is the maxim um n um b er

of bits exc hanged b et w een S and R o v er all p ossible inputs ( x; y ) 2 T . Clearly this game is closely

related to correlation distillation proto cols, and in particular, if the supp ort set T is an adv ersarial

classical noise mo del, then the proto col is precisely a p erfect reco v ering classical proto col.
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F or a �xed supp ort set T and a string y , w e de�ne the ambiguity of y (with resp ect to T ) to b e

� ( y ; T ) = j f x : ( x; y ) 2 T gj ; (4.5)

and the maximum ambiguity of T to b e

^� ( T ) = max

y 2 T

R

f � ( y ; T ) g : (4.6)

An elemen t y 2 T

R

de�nes a hyp er e dge

E ( y ) = f x : ( x; y ) 2 T g : (4.7)

Finally , w e de�ne the e dge c ount of T is de�ned as

� ( T ) = jf E ( y ) : y 2 T

R

gj : (4.8)

Naor et al. [65 ] pro v ed the follo wing theorem.

Theorem 4.6 (Comm unication Compleiry Result [65]) F or any supp ort set T , ther e exists

a four-r ound winning pr oto c ol with c ommunic ation c omplexity at most

log log � ( T ) + log ^� ( T ) + 3 log log ^� ( T ) + 7 (4.9)

No w w e bring our atten tion to the case where T = B

c

n;t

is a classical b ounded corruption mo del.

It is straigh tforw ard to compute the maxim um am biguit y and the edge coun t of T . In fact, w e ha v e

^� ( T ) = � ( T ) =

P

n= 3

i =0

�

n

i

�

� 2

n � ( H (1 = 3)+ o (1))

(w e refer the readers to, for example, Sudan's course

note [87 ] for pro ofs). Plugging in this to Theorem 4.6, w e ha v e

Theorem 4.7 (Separating ECC from CDP) Ther e exists a four-r ound p erfe ct c orr elation dis-

til lation pr oto c ol for the noise mo del B

c

n;t

with c ommunic ation c omplexity n � ( H (1 = 3) + o (1)) .

Here H ( x ) is de�ned as H ( x ) = � x � log ( x ). Notice that log ^� ( T ) dominates all other terms

in (4.9). By in v esting ab out n � H (1 = 3) � 0 : 918 n bits of comm unication, Alice and Bob are able
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transmit n bits of information. So the sa ving is ab out 0 : 082 n bits. By con trast, the error correction

approac h can only manage to get t w o bits through.

4.3.2 Separation Results for Quan tum Channels

The separation results for quan tum c hannels is in fact giv en b y Bennett et al. [25 ]. W e brie
y

sk etc h a sligh t v ariation of their result here for completeness.

Consider a quan tum b ounded corruption mo del B

q

n;n= 2

. In other w ords, the mo del corrupts up

to half of the qubits transmitted. One can easily pro v e that there do es not exist p erfect QECC for

suc h a c hannel. Here is a brief sk etc h. Assuming otherwise, then w e can feed a k -qubit state j � i

in to the enco ding algorithm and obtain an n -qubit state j  i . The deco ding algorithm w ould b e

able to reco v er j � i from the �rst n= 2 qubits of j  i , as w ell as the last n= 2 qubits of j  i . If w e do

b oth, w e can e�ectiv ely clone the state j � i , whic h con tradicts the No-cloning Theorem. Therefore

no QECC can b e used here to ev en transmit a single qubit p erfectly .

On the other hand, there exists a t w o-round en tanglemen t distillation proto col for B

q

n;n= 2

that

pro duces a constan t fraction (0 : 00457) of p erfect EPR pairs that can then b e used to transmit

quan tum information through telep ortation. The detailed proto col can b e found in [25 ].
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Chapter 5

Non-In teractiv e Correlation

Distillation

Here w e demonstrate a series of negativ e results that aim to understand one of the most basic prob-

lems in the comm unication complexit y of correlation distillation, i.e., ho w w ell Alice and Bob can

do if ther e is no c ommunic ation at al l ? W e call this pro cess non-inter active c orr elation distil lation

(NICD).

The results in this Chapter relativ e to this thesis are summarized in Figure 5.1.

U

U

U

U

U

U

U

U

L

L

L

L

L

Lbounded corruption

binary symmetric

binary erasure

tensor product

bounded corruption

bounded measurement

depolarization

entanglement

fidelity

noise model

L L

L

U

U

0 1 many

U

U

quantum
classical

communication

U = 
L = 

= 
upper bound
lower bound

= independent result

L

my orignal result

non-interactive correlation distillation

Figure 5.1: Results in Chapter 5.

A t the �rst glimpse of the problem, it ma y b e tempting to answ er \nothing in teresting". In tu-
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itiv ely , it mak es sense; if Alice and Bob do not comm unicate at all, they ha v e no kno wledge ab out

the other part y , and ho w w ould they p ossible \reco v er" the information?

This in tuition is in some sense correct for reco v ering proto cols. Recall that in a reco v ering

proto col, Alice simply outputs her input ( O

A

= I

A

), and Bob wishes to output a O

B

that is as

close to O

A

as p ossible. F or an adv ersarial noise mo del, the optimal b eha vior of Bob is determined

b y the minimax theorem. F or a probabilistic noise mo del, Bob kno ws I

B

and the join t distribution

( I

A

; I

B

), and therefore his optimal strategy is to \guess" I

A

according to the Ba y es rule. In other

w ords, Bob needs to c ho ose X suc h that

X = argmax

x

(

D ( x; I

B

)

P

y

D ( y ; I

B

)

)

(5.1)

where D is the distribution of ( I

A

; I

B

) according to the noise mo del. Therefore, the noise mo del

essen tially determines the optimal strategy of Alice and Bob for non-in teractiv e reco v ering proto cols.

Ho w ev er, the situation is quite di�eren t for refreshing proto cols o v er a probabilistic noise mo del.

In a refreshing proto col, Alice and Bob share a probabilistic noise mo del, whic h is a distribution

o v er the string pairs. Alice do es not need to output her input string v erbatim. Rather, Alice and

Bob ha v e the lib ert y to output anything . F urthermore, Alice and Bob ma y gather a large collection

of the samples, all from the same distribution, and then hop e to \concen trate" the correlation do wn

to a small n um b er of sym b ols. In this case, the problem of whether Alice and Bob can distill highly

correlated bits without comm unication is not in tuitiv ely clear.

In fact, this problem of non-in teractiv e correlation distillation has b een considered b y v arious

researc hers from di�eren t p ersp ectiv es.

Consider the study of information reconciliation. In information reconciliation, Alice and Bob

eac h p ossess some information that are not p erfectly correlated. They wish to distill highly cor-

related bits b y comm unication, y et main taining priv acy . In this mo del, Ev e, the ea v esdropp er,

can see all the comm unication b et w een Alice and Bob. Therefore, if Alice and Bob could distill

correlated bits non-in teractiv ely , this w ould b e ideal for information reconciliation. Moreo v er, only

after ha ving an imp ossibilit y result on non-in teractiv e distillation should one consider in teractiv e

information reconciliation. In this sense, the problem of non-in teractiv e correlation distillation is

the underlying problem of the study of information reconciliation, and only a negativ e answ er to
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this problem can justify the existence of this study .

A similar situation exists in the study of random b eacons. In this setting, Alice (the b eacon

o wner) and Bob (the v eri�er) eac h p ossesses the measuremen t data from an extraterrestrial ob ject.

Due to the measuremen t error, their data are correlated but not p erfectly so. Alice w ould con v ert

her measuremen t in to a sequence of random bits and publish these bits. The goal of the study of

random b eacons is to construct a publicly veri�able random source, and prev en t Alice (the b eacon

o wner) from c heating, i.e., a�ecting the outcome of the bits. If it is p ossible to distill highly

correlated bits non-in teractiv ely , then the random b eacon problem w ould b e p erfectly solv ed. Alice

distills her bits from the measuremen t and publishes them. Then Bob can apply his part of the

distillation, and with v ery high probabilit y the result w ould agree with the bits Alice publishes.

If the bits do not agree, Bob announces that Alice is c heating. In this w a y Alice w ould ha v e no

motiv es to c heat, since Bob can catc h her c heating with v ery high probabilit y . Therefore, here

again, the problem of non-in teractiv e distillation underlies the study of random b eacons, and a

negativ e answ er to this problem lies at the foundation of this study .

Giv en the imp ortance of this problem, it is not surprising that man y researc hers ha v e considered

it. In fact, a basic v ersion of the problem w as disco v ered and pro v en indep enden tly b y sev eral

researc hers b eginning in 1991, including Alon, Maurer, Wigderson [3 ], Mossel and O'Donnell [63 ],

and Y ang [96 ].

W e shall pro v e a sequence of negativ e answ ers to v arious v ersions of this problem. W e assume

that in all the proto cols considered in this section, Alice and Bob only output one bit eac h. W e

mak e this assumption, since it seems to b e the minimal requiremen t for a useful refreshing proto col.

In some of the results, w e will consider proto cols whose output alphab ets di�er from their input

alphab ets.

5.1 T ensor Pro duct Noise Mo dels

The noise mo dels w e discuss in this section are of a sp ecial form, whic h w e call the \tensor pro duct

noise mo dels". First, w e review the de�nitions of the tensor pro duct.

De�nition 5.1 (T ensor Pro duct of V ectors) The tensor pro duct of an n -dimensional ve ctor v

and an m -dimensional ve ctor u is an ( n � m ) -dimensional ve ctor, denote d by w , such that w [( x; y )] =
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v [ x ] � u [ y ] , for x 2 [ n ] and y 2 [ m ] . We use v


 k

to denote the ve ctor obtaine d by taking the tensor

pr o duct of k c opies of v , and c al l it the n -th tensor p o w er of v .

De�nition 5.2 (T ensor Pro duct of Matrices) The tensor pro duct of an a � c matrix A and

a b � d matrix B is an ( ab ) � ( cd ) matrix P , such that P

( x;z ) ; ( y ;w )

= A

x;y

� B

z ;w

for x 2 [ a ] , y 2 [ b ] ,

z 2 [ c ] , and w 2 [ d ] . We write this as P = A 
 B . We use A


 k

to denote the matrix obtaine d by

taking the tensor pr o duct of k c opies of A , and c al l it the n -th tensor p o w er of A .

De�nition 5.3 (T ensor Pro duct of Probabilistic Distributions) The tensor pro duct of a

pr ob abilistic distribution D

A

over set A and a distribution D

B

over set B is a distribution D over

set A � B , such that D ( a; b ) = D

A

( a ) � D

B

( b ) . We write this as D = D

A


 D

B

. We use D


 k

to

denote the matrix obtaine d by taking the tensor pr o duct of k c opies of D , and c al l it the n -th tensor

p o w er of D .

De�nition 5.4 (T ensor Pro duct Classical Noise Mo del) A pr ob abilistic classic al noise mo del

N

cp

� ;n

is a tensor pro duct classical noise mo del , if ther e exists a pr ob abilistic distribution D over

� � � such that N

cp

� ;n

is forme d by the p air ( a

0

a

1

� � � a

n � 1

; b

0

b

1

� � � b

n � 1

) , wher e ( a

k

; b

k

) is indep en-

dently dr awn fr om D , for k = 0 ; 1 ; :::; n � 1 . The distribution D is c al le d the base distribution of

N

cp

� ;n

.

In other w ords, the distribution of N

cp

� ;n

is simply the n -th tensor p o w er of the distribution D

with sym b ols rearranged.

5.2 The Binary Symmetric Mo del

W e �rst pro v e the negativ e result to p erhaps the most basic v ersion of the problem.

De�nition 5.5 (Binary Symmetric Mo del) A binary symmetric mo del of p ar ameter ( n; p ) ,

denote d as S

n;p

, is a pr ob abilistic noise mo del de�ne d as fol lows

S

n;p

( a; b ) =

1

2

n

(1 � p )

n �j a � b j

� p

j a � b j

(5.2)

wher e a; b 2 f 0 ; 1 g

n

.
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The binary symmetric mo del is indeed a tensor pro duce noise mo del, and its base distribution

is de�ned as D (0 ; 0) = D (1 ; 1) = (1 � p ) = 2 and D (0 ; 1) = D (1 ; 0) = p= 2. This mo del is closely

related to the so-called \Binary Symmetric Channel". Imagine that Alice generates a uniform bit

A as her lo cal input, and sends it to Bob through a noisy c hannel that 
ips eac h bit indep enden tly

with probabilit y p . If w e denote the bit receiv ed b y Bob b y B , then the distribution of ( A; B ) is

precisely D .

No w supp ose the bit strings of Alice and Bob are describ ed b y S

n;p

. Alice and Bob eac h wishes

to output one bit, denoted b y a and b , resp ectiv ely , suc h that the correlation b et w een a and b is

maximized. W e also require that a and b themselv es b e un biased. What is the maxim um p ossible

correlation of a and b , if Alice and Bob are not allo w ed to comm unicate?

If Alice and Bob simply output the k th bit of their strings, for an y k 2 [ n ], their outputs will

ha v e a correlation 1 � 2 p . This metho d is v ery simple, and almost app ear na • �v e. Do there exist

more sophisticated metho ds whic h will yield a higher correlation? In tuitiv ely , it is not en tirely

clear that there do not. Our �rst negativ e result addresses this problem and pro v es that in fact the

\na • �v e" metho d is optimal, and no proto col can yield a higher correlation than 1 � 2 p .

First, w e need to de�ne a restricted class of proto cols, namely , lo cally uniform proto cols.

De�nition 5.6 (Lo cally Uniform Proto cols) A pr oto c ol P is lo cally uniform over a pr ob abilis-

tic noise mo del N

cp

, if the distribution of its outputs ar e lo c al ly uniform bits, i.e., b oth O

A

and O

B

ar e uniform distributions over f 0 ; 1 g , wher e ( O

A

; O

B

) = P ( N

cp

) .

Theorem 5.1 (NICD for the Binary Symmetric Mo del) The c orr elation of any lo c al ly uni-

form, r andomize d, non-inter active pr oto c ol over the binary symmetric mo del of p ar ameter ( n; p ) is

at most 1 � 2 p for p � 1 = 2 .

The deterministic v ersion of Theorem 5.1 (where the proto col is restricted to deterministic)

w as disco v ered and pro v en indep enden tly since 1991 b y man y researc hers, including Alon, Maurer,

Wigderson, Mossel, O'Donnell, and Y ang [3, 63 , 96 ], and w as attributed to \folklore" b y Mossel

and O'Donnell [63 ].

Pro of: T o pro v e the theorem, it su�ces to consider proto cols of yield 1, namely , proto cols where

Alice and Bob only output one bit eac h.
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Consider a non-in teractiv e proto col P . Since there is no comm unication, the most general

c haracterization of the proto col w ould b e that b oth Alice and Bob apply a (randomized) b o olean

function to their share of bit strings, and output the result.

W e de�ne the char acter functions of Alice and Bob as follo ws. The c haracter function of Alice,

denoted b y �

A

, maps strings from f 0 ; 1 g

n

to real n um b ers within [ � 1 ; +1]. Ov er input x ,

�

A

( x ) = 2 � Prob [Alice outputs 1 o v er input x ] � 1 ; (5.3)

where the probabilit y is tak en o v er the random bits used b y Alice. Similarly the c haracter function

�

B

of Bob can b e de�ned.

Since P is lo cally uniform o v er the binary symmetric mo del S

n;p

, w e ha v e

E

x;y 2S

n;p

[ �

A

( x )] = E

x;y 2S

n;p

[ �

B

( y )] = 0 (5.4)

Notice that for an y x , w e ha v e

X

y

S

n;p

( x; y ) =

1

2

n

X

x

(1 � p )

n �j x � y j

� p

j y � y j

=

1

2

n

and th us (5.4) simpli�es to

X

x

�

A

( x ) =

X

x

�

B

( x ) = 0 (5.5)

It is easy to v erify if Alice receiv es x as her input and Bob receiv es y , then �

A

( x ) � �

B

( y ) is

the correlation b et w een their outputs. Therefore, the correlation of proto col P o v er the binary

symmetric mo del is

Co r

S

n;p

[ P ] =

X

x 2f 0 ; 1 g

n

X

y 2f 0 ; 1 g

n

S

n;p

( x; y ) � �

A

( x ) � �

B

( y )

=

1

2

n

X

x 2f 0 ; 1 g

n

X

y 2f 0 ; 1 g

n

(1 � p )

n �j x � y j

� p

j x � y j

� �

A

( x ) � �

B

( y )

No w w e view the summation ab o v e as a quadratic form. W e de�ne a 2

n

� 2

n

matrix S , where

S

x;y

= (1 � p )

n �j x � y j

� p

j x � y j
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W e iden tify the c haracter functions �

A

and �

B

with their truth tables, whic h are 2

n

-dimensional

real v ectors. Then it is easy to v erify that

Co r

S

n;p

[ P ] =

1

2

n

( �

A

)

T

� S � �

B

(5.6)

W e can diagonalize the matrix S and it turns out it is a p ositiv e matrix with eigen v ectors b eing

parit y functions. More formally , de�ne parit y functions as �

a

x = ( � 1)

a � x

, where a; x 2 f 0 ; 1 g

n

,

and a � x is the inner pro duct of a and x . Then eac h �

a

is an eigen v ector with eigen v alue �

a

=

(1 � 2 p )

j a j

. The statemen t and the pro of are p ostp oned to Lemma 5.1 (after this pro of ). An

imp ortan t observ ation is that the unique largest eigen v alue is 1, with corresp onding eigen v ector

�

0

. Here w e use 0 as a shorthand to denote the all-zero v ector. All other eigen v alues are at most

1 � 2 p .

W e no w p erform a F ourier Analysis to v ectors �

A

and �

B

. First w e de�ne an inner pro d-

uct for 2

n

-dimensional v ectors: for v ectors A and B , their inner pro duct is de�ned as h A; B i =

1

2

n

P

x 2f 0 ; 1 g

n

A [ x ] B [ x ]. It is then easy to v erify that all the parit y functions f�

a

g

a 2f 0 ; 1 g

b

form an

orthonormal basis. W e can then write �

A

=

P

s 2f 0 ; 1 g

n

�

s

�

s

and �

B

=

P

s 2f 0 ; 1 g

n

�

s

�

s

. Notice that

since j �

A

[ x ] j � 1, w e kno w that jj �

A

jj � 1, and th us

P

s

�

2

s

� 1, b y P arsev al. Similarly w e ha v e

P

s

�

2

s

� 1.

F urthermore, since �

0

is the constan t function, w e kno w that

�

0

=

1

2

n

X

x

�

A

( x ) �

0

( x ) =

1

2

n

X

x

�

A

( x ) = 0

Similarly w e ha v e �

0

= 0.
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Next, w e break do wn the summation in (5.6):

Co r

S

n;p

[ P ] =

1

2

n

( �

A

)

T

� S � �

B

=

1

2

n

 

X

a

�

a

� �

T

a

!

� S �

 

X

b

�

b

� �

b

!

=

1

2

n

 

X

a

�

a

� �

T

a

!

�

 

X

b

�

b

� �

b

� �

b

!

=

X

a

�

a

� �

a

� �

a

No w, since �

0

= �

0

= 0, and �

a

� 1 � 2 p for all a 6= 0, w e ha v e

Co r

S

n;p

[ P ] � (1 � 2 p ) �

X

a

�

a

� �

a

� (1 � 2 p ) �

 

X

a

�

2

a

!

1

2

�

 

X

a

�

2

a

!

1

2

= 1 � 2 p (5.7)

The second inequalit y is b y Cauc h y-Sc h w artz.

Lemma 5.1 L et S b e a 2

n

� 2

n

matrix de�ne d by S

xy

= p

j x � y j

(1 � p )

n �j x � y j

. L et e

a

( x ) b e function

de�ne d by e

a

( x ) = ( � 1)

a � x

Then we have S � e

a

= (1 � 2 p )

j a j

� e

a

.

Pro of: Notice that for an y x 2 f 0 ; 1 g

n

, w e ha v e

( S � e

a

)[ x ] =

X

y

p

j x � y j

(1 � p )

n �j x � y j

� ( � 1)

a � y

=

X

y

p

j y j

(1 � p )

n �j y j

� ( � 1)

a � ( x � y )

= ( � 1)

a � x

�

X

y

p

j y j

(1 � p )

n �j y j

� ( � 1)

a � y

= e

a

[ x ] �

X

y

p

j y j

(1 � p )

n �j y j

� ( � 1)

a � y

No w it should already b e clear that e

a

is an eigen v ector. Next, w e compute the corresp onding

eigen v alue. W e shall pro v e that

X

y

p

j y j

(1 � p )

n �j y j

� ( � 1)

a � y

= (1 � 2 p )

n �j a j

:

WLOG w e assume that a con tains k 1's follo w ed b y ( n � k ) 0's. W e partition eac h y in to y

0
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and y

1

, where y

0

con tains the �rst k bits, and y

1

con tains the last ( n � k ) bits. W e use y

0

; y

1

to

denote the concatenation of y

0

and y

1

. Then the previous form ula b ecomes

X

y

p

j y j

(1 � p )

n �j y j

� ( � 1)

a � y

=

X

y

0

2f 0 ; 1 g

k

X

y

1

2f 0 ; 1 g

n � k

p

j y

0

j + j y

1

j

(1 � p )

n �j y

0

j�j y

1

j

� ( � 1)

j y

0

j

=

 

X

y

0

( � p )

j y

0

j

(1 � p )

k �j y

0

j

!

�

 

X

y

1

( p )

j y

1

j

(1 � p )

n � k �j y

1

j

!

= ( � p + 1 � p )

k

� ( p + 1 � p )

n � k

= (1 � 2 p )

k

In fact, this pro of implies more than the theorem. F rom the pro of, w e can see that the only

proto cols that saturate the 1 � 2 p upp er b ound are the ones where Alice and Bob b oth output

the k -th bit or the complemen t of the k -th bit, for some k 2 [ n ]. T o see this, w e re-examine the

pro of. The only w a y to mak e (5.7) an equalit y is that for all a suc h that �

a

< 1 � 2 p , w e ha v e

�

a

� �

a

= 0. Also w e m ust ha v e

P

a

�

2

a

=

P

a

�

2

a

= 1, and �

a

= �

a

for all b y . Putting things

together, w e see that for all a 's of Hamming w eigh t more than 1, w e ha v e �

a

= 0. So w e ha v e

�

A

( x ) =

P

j a j =1

�

a

�

a

( x ). There are n suc h �

a

's, and w e can alw a ys �nd an x suc h that �

a

( x ) has

the same sign as �

a

. Denote this x b y ~x , and then w e ha v e

�

A

( ~ x ) =

X

j a j =1

�

a

�

a

( ~ x ) =

X

j a j =1

j �

a

j �

X

j a j =1)

�

2

a

= 1 (5.8)

Ho w ev er, w e ha v e �

A

( ~ x ) � 1, and th us the inequalit y in (5.8) m ust b e an equalit y , whic h means

eac h �

a

is either 0, 1, or -1. So there exists a k suc h that b oth �

A

and �

B

are parit y functions �

f k g

or its complemen t. These functions corresp ond to the \na • �v e" proto cols where Alice and Bob b oth

outputs the k -th bit or the complemen t of the k -th bit.

W e can further extend Theorem 5.1 to proto cols that are not lo cally uniform.

De�nition 5.7 ( � -Lo cally Uniform Proto cols) A pr oto c ol P is � - lo cally uniform over a pr ob-

abilistic noise mo del N

cp

, if the distribution of its output ar e lo c al ly � -close to uniform bits, i.e.,

b oth O

A

and O

B

ar e � -close to uniform distributions over f 0 ; 1 g , wher e ( O

A

; O

B

) = P ( N

cp

) .
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Theorem 5.2 (NICD for the Binary Symmetric Mo del, extended) The c orr elation of any

� -lo c al ly uniform, r andomize d, non-inter active pr oto c ol over the binary symmetric mo del of p ar am-

eter ( n; p ) is at most 1 � 2 p (1 � 4 �

2

) for p � 1 = 2 .

Pro of: Consider a ( f 0 ; 1 g ; n; 1)-proto col P . But de�nition it outputs a single bit-pair O =

( O

A

; O

B

). Since P is � -lo cally uniform, w e kno w that O

A

is � -close to U

f 0 ; 1 g

. W e de�ne Prob [ O

A

=

0] = 1 = 2 � t , then w e ha v e Prob [ O

A

= 1] = 1 = 2 + t , and SD ( O

A

; U

f 0 ; 1 g

) = j t j . Therefore if w e

denote the c haracter functions of Alice and Bob b y �

A

and �

B

, resp ectiv ely , then w e ha v e j t j � � .

On the other hand, E

x;y 2S

n;p

[ �

A

( x )] = 2 � Prob [ O

A

= 1] � 1 = 2 t , and th us w e ha v e

j

X

x

�

A

( x ) j � � � 2

n +1

(5.9)

Similarly w e ha v e

j

X

x

�

B

( x ) j � � � 2

n +1

(5.10)

As in the pro of to Theorem 5.1, w e p erform F ourier analysis to �

A

and �

B

, and white �

A

=

P

s 2f 0 ; 1 g

n

�

s

�

s

and �

B

=

P

s 2f 0 ; 1 g

n

�

s

�

s

. Then w e kno w from (5.9) and (5.9) that j �

0

j � 2 � and

j �

0

j � 2 � .

Then w e kno w that

Co r

S

n;p

[ P ] =

X

a

�

a

� �

a

� �

a

� 4 �

2

+ (1 � 4 �

2

)(1 � 2 p ) = 1 � 2 p (1 � 4 �

2

)

Theorem 5.2 sho ws a trade-o� b et w een the \lo cal uniformness" of a proto col and its correlation.

5.3 General Noise Mo dels

Here, w e extend the previous result to a general class of noise mo dels.

De�nition 5.8 (Distribution Matrix) L et D b e a pr ob abilistic distribution over � � � , wher e

j � j = q . We say a q � q matrix M is the distribution matrix for D , if M

x;y

= D ( x; y ) for al l
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x; y 2 � .

1

We write the distribution matrix of D by M

D

.

De�nition 5.9 (Regular Matrix) A q � q matrix M is regular if it is symmetric and 1

q

is the

unique eigenve ctor with the lar gest absolute eigenvalue. L et � b e the di�er enc e b etwe en the lar gest

absolute eigenvalue and the se c ond lar gest. Then q � � is c al le d the scaled eigen v alue gap of M . A

distribution D is regular if its distribution matrix is r e gular.

Notice that a distribution matrix M is non-negativ e (that ev ery en try is non-negativ e). By

the P erron-F rob enius Theorem [59 ], if M is symmetric, irreducible, and has 1

q

as an eigen v ector,

then 1

q

is the unique eigen v ector with the largest eigen v alue, and th us M is regular. Therefore,

in tuitiv ely , a noise mo del N

cp

is regular if it satis�es the follo wing three requiremen ts: that it is

symmetric , i.e., N

cp

( a; b ) = N

cp

( b; a ) for ev ery a; b 2 �; that it is lo c al ly uniform , i.e., b oth the

distributions of the lo cal inputs of Alice and Bob are uniform; that it is c onne cte d , i.e., � cannot

b e partitioned in to �

0

and �

1

suc h that N

cp

( a; b ) = N

cp

( b; a ) = 0 for all a 2 �

0

and b 2 �

1

. Notice

that if a noise mo del is not connected, that non-in teractiv e correlation distillation is indeed p ossible

for suc h a mo del. Supp ose � is partitioned in to �

0

and �

1

. If Alice and Bob in terpret sym b ols in

�

0

as a \0" and sym b ols in �

1

as a \1", then they essen tially ha v e a noiseless binary noise mo del

whic h allo ws for non-in teractiv e correlation distillation.

Theorem 5.3 (NICD for the General Noise Mo del) If N

cp

� ;n

is a tensor pr o duct noise mo del

whose b ase distribution is r e gular with sc ale d eigenvalue gap � , then the c orr elation of any � -lo c al ly

uniform, r andomize d, non-inter active (� ; n; 1) -pr oto c ol over the classic al pr ob abilistic noise mo del

D


 n

is at most 1 � � (1 � 4 �

2

) .

T o see that Theorem 5.3 is indeed a more general result, notice that the base distribution of

the binary symmetric mo del is indeed regular with scaled eigen v alue gap 2 p .

Pro of: The strategy of this pro of is the same as of that to Theorem 5.1. W e con v ert the correlation

of a proto col P in to a quadratic form, and then w e diagonalize the matrix and use F ourier analysis

to upp er b ound the correlation.

1

Here w e iden tify � with [ q ].
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W e de�ne q = j � j and iden tify � with [ q ] for the rest of the pro of. W e still use �

A

and �

B

to denote the c haracter functions of Alice and Bob (notice b oth Alice and Bob still only output

one bit in P ). W e use M to denote the distribution matrix of the distribution D . W e denote the

eigen v ector of M b y v

0

; v

1

; :::; v

q � 1

with corresp onding eigen v alues �

0

; :::; �

q � 1

. W e assume that

�

0

> �

1

� � � � �

q � 1

. Since M is regular, �

0

is the unique largest eigen v alue that corresp onds to

eigen v ector 1

q

.

Since M is the distribution matrix, w e kno w that the sum of all its en tries is 1. Th us w e ha v e

1 = 1

T

q

� M � 1

q

= �

0

� 1

T

q

� 1

q

= �

0

� q ;

or �

0

= 1 =q . Since the scaled eigen v alue gap of M is � , w e kno w that the second largest absolute

eigen v alue of M is (1 � � ) =q .

The distribution matrix of D


 n

is M


 n

. As in the pro of to Theorem 5.1, w e denote the c haracter

functions of Alice and Bob b y �

A

and �

B

, resp ectiv ely . Both �

A

and �

B

are v ectors of dimension

q

n

. Since P is � -lo cally uniform, w e ha v e

�

�

�

�

�

�

X

x 2 �

n

X

y 2 �

n

D


 n

( x; y ) � �

A

( x )

�

�

�

�

�

�

� 2 �

or j 1

T

q

n

� M


 n

� �

A

j � 2 � . Since 1

q

is an eigen v ector of M with eigen v alue 1 =q , 1

q

n

is an eigen v ector

of M


 n

with eigen v alue 1 =q

n

. Since M is symmetric, so is M


 n

. Th us w e ha v e j 1

T

q

n

� �

A

j � 2 � � q

n

.

Similarly w e ha v e j 1

T

q

n

� �

B

j � 2 � � q

n

.

Again, as in the pro of of Theorem 5.1, w e can express the correlation of proto col P in terms of

a quadratic form: Co r

D


 n
[ P ] = ( �

A

)

T

� M


 n

� �

B

.

W e diagonalize the matrix M


 n

. First w e de�ne a natural notion of inner pro duct: h A; B i =

1

q

n

P

x 2 �

n

A [ x ] B [ x ]. Since M


 n

is symmetric, it has a set of eigen v ectors that form an orthonormal

basis. W e denote the eigen v ectors of M


 n

b y u

t

with corresp onding eigen v alues �

t

, where t 2 [ q

n

].

W e assume that �

0

� �

1

� � � � �

q

n

� 1

. By the prop ert y of the tensor pro duct (see Lemma 5.2 after

this pro of ), the eigen v alues �

t

are of the form

Q

n

i =1

�

k

i

, where k

i

2 [ q ]. Therefore M


 n

also has

a unique maxim um eigen v alue �

n

0

= 1 =q

n

, whic h corresp onds to the eigen v ector 1


 n

q

= 1

q

n

. The

second largest v alue is (1 � � ) =q � 1 =q

n � 1

= (1 � � ) =q

n

. In other w ords, M


 n

has the same scaled
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eigen v alue gap as M .

No w w e p erform a F ourier analysis to v ectors �

A

and �

B

. W e write �

A

=

P

t 2 [ q

n

]

�

t

� u

t

and

�

B

=

P

t 2 [ q

n

]

�

t

� u

t

. Then w e ha v e

P

t

�

2

t

� 1,

P

t

�

2

t

� 1, and j �

0

j � 2 � , j �

0

j � 2 � .

No w, putting things together, w e ha v e

Co r

D


 n [ P ] = ( �

A

)

T

� M


 n

� �

B

= q

n

�

X

t 2 [ q

n

]

�

t

� �

t

� �

t

� 4 �

2

+ (1 � � ) � (1 � 4 �

2

) � 1 � � (1 � 4 �

2

)

Lemma 5.2 L et A b e an a � a matrix of eigenve ctors v

0

; :::; v

a � 1

, with c orr esp onding eigenvalues

�

0

; :::; �

a � 1

. L et B b e a b � b matrix of eigenve ctors u

0

; :::; u

b � 1

, with c orr esp onding eigenvalues

�

0

; :::; �

b � 1

. Then the eigenvalues of the matrix A 
 B ar e v

i


 u

j

with c orr esp onding eigenvalues

�

i

� �

j

, for i 2 [ a ] and j 2 [ b ] .

Pro of: W e pro v e that for ev ery i 2 [ a ] and j 2 [ b ], ( A 
 B )( v

i


 u

j

) = �

i

� �

j

� ( v

i


 u

j

), whic h

will imply that ( v

i


 u

j

) is an eigen v ector. Then, since ( A 
 B ) is an ( ab ) � ( ab ) matrix, it only has

ab eigen v ectors. Therefore this w ould imply our lemma.

No w w e pro v e that ( A 
 B )( v

i


 u

j

) = �

i

� �

j

� ( v

i


 u

j

).

( A 
 B )( v

i


 u

j

)[( x; y )] =

X

s 2 [ a ] ;t 2 [ b ]

( A 
 B )

( x;y ) ; ( s;t )

� ( v

i


 u

j

)[( s; t )]

=

X

s 2 [ a ] ;t 2 [ b ]

A

x;s

� B

y ;t

� v

i

[ s ] � u

j

[ t ]

=

0

@

X

s 2 [ a ]

A

x;s

� v

i

[ s ]

1

A

�

0

@

X

t 2 [ b ]

B

y ;t

� u

j

[ t ]

1

A

= �

i

� v

i

[ x ] � �

j

� u

j

[ y ]

= �

i

� �

j

� ( v

i


 u

j

)[( x; y )]

Since the equation holds for all x 2 [ a ] ; y 2 [ b ], w e ha v e ( A 
 B )( v

i


 u

j

) = �

i

� �

j

� ( v

i


 u

j

).

Theorem 5.3 pro vides a general negativ e answ er to the question of non-in teractiv e correlation

distillation. Notice the upp er b ound on the correlation is indep enden t of n , the size of the input

to the proto cols. Therefore, if the noise mo del is regular, then Alice and Bob cannot distill the
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correlation an y higher than what is dictated b y the scaled eigen v alue gap, ev en if they are willing

to collect man y samples from the same mo del and then \concen trate" them them in to one single

sym b ol.

5.4 The Binary Erasure Noise Mo del

W e pro v e a similar imp ossibilit y result for another noise mo del, namely the binary erasure noise

mo del. In tuitiv ely , this mo del describ es the situation where Alice sends an un biased bit to Bob,

whic h is erased (and replaced b y a sp ecial sym b ol ? ) with probabilit y p .

De�nition 5.10 (Binary Erasure Noise Mo del) The binary erasure noise mo del , denote d by

E

p

is a tensor pr o duct noise mo del with b ase distribution D

E

over alphab et f 0 ; 1 ; ?g , de�ne d as

D

E

(0 ; 0) = D

E

(1 ; 1) = (1 � p ) = 2 , D

E

(0 ; ? ) = D

E

(1 ; ? ) = p= 2 .

P erhaps the binary erasure noise mo del is the simplest noise mo del that is not symmetric, and

th us isn't regular. It is, ho w ev er, a realistic one. Consider as example the situation where Alice and

Bob receiv e their inputs b y observing a pulsar. It is quite lik ely that the noise of the measuremen ts

b y Alice and Bob are of the \erasure-t yp e", i.e., the corruption of information can b e detected.

F urthermore, it is also p ossible that Alice and Bob ha v e di�eren t measuremen t apparatus and

di�eren t lev els of accuracy . In the random b eacon problem, Alice (as the b eacon o wner) migh t

o wn a more sophisticated (and more exp ensiv e) measuring device with higher accuracy , while Bob

(as the v eri�er) has a more noisy measuremen t device. An extreme case w ould b e that Alice has

near-p erfect accuracy in her measuremen t, but Bob's measuremen t is noisy . Suc h a situation can

b e w ell appro ximated b y the binary erasure noise mo del.

Notice that in this mo del, Alice's input is the uniform distribution o v er f 0 ; 1 g , and Bob's input

is 0 and 1 with probabilit y (1 � p ) = 2 eac h, and ? with probabilit y p . A na • �v e proto col under this

mo del only uses the �rst pair of the inputs. Alice outputs her bit, and Bob outputs his bit if his

input is 0 or 1, and outputs a random bit if his input is ? . This is a lo cally uniform proto col with

correlation 1 � p .

The next theorem sho ws that no proto col can do m uc h b etter than the na • �v e proto col.
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Theorem 5.4 (NICD for the Binary Erasure Mo del) The c orr elation of any lo c al ly uniform

pr oto c ol over the noise mo del E

p

is at most

p

1 � p (1 � 4 �

2

) .

W e susp ect that it is not a tigh t b ound, but it is su�cien t to sho w that it is b ounded a w a y

from 1 and is indep enden t from n . Therefore, ev en with p erfect accuracy in Alice's measuremen t,

non-in teractiv e correlation distillation is imp ossible if Bob's measuremen t is noisy .

Pro of: W e in tro duce more notations. A binary string is a string o v er alphab et f 0 ; 1 g . F or a

binary string x , w e denote its Hamming weight b y j x j , whic h is the n um b er of 1's in x . W e call a

v ector v o v er alphab et f 0 ; 1 ; ?g an extende d bit ve ctor , and de�ne its de gr e e , denoted b y deg ( v ), to

b e the n um b er of ? 's in it. An err or ve ctor , denoted b y u is a v ector o v er alphab et f ?; ?g , and its

de gr e e also the n um b er of ? 's in it. T ak e a k -dimensional bit v ector v and an n -dimensional error

v ector u of degree ( n � k ), w e de�ne their c omp osition to b e an n -dimensional extended bit v ector

x de�ned as

x [ i ] =

8

>

>

>

>

<

>

>

>

>

:

v [ j ] if u [ i ] = ? and j = jf l : 0 � l < i; u [ j ] = ? gj

? if u [ i ] = ?

(5.11)

and w e write this as x = v . u . As an example, w e ha v e (1 ; 0 ; 1) . ( ? ; ?; ?; ? ; ? ) = ( ? ; 1 ; 0 ; ? ; 1).

Notice that ev ery extended bit v ector x can b e uniquely written as suc h a comp osition of a bit

v ector v and an error v ector u . So w e denote v to b e the extr acte d bit ve ctor of x , and write it as

v = [ x ]; w e denote u to b e the err or ve ctor of x and write it as u = f x g .

F or a bit v ector x and an extended bit v ector v , b oth of dimension n , w e sa y x is c onsistent

with v , if for ev ery i suc h that v [ i ] 6= ? , w e ha v e x [ i ] = v [ i ]. W e denote this as x v v .

F or a bit v ector x and an error v ector u of degree d , w e de�ne the r estricte d ve ctor of x with

resp ect to u to b e the unique ( n � d )-dimensional bit v ector v suc h that x v ( v . u ), and w e write

this as v = x j

u

. The exclude d ve ctor of x with resp ect to u is the d -dimensional v ector v

0

de�ned

to b e v

0

[ i ] = x [ k ] where k = jf j : 0 � j < i; u [ j ] = ? gj . W e also write x = v

u

_ v

0

, and sa y x is

joine d b y v and v

0

with resp ect to u .

W e no w �x a proto col P and consider its c haracteristic functions �

A

and �

B

(w e omit the

subscript n ). Both are real functions o v er f 0 ; 1 ; ?g

n

. Both since in the erasure mo del, the input to

Alice nev er con tains ? , w e assume that �

A

is a function o v er f 0 ; 1 g

n

. W e p erform F ourier analysis
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to �

A

, using parit y functions as the orthonormal basis.

�

A

( x ) =

X

s

�

s

�

s

( x ) (5.12)

where w e ha v e

P

s

�

2

s

� 1. Since P is � -lo cally uniform, w e ha v e

j �

0

j � 2 � : (5.13)

The analysis for �

B

is more complicated. W e decomp ose �

B

in to 2

n

\sub-functions", according

to the 2

n

error v ectors. F or error v ector u , w e de�ne a function  

u

that maps ( n � k )-dimensional

bit v ectors to f� 1 ; +1 g , where k is the degree of u . Then w e p erform a F ourier analysis for ev ery

sub-function, and write

 

u

( x ) =

X

s

�

u;s

�

s

( x ) (5.14)

Again w e ha v e

P

s

�

2

u;s

� 1 for ev ery error v ector u .

W e de�ne � = p= (1 � p ), then it is easy to see that the probabilit y that Bob receiv es an extended

error v ector of degree d is �

d

� (1 � p )

n

. F urthermore, it is easy to v erify that

X

u 2f ?; ?g

n

�

deg ( u )

=

n

X

k =0

�

n

k

�

�

k

=

1

(1 � p )

n

(5.15)

F or the rest of the pro of, w e write �

u

as a shorthand for �

deg ( u )

.

Finally , w e estimate the correlation b et w een the outputs. W e denote it b y � and it is not hard

to see that

� =

�

1 � p

2

�

n

X

u 2f ?; ?g

n

�

u

X

x

�

A

( x )  

u

( x j

u

) (5.16)

By substituting in the F ourier co e�cien ts, w e ha v e

� =

�

1 � p

2

�

n

X

u 2f ?; ?g

n

�

u

X

x

X

s �f 0 ; 1 g

n

X

t �f 0 ; 1 g

n � deg ( u )

�

s

�

t

�

s

( x ) �

t

( x j

u

)

=

�

1 � p

2

�

n

X

u 2f ?; ?g

n

�

u

X

s �f 0 ; 1 g

n

X

t �f 0 ; 1 g

n � deg ( u )

�

s

�

t

 

X

x

�

s

( x ) �

t

( x j

u

)

!
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No w, w e �x an error v ector u of degree r , and �x sets s , t . W e write s = s

0

[ s

1

, suc h that for

ev ery i 2 s

0

, w e ha v e u [ i ] = ? and for ev ery i 2 s

1

, w e ha v e u [ i ] = ? . W e write this as s

0

= s j

u

. If

s

1

= ; , w e sa y that s is c onsistent with u , and w e write this as s v u . Then w e ha v e

X

x 2f 0 ; 1 g

n

�

s

( x ) �

t

( x j

u

) =

X

v 2f 0 ; 1 g

n � d

X

v

0

2f 0 ; 1 g

d

�

s

0

( v ) �

s

1

( v

0

) �

t

( v )

=

X

v 2f 0 ; 1 g

n � d

�

s

0

� t

( v )

X

v

0

2f 0 ; 1 g

d

�

s

1

( v

0

)

So the only w e w e get non-zero as a result is when s

0

= t and s

1

= ; , whic h means s = t .

Therefore, w e ha v e

� = (1 � p )

n

X

u 2f ?; ?g

n

�

u

X

s v u

�

s

�

u;s j

u

� (1 � p )

n

0

@

X

u 2f ?; ?g

n

�

u

1

A

1 = 2

�

2

4

X

u 2f ?; ?g

n

�

u

0

@

X

s v u

�

s

�

u;s j

u

1

A

2

3

5

1 = 2

(Cauc h y-Sc h w artz)

= (1 � p )

n= 2

�

2

4

X

u 2f ?; ?g

n

�

u

�

0

@

X

s v u

�

2

s

1

A

�

0

@

X

s v u

�

2

u;s j

u

1

A

3

5

1 = 2

(Eq. 5.15)

� (1 � p )

n= 2

�

2

4

X

u 2f ?; ?g

n

�

u

�

0

@

X

s v u

�

2

s

1

A

3

5

1 = 2

(P arsev al,

P

s v u

�

2

u;s j

u

� 1 )

= (1 � p )

n= 2

�

2

4

X

s

�

2

s

X

u : s v u

�

u

3

5

1 = 2

= (1 � p )

n= 2

�

"

X

s

�

2

s

� (1 + � )

n �j s j

#

1 = 2

� (1 � p )

n= 2

�

(1 + � )

n � 1

(1 + 4 �

2

(1 + � ))

�

1 = 2

(Eq. 5.13)

=

p

1 � p (1 � 4 �

2

)
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Chapter 6

A P ositiv e Result on One-bit

Correlation Distillation

The imp ossibilit y results from the previous c hapter suggest that for man y noise mo dels, comm uni-

cation is essen tial for correlation distillation. Th us it is in teresting to ask ho w m uc h comm unication

is essen tial. In particular, w e w ere in terested in the question \do es a single bit of comm unication

help?" W e answ er this question p ositiv ely b y presen ting a proto col that non-trivially distills cor-

relation from the binary symmetric noise mo del with one bit of comm unication. This result sho ws

that ev en the minimal amoun t of comm unication is pro v ably more p o w erful than no comm unication

at all.

The result in this Chapter relativ e to this thesis is summarized in Figure 6.1.

Recall that o v er a binary symmetric noise mo del S

n;p

, no non-in teractiv e, lo cally uniform pro-

to cols can ha v e a correlation more than 1 � 2 p . No w, w e consider proto cols with one bit of

comm unication. Supp ose Alice sends one bit to Bob, whic h Bob receiv es with p erfect accuracy . If

w e still only require Alice and Bob eac h to output a single bit, then the problem is trivial: Alice

can generate an un biased bit x and send it to Bob, and then Alice and Bob b oth output x . This

proto col has p erfect correlation. Th us, to mak e the problem non-trivial, w e require that Alice and

Bob m ust output t w o bits eac h. Supp ose Alice outputs ( X

1

; X

2

) and Bob outputs ( Y

1

; Y

2

). W e
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Figure 6.1: The Result in Chapter 6.

de�ne the correlation of a proto col to b e

2 � min

i =1 ; 2

f Prob [ X

i

= Y

i

] g � 1

In this situation, w e sa y a proto col is lo c al ly uniform , if b oth ( X

1

; X

2

) and ( Y

1

; Y

2

) are uniformly

distributed.

No w w e describ e a lo cally uniform proto col of correlation ab out 1 � 3 p= 2 . The proto col is called

the \AND" proto col. Both Alice and Bob only tak e the �rst t w o bits as their inputs. Alice directly

output her bits, and sends the AND of her bits to Bob. Then, in tuitiv ely , Bob \guesses" Alice's

bits using the Ba y es rule and outputs them. A tec hnical issue is that Bob has to \balance" his

output so that the proto col is still lo cally uniform. The detailed description is in Figure 6.2.

W e can easily v erify (b y a straigh tforw ard computation) the follo wing result.

Theorem 6.1 (One-bit Proto col for the Binary Symmetric Mo del) The AND pr oto c ol is

a lo c al ly uniform pr oto c ol with c orr elation 1 �

3 p

2

+

p

2

4 � 2 p

.

This is a constan t-factor impro v emen t o v er the non-in teractiv e case.

This result ma y seem a little surprising. It app ears that Alice isn't fully utilizing the one-bit

comm unication, since she is sending an AND of t w o bits, whose en trop y is less than 1. It is tempting

to sp eculate that b y ha ving Alice send the X OR of the t w o bits, Alice and Bob can obtain a b etter
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STEP I Alice computes r := a

1

^ a

2

, sends r to Bob, and outputs ( a

1

; a

2

).

STEP I I Bob, up on receiving r from Alice:

IF r = 1 THEN output (1 ; 1).

ELSE IF b

1

= b

2

= 1 THEN output

{ (0 ; 0) with probabilit y p= (2 � p );

{ (0 ; 1) with probabilit y (1 � p ) = (2 � p );

{ (1 ; 0) with probabilit y (1 � p ) = (2 � p );

ELSE output ( b

1

; b

2

).

Alice receiv es input bits a

1

; a

2

, and Bob receiv ed input bits b

1

; b

2

, where ( a

1

a

2

; b

1

b

2

) is dra wn from

S


 2

p

Figure 6.2: The AND proto col

result, since Bob gets more information. Nev ertheless, the X OR do esn't w ork, in some sense due to

its \symmetry". Consider the case that Alice sends the X OR of her bits to Bob. Bob can compute

the X OR of his bits, and if the t w o X OR's agree, Bob kno ws that with high probabilit y , b oth

his bits agrees with Alice's. Ho w ev er, if the t w o X OR's don't agree, Bob kno ws one of his bits is

\corrupted", but he has no information ab out whic h one. F urthermore, ho w ev er Bob guesses, he

will b e wrong with probabilit y 1 = 2. On the other hand, in the AND proto col, if Bob receiv es a

\1" as the AND of the bits from Alice, he kno ws for sure that Alice has (1 ; 1) and th us he simply

outputs (1 ; 1); if r = 0 and b

1

= b

2

= 1, he kno ws that his input is \corrupted", and he \guesses"

Alice's bit according to the Ba y es rule of p osterior probabilities. If Bob receiv es a \0" as the AND

and ( b

1

; b

2

) 6= (1 ; 1), then the data lo oks \consisten t" and Bob just outputs his bits. In this w a y ,

1 = 4 of the time (when Bob receiv es a 1), Bob kno ws Alice's bits for sure and can ac hiev e p erfect

correlation; otherwise Alice and Bob b eha v e almost lik e in the non-in teractiv e case, whic h giv es

1 � 2 p correlation. So the o v erall correlation is ab out 1 = 4 � 1 + (3 = 4) � (1 � 2 p ) = 1 � 3 p= 2.
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Chapter 7

Non-In teractiv e En tanglemen t

Distillation

W e study non-inter active entanglement distil lation (NIED) proto cols. As in the case of non-

in teractiv e classical correlation distillation, non-in teractiv e en tanglemen t distillation also serv es

as the most basic problem in the study of comm unication complexit y of EDPs. Notice that a

priori, it is not necessarily ob vious that non-in teractiv e proto cols w ould b e useless. In fact, Ben-

nett et. al. [21 ] constructed a non-in teractiv e en tanglemen t distillation proto col for a sp eci�c noise

mo del where Alice and Bob share a large n um b er of iden tical copies of some pure state.

1

Ho w ev er,

as w e shall so on see, non-in teractiv e en tanglemen t distillation is imp ossible for a n um b er of less

\b enign" noise mo dels.

In this section, w e only study proto cols that only output one qubit pair, since these are the

minimally \useful" proto cols, and a lo w er b ound on their �delities su�ces as a general lo w er b ound.

In particular, w e consider three noise mo dels, namely the b ounded decoherence mo del, the b ounded

corruption mo del, and the dep olarization mo del, and pro v e corresp onding b ounds on the �delit y

of non-in teractiv e EDPs o v er them. These b ounds are tigh t or almost tigh t.

The results in this Chapter relativ e to this thesis are summarized in Figure 7.1.

1

They call their sc heme \en tanglemen t concen tration".
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Figure 7.1: Results in Chapter 7.

7.1 The Bounded Measuremen t Mo del

W e de�ne the b ounded measuremen t noise mo del, and pro v e a tigh t lo w er b ound on the �delit y of

non-in teractiv e proto cols o v er suc h a mo del. W e �rst need some more notation. An err or indic ator

ve ctor is a n -dimensional v ector from an alphab et v 2 f 0 ; 1 ; �g . The de gr e e of a v ector v , denoted

b y deg ( v ), is the n um b er of en tries in v that are not \ � ". Eac h v corresp onds to a me asur ement

err or state j �

v

i =

N

n � 1

j =0

j �

j

i , where

j �

j

i =

8

>

>

>

>

<

>

>

>

>

:

j 0 i

A

j 0 i

B

if v [ j ] = 0

j 1 i

A

j 1 i

B

if v [ j ] = 1

�

+

if v [ j ] = �

The de gr e e of a measuremen t error state j �

v

i is the degree of v .

De�nition 7.1 (Bounded Measuremen t Mo del) A b ounded measuremen t mo del of p ar ame-

ter ( n; t ) , denote d by M

n;t

, is an adversarial quantum noise mo del c onsisting of al l me asur ement

err or states of de gr e e at most t . In other wor ds,

M

n;t

= fj �

v

i j deg ( v ) � t g (7.1)
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In tuitiv ely , the b ounded measuremen t mo del describ es the situation where up to t (unkno wn)

EPR pairs are measured in the computational basis (th us eac h pair results in either j 0 ij 0 i or j 1 ij 1 i ).

Therefore, this mo del is in some sense more \b enign" than the quan tum b ounded corruption mo del,

where the corruptions on an EPR pair can b e more general. Ho w ev er, this simpler mo del is already

in teresting enough to ensure a non-trivial result.

Theorem 7.1 (NIED for the Bounded Measuremen t Mo del) The �delity of any non-inter active,

r andomize d public-c oin entanglement distil lation pr oto c ols over a b ounde d me asur ement mo del M

n;r

is at most 1 �

r

2 n

.

Notice that there exists a v ery simple non-in teractiv e, randomized public-coin proto col that

ac hiev es a �delit y of 1 �

r

2 n

. Alice and Bob use their shared randomness to select a random input

qubit pair to output. If this pair is not measured, it has �delit y 1; if the pair is measured, it has

�delit y

1

2

. Clearly , a random pair is measured with probabilit y at most

r

n

. Therefore, the o v erall

�delit y is at least 1 �

r

2 n

, and the upp er b ound in Theorem 7.1 is tigh t.

Despite the fact that the matc hing upp er b ound is almost trivial, the pro of to this lo w er b ound

do es not app ear so.

Pro of: (of Theorem 7.1) W e consider a sligh tly di�eren t noise mo del, where r r andom EPR

pairs are measured. This corresp onds to the densit y matrix

� =

1

2

n

�

n

r

�

X

v : deg ( v )= r

j �

v

i h �

v

j

W e shall pro v e that no deterministic non-in teractiv e proto col can ha v e a �delit y higher than 1 �

r

2 n

if � is the input. Then, w e conclude that no share-randomized proto col can ha v e a �delit y higher

than 1 �

r

2 n

, to o, since �delit y is a linear function.

Consider a deterministic non-in teractiv e proto col P . Notice P do esn't in v olv e an y comm unica-

tion, w e can mo del it as Alice and Bob b oth applying a unitary op eration to their share of qubits,

output the �rst qubits and discard the rest.

Supp ose the unitary op erators of Alice and Bob are U

A

and U

B

. W e denote the states under
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these op erations b y

U

A

j x i � ! j �

x

i

U

B

j x i � ! j  

x

i

Notice that w e use \ � ! " instead of \=" since w e allo w Alice and Bob to use ancillary bits. Clearly ,

the v ectors fj �

x

ig

x

are orthonormal, and so are the v ectors fj  

x

ig

x

.

W e shall pro v e that

1

2

r

�

n

r

�

X

deg ( v )= r

h

[ F

b

(( U

A


 U

B

) j �

v

i h �

v

j ( U

A


 U

B

)

y

)

i

� 1 �

r

2 n

; (7.2)

whic h implies the theorem.

By Lemma 2.3, Eq.(7.2) is equiv alen t to

1

2

r

�

n

r

�

X

deg v = r

2

4

X

U 2f I ;X ;Y ;Z g

h �

v

j ( U

A


 U

B

)

y

( U 
 U

�

)( U

A


 U

B

) j �

v

i

3

5

� 4(1 �

r

2 n

) (7.3)

W e expand the left hand side: Notice that

( U

A


 U

B

) j �

v

i =

1

2

( n � r ) = 2

X

x v v

j �

x

ij  

x

i

where x v v if x is c onsistent with v (that is, if x [ j ] = v [ j ] for all j suc h that v [ j ] 6= � ).

Therefore, w e ha v e

h �

v

j ( U

A


 U

B

)

y

( U 
 U

�

)( U

A


 U

B

) j �

v

i =

1

2

n � r

X

x v v

X

y v v

h �

x

j U j �

y

i � h  

x

j U

�

j  

y

i

for an y unitary op eration U . So, Eq.(7.3) is equiv alen t to

1

2

n

�

n

r

�

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

h �

x

j U j �

y

i � h  

x

j U

�

j  

y

i � 4(1 �

r

2 n

) (7.4)
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Ho w ev er, b y Cauc h y-Sc h w artz, w e ha v e

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

h �

x

j U j �

y

i � h  

x

j U

�

j  

y

i

�

0

@

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

1

A

1

2

�

0

@

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

jh  

x

j U

�

j  

y

ij

2

1

A

1

2

Next, w e estimate the terms on the righ t hand side:

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

=

X

x

X

y

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

X

deg v = r : x

1

v v ^ x

2

v v

1

Notice that since j �

x

i 's are all orthonormal, w e ha v e

P

y

jh �

x

j U j �

y

ij

2

� 1 for all x 's. Th us

X

x

X

y

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

x

ij

2

� 2

n +2

F or an y x and y , w e ha v e

X

deg v = r : x v v ^ y v v

1 =

�

n � j x � y j

n � r � j x � y j

�

The reason is simple: the only freedom for v is where to put the ( n � r ) � 's. But for ev ery p osition

k suc h that x [ k ] 6= y [ k ], w e ha v e to ha v e v [ k ] = � . Then w e still ha v e ( n � r � j x � y j ) � 's w e can

put an ywhere. So if x 6= y ,

X

deg v = r : x v v ^ y v v

1 �

�

n � 1

n � r � 1

�

Also notice that b y Lemma 2.2, w e ha v e

P

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

x

ij

2

� 2 for an y x .
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Putting things together, w e ha v e

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

�

�

n

r

�

�

X

x

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

x

ij

2

+

�

n � 1

r � 1

�

�

X

x 6= y

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

=

��

n

r

�

�

�

n � 1

r � 1

��

�

X

x

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

x

ij

2

+

�

n � 1

r � 1

�

�

X

x

X

y

X

U 2f I ;X ;Y ;Z g

jh �

x

j U j �

y

ij

2

=

��

n

r

�

�

�

n � 1

r � 1

��

� 2

n +1

+

�

n � 1

r � 1

�

� 2

n +2

= 2

n +2

�

n

r

�

(1 �

r

2 n

)

Similarly , w e ha v e

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

jh  

x

j U

�

j  

y

ij

2

� 2

n +2

�

n

r

�

(1 �

r

2 n

)

to o.

Th us w e ha v e

X

deg v = r

X

x v v

X

y v v

X

U 2f I ;X ;Y ;Z g

h �

x

j U j �

y

i � h  

x

j U

�

j  

y

i � 2

n +2

�

n

r

�

(1 �

r

2 n

)

whic h pro v es (7.4).

7.2 The Bounded Corruption Mo del

W e pro v e a similar upp er b ound on the �delit y of non-in teractiv e proto cols o v er a b ounded corrup-

tion mo del.

Theorem 7.2 (NIED for the Bounded Corruption Mo del) The �delity of any non-inter active,

r andomize d public-c oin entanglement distil lation pr oto c ols over a quantum b ounde d c orruption mo del

B

q

n;r

is at most 1 �

r

2 n

.
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Notice that if Alice and Bob use their shared random bits to select an input pair and output

them, they will ac hiev e a �delit y of 1 �

r

n

. So this upp er b ound is almost tigh t (up to a constan t

factor).

Pro of: (of Theorem 7.2) As in the pro of for Theorem 7.1, w e consider a di�eren t \random

corruption" noise mo del, where r EPR pairs are randomly c hosen and eac h is indep enden tly replaced

b y a random Bell state. W e shall pro v e that the �delit y of an y deterministic, non-in teractiv e

proto col o v er suc h a noise mo del is at most 1 �

r

2 n

, whic h will imply our theorem.

It is easy to v erify that

1

4

�

�

+

+ �

�

+ 	

+

+ 	

�

�

=

1

4

( j 00 i h 00 j + j 01 i h 01 j + j 10 i h 10 j + j 11 i h 11 j ) =

I

4

(7.5)

So w e can in terpret the random corruption noise mo del as randomly c ho osing r EPR pairs and

replace eac h of them b y the completely mixed state I = 4.

W e presen t more notations and de�nitions. As c orruption indic ator ve ctor , often denoted b y

u , is an n -dimensional v ector, whose eac h en try is an elemen t from alphab et f 00 ; 01 ; 10 ; 11 ; �g . Its

de gr e e is the n um b er of en tries that are not � . There are 4

r

�

n

r

�

corruption indicator v ectors of

degree r , where eac h u corresp onds to a unique bipartite state j  

u

i in the follo wing w a y:

j  

u

i =

n � 1

O

j =0

j �

j

i ; where j �

j

i =

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

j 0 i

A

j 0 i

B

if u [ j ] = 00

j 0 i

A

j 1 i

B

if u [ j ] = 11

j 1 i

A

j 0 i

B

if u [ j ] = 10

j 1 i

A

j 1 i

B

if u [ j ] = 11

�

+

if u [ j ] = �

(7.6)

W e call suc h an j  

u

i an c orruption err or state .

An 2 n -bit string x is c onsistent with a corruption indicator v ector u , if x [ j ]; x [ n + j ] = u [ j ] for

all j suc h that v [ j ] 6= � , and x [ j ] = x [ n + j ] for all j suc h that v [ j ] = � . W e write this as x v u .

There are 2

n � r

bit-strings consisten t with a corruption indicator v ector of degree r . W e often view

x as the concatenation of 2 n -bit string: x = l ; r , and w e write them as l = L T ( x ) and r = RT ( x ).
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With the notations, w e can write the corruption error states as

 

u

=

1

2

( n � r ) = 2

X

x v u

j L T ( x ) i

A

j RT ( x ) i

B

(7.7)

W e de�ne the discr ep ancy of a 2 n -bit string x to b e DIS ( x ) = L T ( s ) � RT ( s ), where \ � ' stands for

bit-wise X OR. The de gr e e of discr ep ancy of x is j DIS ( x ) j , the Hamming w eigh t of DIS ( x ). Clearly ,

there are

�

n

d

�

2

n

0-1 v ectors of dimension 2 n ha ving degree of discrepancy d . F urthermore, if x has

degree of discrepancy d , then the n um b er of degree- r corruption indicator v ectors u suc h that x v u

is

�

n � d

r � d

�

. This is b ecause for ev ery j suc h that x [ j ] 6= x [ n + j ], w e m ust ha v e u [ j ] = x [ j ]; x [ n + j ]

in order to ha v e x v u . So the only freedom for u is to put ( n � r ) � 's in the n � d places where

x [ j ] = x [ n + j ].

Consider a deterministic non-in teractiv e proto col P . Again, since P is non-in teractiv e, w e can

mo del it b y a pair of unitary op erators ( U

A

; U

B

), suc h that P consists of Alice and Bob eac h

applying their op erators, outputs the �rst qubits, and discarding the rest. W e write the unitary

op erators as

U

A

j x i � ! j �

x

i

U

B

j x i � ! j  

x

i

Then as in the pro of to Theorem 7.1, w e shall pro v e that

1

4

r

�

n

r

�

X

deg u = r

2

4

X

U 2f I ;X ;Y ;Z g

h  

u

j ( U

A


 U

B

)

y

( U 
 U

�

)( U

A


 U

B

) j  

u

i

3

5

� 4(1 �

r

2 n

) (7.8)

whic h implies our theorem.

Notice that

( U

A


 U

B

) j  

u

i =

1

2

( n � r ) = 2

X

x v u

j �

L T ( x )

ij  

RT ( x )

i
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and so w e ha v e

h  

u

j ( U

A


 U

B

)

y

( U 
 U

�

)( U

A


 U

B

) j  

u

i =

1

2

n � r

X

x v u

X

y v u

h �

L T ( x )

j U j �

L T ( y )

i � h  

RT ( x )

j U

�

j  

RT ( y )

i

So w e only need to pro v e that

1

2

n + r

�

n

r

�

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

h �

L T ( x )

j U j �

L T ( y )

i � h  

RT ( x )

j U

�

j  

RT ( y )

i � 4(1 �

r

2 n

) (7.9)

By Cauc h y-Sc h w artz, w e ha v e

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

h �

L T ( x )

j U j �

L T ( y )

i � h  

RT ( x )

j U

�

j  

RT ( y )

i

�

0

@

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

jh �

L T ( x )

j U j �

L T ( y )

ij

2

1

A

1

2

�

0

@

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

jh  

RT ( x )

j U

�

j  

RT ( y )

ij

2

1

A

1

2

No w w e estimate

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

jh �

L T ( x )

j U j �

L T ( y )

ij

2

Notice w e can write x as x = L T ( x ); ( L T ( x ) � DIS ( x )) and y as y = L T ( y ); ( L T ( y ) � DIS ( y )). If

there exists an extended indicator v ector u suc h that x v u and y v u , w e m ust ha v e DIS ( x ) =

DIS ( y ). This is b ecause that for ev ery j suc h that DIS ( x )[ j ] = 1, x [ j ] and x [ n + j ] di�er. Th us w e

m ust ha v e v [ j ] = x [ j ]; x [ n + j ], whic h implies that v [ j ] = y [ j ]; y [ n + j ], and DIS ( y )[ j ] = 1. In fact,

for ev ery j suc h that DIS ( x )[ j ] = 1, w e ha v e x [ j ] = y [ j ] and x [ n + j ] = y [ n + j ].

So w e ha v e
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X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

jh �

L T ( x )

j U j �

L T ( y )

ij

2

=

X

a 2f 0 ; 1 g

n

X

b 2f 0 ; 1 g

n

X

U 2f I ;X ;Y ;Z g

jh �

a

j U j �

b

ij

2

X

c 2f 0 ; 1 g

n

X

deg u = r : [( a ;( a � c )) v u ] ^ [( b ;( b � c )) v u ]

1

b y a substituting a for L T ( x ), b for L T ( y ), and c for DIS ( x ).

No w w e �x a and b , and compute

X

c 2f 0 ; 1 g

n

X

deg u = r : [( a ;( a � c )) v u ] ^ [( b ;( b � c )) v u ]

1

W e de�ne k = j a � b j . F or ev ery j where a [ j ] 6= b [ j ], w e m ust ha v e c [ j ] = 0 and u [ j ] = � . F or

ev ery j where a [ j ] = b [ j ], if w e ha v e c [ j ] = 1, then w e m ust ha v e u [ j ] = a [ j ]; ( a [ j ] � 1); if w e ha v e

c [ j ] = 0, then u can b e either a [ j ]; a [ j ] or � . Therefore, of n � k p ositions where a [ j ] = b [ j ], r w ould

b e c hosen where u has a non- � en try . Of these r places, one has the freedom to c ho ose c [ j ] = 0 or

c [ j ] = 1. F or all other places, c [ j ] = 0 and u = � . So w e ha v e

X

c 2f 0 ; 1 g

n

X

deg u = r : [( a ;( a � c )) v u ] ^ [( b ;( b � c )) v u ]

1 = 2

r

�

�

n � k

r

�

In other w ords,

X

deg u = r

X

x v u

X

y v u

X

U 2f I ;X ;Y ;Z g

jh �

L T ( x )

j U j �

L T ( y )

ij

2

=

X

a 2f 0 ; 1 g

n

X

b 2f 0 ; 1 g

n

X

U 2f I ;X ;Y ;Z g

jh �

a

j U j �

b

ij

2

� 2

r

�

�

n � j a � b j

r

�

(7.10)

Since j �

a

i 's are orthogonal, w e ha v e

X

a

X

b

X

U 2f I ;X ;Y ;Z g

jh �

a

j U j �

b

ij

2

� 2

n +2

Also b y Lemma 2.2, w e ha v e

X

a

jh �

a

j U j �

a

ij

2

� 2

n +1
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Therefore

X

a 2f 0 ; 1 g

n

X

b 2f 0 ; 1 g

n

X

U 2f I ;X ;Y ;Z g

jh �

a

j U j �

b

ij

2

� 2

r

�

�

n � j a � b j

r

�

�

X

a

jh �

a

j U j �

a

ij

2

� 2

r

��

n

r

�

�

�

n � 1

r

��

+ 2

r

�

n � 1

r

�

X

a 2f 0 ; 1 g

n

X

b 2f 0 ; 1 g

n

X

U 2f I ;X ;Y ;Z g

jh �

a

j U j �

b

ij

2

� 2

n + r +1

��

n

r

�

�

�

n � 1

r

��

+ 2

n + r +2

�

n � 1

r

�

= 2

n + r +2

�

n

r

�

(1 �

r

2 n

)

whic h implies (7.9), whic h implies the theorem.

7.3 The Dep olarization Mo del

Dep olarization Mo del W e de�ne the dep olarization noise mo del, whic h is a commonly used

mo del for quan tum noises [92 , 69 ]. In tuitiv ely , a dep olarization mo del of parameter p describ es

the situation where eac h of Bob's qubits is replaced b y a completely mixed state indep enden tly

with probabilit y p . In particular, if Alice and Bob initially share the Bell state �

+

, then the

\dep olarization" noise mo v es it to

�

p

= (1 �

3 p

4

) j �

+

i h �

+

j +

p

4

( j �

�

i h �

�

j + j 	

+

i h 	

+

j + j 	

�

i h 	

�

j ) (7.11)

whic h is also kno wn as the \W erner state" [92 ].

De�nition 7.2 (Dep olarization Mo del) A dep olarization mo del of p ar ameter ( n; p ) is a pr ob-

abilistic quantum noise mo del de�ne d as D

n;p

= �


 n

p

.

Theorem 7.3 (NIED for the Dep olarization Mo del) The �delity of any non-inter active, r an-

domize d public-c oin entanglement distil lation pr oto c ols over a dep olarization mo del D

n;p

is at most

1 �

p

2

.

Notice that there exists a v ery simple non-in teractiv e proto col of �delit y 1 �

3 p

4

. If Alice and

Bob simply outputs the �rst qubit of their shares, the �delit y of the output is 1 �

3 p

4

. Notice that
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this proto col is deterministic. Therefore the upp er b ound in Theorem 7.3 is almost tigh t (up to a

constan t factor).

Pro of: (of Theorem 7.3) Notice that in the dep olarization mo del, the probabilit y that r EPR

pairs are corrupted is

�

n

r

�

p

r

(1 � p )

n � r

. Conditioned on that r pairs are corrupted, eac h of these

r pairs are replaced b y a completely mixed state, and this it is exactly the \random corruption"

mo del in the pro of of Theorem 7.2. So in this case, the �delit y of an y non-in teractiv e proto col is at

most 1 � r = 2 n . Th us, the o v erall �delit y of an y non-in teractiv e proto col is at most

P

r

�

n

r

�

p

r

(1 �

p )

n � r

� (1 � r = 2 n ) = 1 � p= 2.
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Chapter 8

The Fidelit y Noise Mo del

W e in tro duce the �delit y noise mo del and study the comm unication complexit y of en tanglemen t

distillation proto cols o v er this mo del. W e start b y discussing the motiv ation for this noise mo del,

namely , the problem of General En tanglemen t Extraction. Then w e in tro duce the mo del and

presen t our results.

The results in this Chapter relativ e to this thesis are summarized in Figure 8.1.
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Figure 8.1: Results in Chapter 8.
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8.1 Motiv ation: General En tanglemen t Extraction

The problem of general en tanglemen t extraction is form ulated (informally) as follo ws. Giv en an

arbitrarily state of certain en tanglemen t (sa y k ), is it p ossible for Alice and Bob to extractor \high-

qualit y" en tanglemen t, namely EPR pairs? This problem is naturally motiv ated b y an analogy

b et w een classical randomness extraction and quan tum en tanglemen t distillation.

8.1.1 Classical Randomness Extraction

Classical randomness extraction is a fascinating topic in theoretical computer science b y itself. The

motiv ation for study randomness extraction is that randomness pla ys an imp ortan t role in classical

computation (see Mot w ani and Ragha v an [64 ] for a comprehensiv e explanation), but it can b e v ery

exp ensiv e, if not imp ossible, to ha v e a p erfect random source that pro duces un biased, uncorrelated

random bits. Therefore, it is v ery natural to ask if it is p ossible to p erform randomized computation

using less-than-p erfect random sources. In particular, is it p ossible to ha v e an automatic pro cess to

con v ert an y randomized computation that w as designed to ha v e a p erfect random source as input

in to one that w orks with imp erfect random sources?

A series of results established b y v arious researc hers answ ered p ositiv e to this question, and the

notion of randomness extractors w as dev elop ed along this line of researc h. In tuitiv ely , a randomness

extractor is a pro cedure that con v erts input from an imp erfect random source to almost-p erfect

random bits as its output. T ec hnically , an extractor also tak es a small n um b er of p erfect random

bits from an auxiliary input. But the size of auxiliary input is normally logarithmically small as

compare to the size of its main input. See Figure 8.2.

extractor Aux

Output

Input 
Input:   random source

Output: near-uniform random bits

Aux:     uniform random bits

Figure 8.2: Classical randomness extractor

W e brie
y review some of the w ork on extractors and refer the readers to Nisan and T a-

Shma [70 ] and Shaltiel [81 ] for a more comprehensiv e and up-to-date surv ey . In the early stages of
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researc h on extractors, p eople ha v e considered v arious sp eci�c mo dels of \imp erfect random bits".

V on Neumann [66 ] sho w ed that a linear n um b er of p erfect random bits can b e extracted from

indep enden t tosses of a biased coin with unkno wn bias. Blum [11 ] extended the mo del of a biased

coin to a Mark o v c hain. San tha and V azirani [80 ] considered extractors with man y indep enden t,

y et adv ersarial random sources, as input. This con trasts with the mo dern stage, started b y Nisan

and Zuc k erman [71 ], where researc her started to study extractors o v er arbitr ary input. T o da y , the

state-of-art extractors can extract near-p erfect random bits from r andom sour c e [89 , 79]. W e also

ha v e a quite go o d understanding ab out the limit of extractors. F or example, w e kno w that the

yield (size of the output) of an extractor is determined b y the min entr opy of the input, and that

the size of the auxiliary input needs to b e logarithmic in the size of input. On the other hand,

there exist constructions of extractors that matc h these limits [89 , 79 ].

8.1.2 Similarit y Bet w een Extractors and EDPs

W e discuss the similarit y b et w een classical extractors and quan tum en tanglemen t distillation proto-

cols. En tanglemen t pla ys a cen tral role in quan tum information theory and quan tum computation.

It w as argued that en tanglemen t is the essen tial ph ysical phenomenon that giv es quan tum com-

putation its p o w er of exp onen tial sp eed-up o v er classical computation. Although it is still under

heated debate and relen tless researc h whether en tanglemen t is essen tial for quan tum computa-

tion [24 , 48 , 20 ], it is widely b eliev ed that that en tanglemen t pla ys a crucial part for quan tum

information theory . Ho w ev er, somewhat lik e in the case of classical randomness, it is v ery hard

to ha v e a p erfect source of en tanglemen t. EPR pairs, as with curren tly tec hnology , are notori-

ously hard to main tain. They decohere v ery easily and b ecome \less en tangled". As randomness

extractors con v ert less-than-p erfect random bits in to near-p erfect ones, en tanglemen t distillation

proto cols con v ert less en tangled quan tum states in to almost p erfect EPR pairs.

There exist ev en deep er similarities. An extractor, b eing a deterministic pro cedure, cannot

create randomness b y itself. It needs to \distill" the randomness from the input bits in to randomness

of the purest form, namely un biased, uncorrelated random bits. An en tanglemen t distillation

proto col, b eing an LOCC proto col, cannot create en tanglemen t b y itself. Therefore an EDP also

needs to distill the en tanglemen t from the input in to EPR pairs, whic h are the en tanglemen t of the
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purest form | eac h pair is maximally en tangled and separable from the rest.

Moreo v er, the early stage of searc hes on EDPs greatly resem bles that on the randomness ex-

tractors, in that p eople ha v e considered v arious sp eci�c mo dels of \imp erfect EPR pairs" and

constructed proto cols o v er these sp eci�c mo dels. As an example, the �rst w ork w e are a w are of on

EDPs is b y Bennett, Bernstein, P op escu, and Sc h umac her [21 ], whic h used the mo del where man y

iden tical copies of the pure state j � i = (cos � j 01 i + sin � j 10 i ) is giv en as the input. The resem-

blance of this mo del, as w ell as the solution, to the the biased coin mo del used b y v on Neumann [66 ]

is striking. More complicated mo dels w ere prop osed later, as Bennett, Brassard, P op escu, Sc h u-

mac her, Smolin, and W o otters [22 ] studied the case where the input is iden tical copies of a mixed

state. Horo dec ki, Horo dec ki, and Horo dec ki [42 , 45 ] and Rains [75 , 76 , 77] studied the case where

the input is man y iden tical copies of a kno wn pure state. Notice that the classical coun terpart of

this state w ould b e an input with kno wn distribution, for whic h case the problem of randomness

extraction w as long solv ed b y Shannon [82 ]. This sharp con trast somewhat demonstrates the dif-

�cult y of quan tum information theory , as v ery simple problems in classical information theory can

b ecome highly non-trivial in the quan tum case.

Ho w ev er, despite the similarities and the corresp ondence b et w een the early stages in researc h

on randomness extractors and en tanglemen t distillation proto cols, there has not b een a coun terpart

of the mo dern stage of extractors in the study of EDPs. In other w ords, there hasn't m uc h w ork

on EDPs o v er arbitrary en tangled states. This observ ation naturally motiv ates the en tanglemen t

noise mo del and the study on EDPs o v er suc h a mo del.

8.1.3 The En tanglemen t Noise Mo del and the Imp ossibilit y Result

W e describ e the en tanglemen t noise mo del, whic h con tains all pure states of a certain amoun t of

en tanglemen t.

De�nition 8.1 (En tanglemen t Noise Mo del) A en tanglemen t noise mo del of p ar ameter ( n; k ) ,

denote d by E

n;k

, is an adversarial quantum noise mo del c onsisting of al l 2 n -qubit pur e states of en-

tanglement at le ast k . In other wor ds,

E

n;k

= fj � i 2 H

2

2 n
j E ( � ) � k g (8.1)
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Unfortunately , there don't exist en tanglemen t distillation proto cols o v er the en tanglemen t noise

mo del. This is true ev en if w e restrict ourselv es to starting states with the maxim um p ossible

en tanglemen t and only requires the proto col to output a single EPR pair �

+

.

Theorem 8.1 (En tanglemen t Mo del) Ther e do not exist p erfe ct ( n; 1) -pr oto c ols over the en-

tanglement noise mo del E

n;n

.

Pro of: Consider a quan tum system of 2 n qubits. The maxim um p ossible en tanglemen t of suc h

a system is n . Unlik e in the classical w orld where there is just one probabilit y distribution o v er 2

n

elemen ts with en trop y n (the uniform distribution), there are in�nitely man y quan tum states with

en tanglemen t n . Namely , an y quan tum state of the form

j � i =

N � 1

X

i =0

�

i

j i ij i i (8.2)

with j �

i

j

2

= 1 = N for all i 2 f 0 ; : : : ; N � 1 g has en tanglemen t log N , where w e denote N = 2

n

. In

particular, this includes

j �

a

i =

N � 1

X

b =0

1

p

N

e

2 i ab� = N

j b ij b i

for a 2 f 1 ; : : : ; N g . Assume that w e ha v e a proto col that extracts �

+

from an y j �

a

i . This means

that, giv en j �

a

i , the proto col ends with the �nal state of the form �

+


 j �

0

a

i . W e consider running

this proto col on the mixed state � that is j �

0

i with probabilit y 1 = N , j �

1

i with probabilit y 1 = N , ...,

j �

N � 1

i with probabilit y 1 = N . Then, the �nal state is of the form �

+


 �

0

where �

0

is some mixed

state.

The problem is that � is equiv alen t to the mixed state that is j 0 ij 0 i with probabilit y 1 = N ,

j 1 ij 1 i with probabilit y 1 = N , ..., j N � 1 ij N � 1 i with probabilit y 1 = N . (This equiv alence can b e

v eri�ed b y writing out the densit y matrices of b oth states.) None of the states j i ij i i is en tangled,

so the mixed state obtained b y com bining them is also not en tangled. Y et, since this mixed state

is equiv alen t to � , it gets transformed in to �

+


 �

0

, whic h is en tangled.

W e ha v e constructed a proto col that transforms a disen tangled starting state in to en tangled

end state without quan tum comm unication. Since this is imp ossible [21 ], our assumption is wrong

and there is no proto col that extracts an y �

+

from an arbitrary j �

a

i .
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The argumen t describ ed ab o v e is still v alid if w e relax the requiremen t to extracting a state

close to �

+

.

This is a clear distinction b et w een the situation of classical randomness extraction and quan tum

en tanglemen t extraction. In the classical case, all the probabilities are non-negativ e real n um b ers,

and the min en trop y of a random distribution already c haracterizes the distribution w ell. In the

quan tum case, the magnitudes are complex n um b ers, and the en tanglemen t alone isn't go o d enough

to describ e the state. Ev en more in terestingly , since one has the freedom to switc h bases in quan tum,

w e can build a mixed state whic h is a mixture of maximally en tangled states, y et the mixed state

itself is completely disen tangled. This phenomenon do esn't seem to ha v e a coun terpart in classical

probabilit y .

8.2 The Fidelit y Noise Mo del

With the motiv ation of studying EDPs for a general class of noise mo dels and the imp ossibilit y

result for the (to o general) en tanglemen t noise mo del, w e consider the �delit y noise mo del as one

that is still quite general, but also useful. In tuitiv ely , the en tanglemen t noise mo del fails b ecause

there exists man y maximally en tangled states that are orthogonal to eac h other, and no proto col can

w ork with all of them. Therefore, some \closeness" condition is needed, i.e., w e need some guaran tee

that the input state is close to a �xed maximally en tangled state. This in tuition naturally leads to

the �delit y noise mo del, whic h, informally sp eaking, describ es the situation where the input state

has a reasonably high �delit y with the p erfect EPR pairs.

W e giv e the de�nition of the �delit y noise mo del.

De�nition 8.2 (Fidelit y Noise Mo del) A �delit y noise mo del of p ar ameter ( n; a ) , denote d by

F

n;a

, is an adversarial quantum noise mo del c onsisting of al l 2 n -qubit mixe d states of �delity at

le ast a . In other wor ds,

F

n;a

= f � 2 H

2

2 n
j F ( � ) � a g (8.3)

This mo del w as also indep enden tly considered b y Lo and Chau [57 ] and Shor and Preskill [84 ] in

pro ving the securit y of the BB84 quan tum k ey distribution proto col [16 ], and b y Barn um et. al. [23 ]

in studying the so-called \purit y-testing proto cols".
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8.3 Our Results

W e presen t our results here, where are arranged in three parts. The �rst part is concerned with

absolute proto cols, whereas w e pro v e b oth lo w er and upp er b ounds for the qualit y of the optimal

proto cols; the second part relates conditional proto cols with so-called \purit y-testing proto cols"

and w e construct a proto col called \random hashing" that w orks with the �delit y mo del; in the

third part, w e pro v e an almost tigh t b ound (up to an additiv e constan t) on the comm unication

complexit y of EDPs o v er the �delit y mo del. Our result implies that the \random hashing" proto col

is optimal.

8.3.1 P art I: Absolute Proto cols

W e pro v e that no absolute proto col w ould w ork w ell o v er a �delit y noise mo del. In fact, w e can

pro v e an ev en stronger result, whic h extends to proto cols that accept p erfect EPR pairs as auxiliary

inputs.

Proto cols with Auxiliary Input W e consider proto cols with auxiliary inputs as a sligh t ex-

tension to \standard" en tanglemen t distillation proto cols. In addition to the input states, Alice

and Bob also receiv e k EPR pairs (eac h pair is shared b et w een Alice and Bob) as auxiliary inputs.

Ob viously a proto col with auxiliary input w ould b e more p o w erful than one without. An imme-

diate example is that a deterministic proto col with auxiliary inputs can sim ulate a randomized

public-coin proto col, since Alice and Bob can use the shared EPR pairs to sim ulate shared random

bits.

Theorem 8.2 (Absolute Proto cols for the Fidelit y Mo del) The �delity of any ( n; m ) -pr oto c ol

with k < m EPR p airs as auxiliary inputs over a �delity mo del F

n; 1 � �

is at most 1 �

2

m

� 2

k

2

m

2

n

2

n

� 1

� .

Mor e over, this upp er b ound is tight, in that for every n; m; n , ther e exists an ( n; m ) -pr oto c ol using

k EPR p airs as auxiliary inputs of �delity 1 �

2

m

� 2

k

2

m

2

n

2

n

� 1

� .

T ypically , the size of the auxiliary input, k is v ery small compared to the size of the input and

the output. Since a proto col with k EPR pairs of auxiliary input can trivially output k p erfect

EPR pairs, w e require that m , the size of the output of suc h a proto col to b e greater than k . In
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particular, ev en in the \minimal case", where k = 0 and m = 1, the maxim um p ossible �delit y

of an y proto col is b ounded b y 1 �

2

n � 1

2

n

� 1

� � 1 � �= 2. So it is imp ossible to arbitrarily increase the

�delit y to b e close to 1, ev en with unlimited comm unication.

T o pro v e this theorem, w e need the follo wing lemma (w e de�ne N = 2

n

, K = 2

k

and M = 2

m

).

Lemma 8.1 L et j � i = ( j 0

N


 0

N

i ) 
 �

k

b e a state in a bip artite system H

A

N K


 H

B

N K

shar e d

b etwe en A lic e and Bob. L et � b e the state A lic e and Bob output after p erforming (arbitr ary) LOCC

op er ations. Supp ose that � is in the subsp ac e H

A

M


 H

B

M

. We have F ( � ) �

K

M

.

This lemma is a a direct corollary of a result b y Vidal, Jonathan, and Nielsen [91 ]. F or the

completeness of the pap er, w e giv e a somewhat simpler pro of here.

F or a self-adjoin t matrix M , w e de�ne its sp e ctrum written as S ( M ), to b e a v ector formed b y

the eigen v alues of M , and whose en tries are sorted in a decreasing order. In other w ords, if the

eigen v alues of M are �

1

; �

2

; :::; �

d

, where �

1

� �

2

� � � � � �

d

, then S ( M ) = ( �

1

; �

2

; :::; �

d

).

F or a mixed state � , if w e write � as

� =

d

X

i =1

p

i

� j �

i

i h �

i

j

where p

1

� p

2

� � � � � p

d

, and fj �

i

ig is an orthonormal basis, then

S ( � ) = ( p

1

; p

2

; :::; p

d

)

A useful fact ab out the sp ectrum of a tensor pro duct of t w o matrices is the follo wing:

Lemma 8.2 L et A and B b e squar e matric es such that the eigenvalues for A ar e f �

1

; �

2

; :::; �

m

g

and the eigenvalues for B ar e f �

1

; �

2

; :::; �

m

g . Then the eigenvalues for the matrix A 
 B ar e

f �

i

� �

j

g

i =1 ; 2 ;:::;m; j =1 ; 2 ;::;n

.

Pro of: If A � ~ v = � � ~ v and B � ~ u = � � ~ u , then ( A 
 B ) � ( v 
 u ) = ( � � � )( v 
 u )

A corollary the ab o v e fact is as follo ws.

Corollary 8.1 L et �

A

, �

B

b e the density matric es for quantum systems H

A

and H

B

. Then we

have

rank ( �

A


 �

B

) � rank ( �

A

) (8.4)
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Pro of: The rank of a matrix equals the n um b er of non-zero eigen v alues of this matrix. Since �

B

is a densit y matrix, it has trace 1, and th us it has at least one non-zero eigen v alue | assume it is

�

1

. W e denote the eigen v alues of �

A

b y �

1

; �

2

; :::; �

m

, then b y Lemma 8.2, �

1

� �

1

; �

2

� �

1

; :::; �

m

� �

1

are all eigen v alues of �

A

� �

B

. Therefore, they con tain at man y non-zero n um b ers as the eigen v alues

of �

A

.

Pro of: (of Lemma 8.1)

W e consider an arbitrary proto col P b et w een Alice and Bob in v olving only LOCC. W e assume

that P consists of steps , where eac h step could b e one of the follo wing op erations

1

:

1. Unitary Op eration:

Alice (or Bob) applies a unitary op eration to her (or his) subsystem.

2. Measuremen t:

Alice (or Bob) p erforms a measuremen t to her (or his) subsystem.

3. T racing Out:

Alice (or Bob) discards part of her (or his) subsystem, or equiv alen tly , traces out part of the

subsystem.

4. Classical Op eration:

Alice (or Bob) sends a (classical) message to the other part y .

W e �rst con v ert this proto col P in to another proto col P

0

in the follo wing w a y: for eac h tracing-

out op eration Alice (or Bob) p erforms, w e insert a measuremen t op eration righ t b efore the tracing-

out, and the measuremen t is a full measuremen t of the subsystem to b e traced out. Notice that

P

0

will ha v e exactly the same output as P , since the subsystem that w as traced out isn't part of

the output. Ho w ev er, P

0

has the prop ert y that for eac h subsystem traced out in the proto col, that

subsystem is disen tangled from the rest, since it is already completely measured.

No w w e analyze the new proto col P

0

. W e denote the partial densit y matrix of Alice for the

state j � i b y �

A

:

�

A

= T r

B

( j � i h � j ) (8.5)

1

W e assume that Alice ha v e enough ancillary qubit at the b eginning of the proto col and not more new ancillary

qubits need to b e in tro duced during the proto col.
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Since w e kno w j � i precisely , w e can compute �

A

precisely , and in particular, its sp ectrum. It

is easy to v erify that the sp ectrum of �

A

is

S ( �

A

) = (1 =K ; 1 =K ; ::: 1 =K

| {z }

K

; 0 ; 0 ; :::; 0

| {z }

( N � 1) K

)

So the rank of �

A

(whic h is also the Sc hmidt Num b er of j � i ) is K .

W e fo cus on ho w �

A

c hanges with the lo cal op erations Alice p erforms (apparen tly it do esn't

c hange with Bob's lo cal op erations): w e shall pro v e that the rank of �

A

nev er increases. There are

3 t yp es of op erations Alice can p erform: unitary op erations, lo cal measuremen ts, and tracing out

a subsystem, w e analyze them one b y one:

� Unitary Op erations

This op eration c hanges a mixed state �

A

to U �

A

U

y

, where U is a unitary op eration. Ob viously

the rank do esn't c hange.

� Lo cal Measuremen ts

Supp ose measuremen t op erator is f M

m

g satisfying

P

m

M

y

m

M

m

= I , and the measuremen t

yields result m . Then Alice ends in state

�

m

=

M

m

�

A

M

y

m

T r( M

y

m

M

m

�

A

)

Again, w e ha v e rank ( �

m

) � rank ( �

A

).

� T racing Out a Subsystem

W e write H

A

= H

A

0


 H

A

1

, and w e supp ose that the subsystem H

A

1

is traced out. W e write

the partial densit y matrix for H

A

0

as �

A

0

, and w e ha v e �

A

0

= T r

A

1

( �

A

).

W e kno w that in proto col P

0

, the subsystem H

A

0

is disen tangled from the subsystem H

A

1

.

Th us w e ha v e

�

A

= �

A

0


 �

A

1

for some densit y matrix �

A

1

. and b y Corollary 8.1, w e ha v e rank ( �

A

0

) � rank ( �

A

).
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So, as Alice and Bob p erform lo cal op erations, the rank of the partial densit y matrix for Alice

nev er increases. This fact remains true ev en if Alice and Bob p erform classical comm unications

(this just means that Alice has the abilit y to p erform di�eren t lo cal op erations according to Bob's

measuremen t result, but no lo cal op eration Alice p erforms can increase the rank).

W e denote the densit y matrix for the �nal state after the proto col P to b e �

E

, and w e de�ne

�

A

E

= T r

B

( �

E

) to b e the partial densit y matrix for Alice. Then w e ha v e rank ( �

A

E

) � K . Notice �

A

E

should b e an M � M matrix since Alice and Bob are supp osed to arriv e at a state in H

A

M


 H

B

M

.

W e use �

A

0

to denote the partial densit y matrix for Alice if w e trace out the system H

B

M

from the

target state 	

M

. It is easy to v erify that �

A

0

=

1

M

I , where I is the iden tit y matrix.

By monotonicit y of �delit y , w e ha v e

F ( �

E

; j 	

M

i h 	

M

j ) � F ( �

A

E

; �

A

0

)

Ho w ev er, w e ha v e

F ( �

A

E

; �

A

0

) = T r

q

( �

A

E

)

1 = 2

�

A

0

( �

A

E

)

1 = 2

=

r

1

M

� T r

q

�

A

E

W e write the sp ectrum of �

A

E

as

S ( �

A

E

) = ( �

1

; �

2

; :::; �

M

)

and w e kno w that �

K +1

= �

K +2

= � � � = �

M

= 0 since rank ( �

A

E

) � K . Therefore, w e ha v e

T r

q

�

A

E

=

M

X

l =1

p

�

l

=

K

X

l =1

p

�

l

�

p

K �

 

K

X

l =1

�

l

!

=

p

K

and th us

F ( �

A

E

; �

A

0

) =

r

1

M

� T r

q

�

A

E

�

r

K

M

Therefore w e ha v e

F ( �

E

) = F ( �

E

; j 	

M

i h 	

M

j ) � F ( �

A

E

; �

A

0

) �

K

M
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Pro of: (of Theorem 8.2)

W e pro v e the theorem b y demonstrating a particular mixed state � of �delit y 1 � � , suc h that

no LOCC proto col can increase its �delit y to more than 1 �

M � K

M

N

N � 1

� .

Let �

0

=

N

N � 1

� . W e de�ne the state � to b e

� = (1 � �

0

) � �

n

+ �

0

� j 0

N


 0

N

i h 0

N


 0

N

j (8.6)

In other w ords, � is the maximally en tangled state �

n

with probabilit y (1 � �

0

) and the completely

disen tangled state 0

N


 0

N

with probabilit y �

0

.

It is easy to v erify that F ( � ) = 1 � � , since h �

n

j 0

N


 0

N

i =

1

p

N

and, therefore,

F ( � ) = (1 � �

0

) F (�

n

) + �

0

F ( j 0

N


 0

N

i h 0

N


 0

N

j ) = (1 � �

0

) +

1

N

�

0

= 1 � (1 �

1

N

) �

0

= 1 � �: (8.7)

F or an arbitrary LOCC proto col P , w e de�ne f

1

= F ( P (�

n

)) and f

2

= F ( P ( j 0

N


 0

N

i h 0

N


 0

N

j ))

Then w e ha v e f

1

� 1 and b y Lemma 8.1, f

2

� K = M .

By the linearit y of �delit y of quan tum op erations, w e kno w that

F ( P ( � )) = (1 � �

0

) f

1

+ �

0

f

2

� 1 �

M � K

M

�

0

= 1 �

M � K

M

N

N � 1

�: (8.8)

No w, w e pro v e that this lo w er b ound is tigh t b y demonstrating an ( n; m )-proto col that saturates

the b ound in (8.8). The proto col is called the \random p erm utation proto col". In the simplest

v ersion, it do esn't use an y auxiliary input (i.e. k = 0). Again, w e de�ne N = 2

n

, M = 2

m

, and

K = 2

k

.

Construction 8.1 (Random P erm utation Proto col)

1. A lic e gener ates a uniformly r andom p ermutation � on f 0 ; 1 g

n

using classic al r andomness and

tr ansmits the p ermutation to Bob.

2. A lic e applies p ermutation � on H

A

N

, mapping j i i to j � ( i ) i , Bob do es the same on H

B

N

.

3. A lic e and Bob de c omp ose H

N

as H

M


 H

L

, L = N = M and me asur e the H

L

p art.

4. A lic e sends the r esult of her me asur ement to Bob, Bob sends his r esult to A lic e.
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5. They c omp ar e the r esults. If the r esults ar e the same, they output the state that they have in

H

A

M


 H

B

M

. If the r esults ar e di�er ent, they output j Z

M

i 
 j Z

M

i .

W e compute the �delit y of the random p erm utation proto col. W e need one more notation.

F or a symmetric, bipartite system H = H

A

N


 H

B

N

, w e denote b y H

D

the N -dimensional subspace

spanned b y

(

N � 1

X

i =0

�

i

� j i i

A

j i i

B

)

and w e call it the diagonal subsp ac e of H

A

N


 H

B

N

. A mixed state � is in the diagonal subspace, if

there exists a decomp osition of � :

� =

X

i

p

i

� j �

i

i h �

i

j

suc h that all pure states j �

i

i are in the diagonal subspace.

W e start with the case when the state of Alice and Bob is in the diagonal subspace.

Lemma 8.3 If the input state to the r andom p ermutation pr oto c ol is in the diagonal subsp ac e, then

the �delity of the output is

M � 1

M

N

N � 1

� .

Pro of: Without loss of generalit y , w e assume that the input state is pure. Let j � i =

P

N

i =1

�

i

j i i

A

j i i

B

b e the starting state. F or a p erm utation � , let U

�

b e the unitary transformation de�ned b y

U

�

�

j i i

A


 j j i

B

�

= j � ( i ) i

A

j � ( j ) i

B

. Then, if Alice and Bob use a p erm utation � , the resulting

state is

j �

�

i = U

�

j � i =

N

X

i =1

�

i

j � ( i ) i

A

j � ( i ) i

B

=

N

X

i =1

�

�

� 1

( i )

j i i

A

j i i

B

:

There are N ! p erm utations � on a set of N elemen ts. Therefore, eac h of them gets applied with

probabilit y 1 = N !. This means that the �nal state is a mixed state of j �

�

i with probabilities 1 = N !

eac h. W e calculate the densit y matrix � of this state. It is equal to

X

�

1

N !

j �

�

ih �

�

j =

X

�

1

N !

0

B

B

B

B

B

B

B

@

�

�

� 1

(1)

�

�

�

� 1

(1)

�

�

� 1

(1)

�

�

�

� 1

(2)

: : : �

�

� 1

(1)

�

�

�

� 1

( N )

�

�

� 1

(2)

�

�

�

� 1

(1)

�

�

� 1

(2)

�

�

�

� 1

(2)

: : : �

�

� 1

(2)

�

�

�

� 1

( N )

: : : : : : : : : : : :

�

�

� 1

( N )

�

�

�

� 1

(1)

�

�

� 1

( N )

�

�

�

� 1

(2)

: : : �

�

� 1

( N )

�

�

�

� 1

( N )

1

C

C

C

C

C

C

C

A

:

103



W e claim that all diagonal en tries �

ii

are equal to 1 = N and all o�-diagonal en tries �

ij

, i 6= j are

equal to some v alue a whic h is real. This follo ws from the symmetries created b y summing o v er all

p erm utations.

Consider a diagonal en try �

ii

. F or eac h j 2 f 1 ; : : : ; N g , there are ( N � 1)! p erm utations that

map j to i . Therefore,

�

ii

=

N

X

j =1

( N � 1)!

1

N !

�

j

�

�

j

=

1

N

N

X

j =1

j �

j

j

2

:

P

N

j =1

j �

j

j

2

is the same as k � k

2

whic h is equal to 1. Therefore, �

ii

=

1

N

.

Next, consider an o�-diagonal en try �

ij

. F or eac h k ; l , k 6= l , there are ( N � 2)! p erm utations

that map k to i and l to j . Therefore,

�

ij

=

N

X

k =1

N

X

l =1 ;l 6= k

( N � 2)!

1

N !

�

k

�

�

l

=

N

X

k =1

N

X

l =1 ;l 6= k

1

N ( N � 1)

�

k

�

�

l

:

This immediately implies that �

ij

is the same for all i 6= j . Also, notice that ( �

k

�

�

l

)

�

= �

�

k

�

l

.

Therefore, �

k

�

�

l

+ �

l

�

�

k

is real and �

ij

(whic h is a sum of terms of this form) is real as w ell. Let

a = �

ij

. W e ha v e sho wn that

� =

0

B

B

B

B

B

B

B

@

1

N

a : : : a

a

1

N

: : : a

: : : : : : : : : : : :

a a : : :

1

N

1

C

C

C

C

C

C

C

A

:

Notice that the densit y matrix � can b e also obtained from a mixed state that is �

n

with

probabilit y N a and eac h of basis states j i i

A

j i i

B

with probabilit y

1

N

� a .

W e no w consider applying steps 3-5 to those states. Measuring H

A

L


 H

B

L

for �

n

alw a ys giv es

the same results and lea v es Alice and Bob with the state �

m

in H

A

M


 H

B

M

. The �delit y of this

state with �

m

is, of course, 1. Measuring H

A

L

and H

B

L

for j i i

A

j i i

B

also giv es the same results and

lea v es Alice and Bob with some basis state j i

0

i

A

j i

0

i

B

in the diagonal subspace of H

A

M


 H

B

M

. The

�delit y of this state and j 	

M

i is

1

M

. By the linearit y of �delit y , if w e apply those steps to the state

� , w e get that the �delit y is

N a + N

�

1

N

� a

�

1

M

=

1

M

+ N a

�

1 �

1

M

�

: (8.9)

104



W e no w lo w er-b ound a . Again b y the linearit y of �delit y , w e ha v e F ( � ) =

1

N !

P

�

F ( j �

�

i ). Since

p erm uting the basis states j i i

A

j i i

B

preserv es the maximally en tangled state �

n

=

1

p

N

P

N

i =1

j i i

A

j i i

B

,

the �delit y of an y j �

�

i is the same as the �delit y of j � i . Therefore, F ( � ) = F ( j � i ) � 1 � � . By

applying the de�nition of �delit y ,

F ( � ) =

0

B

B

B

B

B

B

B

@

1

p

N

1

p

N

: : :

1

p

N

1

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

@

1

N

a : : : a

a

1

N

: : : a

: : : : : : : : : : : :

a a : : :

1

N

1

C

C

C

C

C

C

C

A

�

1

p

N

1

p

N

: : :

1

p

N

�

= N

1

N

2

+ N ( N � 1)

1

N

a

=

1

N

+ ( N � 1) a:

Since F ( � ) � 1 � � , it m ust b e the case that a �

1

N

�

�

N � 1

. By substituting that in to (8.9), the

�delit y of the �nal state with �

m

is at least

1

M

+ N

�

1

N

�

�

N � 1

� �

1 �

1

M

�

= 1 �

N

N � 1

�

1 �

1

M

�

�:

It remains to sho w that the proto col also succeeds for states not in the diagonal subspace. Let

j � i b e a state suc h that F ( j � i ) � 1 � � . W e decomp ose

j � i =

p

1 � � j �

1

i +

p

� j �

2

i ;

with j �

1

i 2 H

D

and j �

2

i 2 ( H

D

)

?

. Let F ( j �

1

i ) = 1 � �

0

. Since �

n

is in H

D

and j �

2

i is orthogonal

to H

D

, w e ha v e F ( j �

2

i ) = 0 and F ( j � i ) = (1 � � )(1 � �

0

). Notice that (1 � � )(1 � �

0

) � 1 � � b ecause

F ( j  i ) � 1 � � .

Applying U

�

maps j � i to j �

�

i =

p

1 � � j �

� ; 1

i +

p

� j �

� ; 2

i where j �

� ; 1

i = U

�

j �

1

i , j �

� ; 2

i =

U

�

j �

2

i . Since U

�

preserv es the diagonal subspace, j �

� ; 1

i 2 H

D

and j �

� ; 2

i 2 ( H

D

)

?

. Measuring

H

A

L

and H

B

L

for a state in H

D

alw a ys giv es the same results and pro duces a state in the diagonal

subspace of H

A

M


 H

B

M

. Measuring H

A

L

and H

B

L

for a state in ( H

D

)

?

either giv es the di�eren t
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results for Alice and Bob or giv es the same results but pro duces a state orthogonal to the diagonal

subspace of H

A

M


 H

B

M

.

The �delit y of the �nal state consists of t w o parts: the �delit y of the �nal state if Alice's and

Bob's measuremen ts of H

L

giv e the same answ er and the �delit y if measuremen ts giv e the di�eren t

answ er. The �rst part is just (1 � � ) times the �delit y of the �nal state if the starting state w as

j �

1

i (instead of j � i ). Since j �

1

i is in the diagonal subspace, Lemma 8.3 implies that the �nal state

of the proto col j �

1

i has the �delit y at least 1 � D �

0

where D =

M � 1

M

N

N � 1

. Therefore, the �rst part

is at least

(1 � � )(1 � D �

0

) = (1 � � )(1 � �

0

) + (1 � D ) �

0

(1 � � ) (8.10)

The second part is the probabilit y of measuremen ts giving di�eren t answ ers times the �delit y of

the state j 0 i 
 j 0 i whic h Alice and Bob output in this case. The �delit y of this state is

1

M

and the

probabilit y of this case is giv en b y the follo wing lemma.

Lemma 8.4 The pr ob ability that A lic e's and Bob's me asur ements give di�er ent answers is

N � M

N � 1

� .

Pro of: First, w e lo ok at the state j �

2

i . Since this state is in ( H

D

)

?

, it is of the form

j �

2

i =

N

X

i;j =1 ;i 6= j

�

i;j

j i i

A

j j i

B

:

Applying U

�

maps it to

j �

� ; 2

i =

X

i 6= j

�

i;j

j � ( i ) i

A

j � ( j ) i

B

=

X

i 6= j

�

�

� 1

( i ) ;�

� 1

( j )

j i i

A

j j i

B

:

The probabilit y of Alice and Bob getting di�eren t results is equal to the sum of j �

�

� 1

( i ) ;�

� 1

( j )

j

2

o v er all basis j i i

A

, j j i

B

that di�er in the H

L

part. If this sum is a v eraged o v er all p erm utations � ,

it b ecomes the same for all i; j , i 6= j . Therefore, the probabilit y of Alice and Bob getting di�eren t

results is just the fraction of pairs ( i; j ) that di�er in the H

L

part. It is

N � M

N � 1

b ecause for eac h i ,

there are ( N � 1) j 2 f 1 ; : : : ; N g , j 6= i and M � 1 of them di�er only in the H

K

but the remaining

N � M di�er in the H

L

part.

If the starting state is j � i , the probabilit y of Alice and Bob getting di�eren t results is � times

the probabilit y for j �

2

i b ecause j � i =

p

1 � � j �

1

i +

p

� j �

2

i and the measuremen ts alw a ys giv e the
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same answ er on j �

1

i .

Therefore, the second part of the �delit y is

1

M

N � M

N � 1

� . Notice that 1 � D = 1 �

( M � 1) N

M ( N � 1)

=

( M � 1) N � M ( N � 1)

M ( N � 1)

=

N � M

M ( N � 1)

. Th us, the second part is (1 � D ) � and the o v erall �delit y is at least

(1 � � )(1 � �

0

) + (1 � D )(1 � � ) �

0

+ (1 � D ) � = 1 � D ( � (1 � �

0

) + �

0

) :

Since (1 � � )(1 � �

0

) � 1 � � , � (1 � �

0

) + �

0

� � . Therefore, the o v erall �delit y is at least 1 � D � .

This completes the pro of of the second part of Theorem 8.2 for K = 1.

F or K > 1, w e can just pro duce an en tangled state of dimension M

0

= M =K without the use

of j 	

K

i b y the proto col ab o v e and then output this state and the original j 	

K

i . This ac hiev es the

�delit y of at least 1 � D � for D =

M

0

� 1

M

0

N

N � 1

=

M =K � 1

M =K

N

N � 1

=

M � K

M

N

N � 1

, pro ving that the b ound of

Theorem 8.2 is tigh t for k > 0.

In terestingly , w e can sho w that comm unication almost do es not help for en tanglemen t distilla-

tion o v er the �delit y mo del. The next theorem states that the random p erm utation proto col can

b e mo di�ed in to an non-in teractiv e one with only with a small loss of �delit y .

Theorem 8.3 (Non-in teractiv e Absolute Proto cols for the Fidelit y Mo del) Ther e exists

a non-inter active, r andomize d public-c oin entanglement distil lation ( n; 1) -pr oto c ol of �delity 1 �

3

4

2

n

�

2

3

2

n

� 1

� over a �delity noise mo del F

n; 1 � �

. F urthermor e, this it is almost the b est p ossible, in that

the �delity of any non-inter active, r andomize d public-c oin entanglement distil lation ( n; 1) -pr oto c ol

over the mo del F

n; 1 � �

is 1 �

3

4

2

2 n

2

2 n

� 1

� , for � �

2

2 n

� 1

2

2 n +1

.

It is in teresting to compare this result to a sp ecial case of Theorem 8.2, where k = 0 and m = 1.

W e see that with comm unication, the maxim um �delit y of a proto col is ab out 1 � �= 2, and there

exists a proto col that matc hes this b ound exactly . Without comm unication, the maxim um �delit y

is ab out 1 � 3 �= 4, and it is tigh t, to o. Therefore, comm unication do es help in this case, but not

m uc h.

Pro of: (of Theorem 8.3) W e �rst sho w that the random p erm utation proto col in Construc-

tion 8.1 cane mo di�ed in to a non-in teractiv e one.

107



Construction 8.2 (Non-in teractiv e Random P erm utation Proto col)

1. Using the shar e d r andom string, A lic e and Bob gener ate a uniformly r andom p ermutation

� 2 S

2

n

and x

1

2 f� 1 ; 1 g , x

2

2 f� 1 ; 1 g , : : : , x

2

n

2 f� 1 ; 1 g .

2. A lic e and Bob apply the tr ansformation U mapping U j i i = ( � 1)

x

i

j � ( i ) i to their qubits.

3. They e ach output the �rst qubit and tr ac e out the r est.

Note that if they are giv en the p erfect state �

n

, then U 
 U j �

n

i = �

n

and the output is a

p erfect EPR pair. If the starting state is not p erfect, then the �rst t w o steps \symmetrize" it.

Lemma 8.5 L et � b e the mixe d state obtaine d after the �rst two steps. Then,

� = p

0

j 	

n

ih 	

n

j + p

1

�

1

+ p

2

�

2

+ p

3

�

3

wher e �

1

is a uniform mixtur e of 2

n

states j i ij i i , �

2

is a uniform mixtur e of 2

n

(2

n

� 1) states

1

p

2

( j i ij j i + j j ij i i ) , j 6= i , �

3

is a uniform mixtur e of 2

n

(2

n

� 1) states

1

p

2

( j i ij j i � j j ij i i ) , j 6= i

and p

0

, p

1

, p

2

, p

3

2 R .

Pro of: W e divide the transformation in to t w o parts: U = U

00

U

0

, U

0

j i i

= ( � 1)

x

i

, U

00

j i i = j � ( i ) i .

Let �

0

b e the in termediate densit y matrix after applying U

0

. Then, the only nonzero en tries in �

0

are j i ij i ih i jh i j , j i ij i ih j jh j j , j i ij j ih i jh j j , j i ij j ih j jh i j . Applying U

00

after that mak es all en tries of

eac h t yp e equal.

Let a; b; c; d b e their v alues. Then, w e can set p

0

= 2

n

a , p

1

= 2

n

( b � a ), p

2

= 2

n

(2

n

� 1)( c + d ),

p

3

= 2

n

(2

n

� 1)( c � d ).

W e ha v e F ( �

0

) = 1, F ( �

1

) =

1

2

n

and F ( �

2

) = F ( �

3

) = 0. W e note that

p

0

+

1

2

n

p

1

� 1 � � (8.11)

b ecause eac h of states U 
 U j  i has the same �delit y as j  i and �delit y is con v ex. W e can rewrite

(8.11) as

2

n

� 1

2

n

p

1

+ p

2

+ p

3

� � .
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Outputting the �rst EPR pair and tracing out the rest transforms �

0

in to a state of �delit y 1,

�

1

in to a state of �delit y 1/2 and �

2

and �

3

in to states of �delit y (2

n � 1

� 1) = 2(2

n

� 1). Th us, the

�nal �delit y is 1 � � ,

� =

1

2

p

1

+

3 � 2

n � 1

� 1

2(2

n

� 1)

( p

2

+ p

3

) �

3 � 2

n � 1

� 1

2(2

n

� 1)

� =

3

4

2

n

� 2 = 3

2

n

� 1

�:

Next, w e pro v e the second part of the theorem, that this is almost the b est a non-in teractiv e

proto col can do.

Let � b e the mixture of �

n

with probabilit y 1 �

2

2 n

2

2 n

� 1

� and the completely mixed state in 2

n

� 2

n

dimensions with probabilit y

2

2 n

2

2 n

� 1

� . Since the p erfect state has �delit y 1 and the completely mixed

state has �delit y

1

2

2 n

, this state has �delit y 1 � � .

W.l.o.g., a non-in teractiv e proto col consists of Alice applying U

A

, Bob applying U

B

and eac h

of them outputting the �rst qubit.

Let �

A

b e the densit y matrix of Alice's �rst qubit if she starts with her system in 2

n

-dimensional

completely mixed state. As an y densit y matrix on one qubit, �

A

has can b e decomp osed in to mixture

of t w o orthogonal one-qubit states (its eigenstates)

�

A

= �

1

j  

A

ih  

A

j + �

2

j  

?

A

ih  

?

A

j

where �

1 ; 2

are the eigen v alues of �

A

. Since eigen v alues of a densit y matrix m ust sum up to 1, w e

can assume that �

1

=

1

2

+ �

A

and �

2

=

1

2

� �

A

, �

A

� 0. Let �

B

b e the densit y matrix of Bob's

�rst qubit if he starts with his system in 2

n

-dimensional completely mixed state. W e de�ne j  

B

i ,

j  

?

B

i , �

B

similarly . Let � = max( �

A

; �

B

).

Lemma 8.6 If the starting state is �

n

, the �delity of the �nal state is at most 1 � �

2

.

Pro of: W.l.o.g. assume that � = �

A

.

Consider Alice's part of �

n

. It is the completely mixed state on Alice's 2

n

dimensional system.

Therefore, Alice's output qubit will b e in the state �

A

. This means that the �delit y of the state

output b y Alice+Bob and j 00 i + j 11 i is at most the �delit y b et w een �

A

and

1

2

I (densit y matrix of

Alice's part of

1

p

2

( j 00 i + j 11 i )).
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Let U b e the unitary transformation that maps j 0 i to j  

A

i and j 1 i to j  

?

A

i . Then,

F ( �

A

;

1

2

I ) = F ( U

� 1

�

A

U;

1

2

I ) = F

0

B

@

0

B

@

1

2

+ � 0

0

1

2

� �

1

C

A

;

1

2

I

1

C

A

=

 

1

p

2

r

1

2

+ � +

1

p

2

r

1

2

� �

!

2

=

1

2

+

r

1

4

� �

2

�

1

2

+

�

1

2

� �

2

�

= 1 � �

2

:

Lemma 8.7 If the starting state is the c ompletely mixe d state in 2

2 n

dimensions, the �delity of

the �nal state is at most

1

4

+ � .

Pro of: Since the completely mixed state is the tensor pro duct of completely mixed states of Alice

and Bob, the �nal state of output qubits is �

A


 �

B

. This state is a mixture of j  i 
 j  

0

i , where

j  i (or j  

0

i ) is one of j  

A

i and j  

?

A

i (or j  

B

i and j  

?

B

i ) with probabilities (

1

2

� �

A

)(

1

2

� �

B

).

Notice that

1

p

2

( j 00 i + j 11 i ) =

1

p

2

( j  ij  

�

i + j  

?

ij (  

?

)

�

i )

for an y one qubit state j  i . In particular, w e can tak e j  i = j  

A

i . Let a = jh  

�

A

j  

B

ij

2

. Then,

the �delit y of states j  

A

i 
 j  

B

i and j  

?

A

i 
 j  

?

B

i is

a

2

and the �delit y of states j  

A

i 
 j  

?

B

i and

j  

?

A

i 
 j  

B

i is

1 � a

2

. Therefore, the o v erall �delit y of the �nal state is

a

2

�

(

1

2

+ �

A

)(

1

2

+ �

B

) + (

1

2

� �

A

)(

1

2

� �

B

)

�

+

1 � a

2

�

(

1

2

+ �

A

)(

1

2

� �

B

) + (

1

2

� �

A

)(

1

2

+ �

B

)

�

=

a

2

�

1

2

+ 2 �

A

�

B

�

+

1 � a

2

�

1

2

� 2 �

A

�

B

�

�

1

2

�

1

2

+ 2 �

A

�

B

�

�

1

4

+ �

2

:

Therefore, the �delit y of the proto col on �

4

is at most

(1 �

2

2 n

2

2 n

� 1

� )(1 � �

2

) +

2

2 n

2

2 n

� 1

� (

1

4

+ �

2

) � 1 �

3

4

2

2 n

2

2 n

� 1

�: (8.12)

If Alice and Bob share randomness, w e can �x one v alue r for randomness and tak e U

A

and U

B
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for this r . The b ound of Eq (8.12) applies for an y particular r , Therefore, it also applies on the

a v erage o v er all r .

8.3.2 P art I I: Purit y T esting Proto cols and Conditional Proto cols

Theorem 8.2 sp ells a negativ e result for absolute proto cols o v er the �delit y noise mo del b y demon-

strating a state � suc h that no LOCC proto col can increase its �delit y signi�can tly . Ho w ev er, the

situation is v astly di�eren t for the case of conditional proto cols. W e shall pro v e that v ery e�cien t

en tanglemen t distillation proto cols exist that can increase the conditional �delit y to as close to 1

as p ossible. As w e shall see, one construction of suc h proto cols is closely related to the notion of

purit y testing proto cols.

Theorem 8.4 (Conditional Proto cols for the Fidelit y Mo del) F or al l inte gers n > s , ther e

exists an c onditional, r andomize d, (2 ns + s ) -bit one-way, ( n; n � s ) pr oto c ol over the �delity noise

mo del F

n; 1 � �

with suc c ess pr ob ability at le ast 1 � � and c onditional �delity 1 �

2

� s

1+2

� s

� �

.

W e pro v e this theorem b y �rst demonstrating a closely related notion, namely the purit y testing

proto cols, and then sho wing ho w these proto cols are in fact en tanglemen t distillation proto cols,

follo w ed b y an explicit construction.

Purit y T esting Proto cols

A purit y testing proto col is an LOCC proto col where the input is join t state shared b y Alice and

Bob whic h they think migh t b e the EPR state �

n

. Alice and Bob w an t to test if their shared

state is indeed �

n

, while sacri�cing the least n um b er of EPR pairs. The concept of purit y testing

proto cols w ere studied implicitly b y Lo and Chau [57 ] and Shor and Preskill [84 ] in the con text of

pro ving the securit y of the BB84 quan tum k ey distribution proto col [16 ], and later explicitly b y

Barn um, Cr � ep eau, Gottesman, Smith, and T app [23 ].

De�nition 8.3 (Purit y T esting Proto col, adapted from [23]) A purit y testing proto col with

p ar ameters ( n; m; � ) is a LOCC sup er-op er ator T

n;m;�

which maps 2 n qubits (half held by A lic e and

half held by Bob) to 2 m + 1 qubits ( m of which ar e held by Bob) and satis�es the fol lowing two

c onditions:
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� Completeness: T (�

n

) = �

m


 j SUCC i

� Soundness: L et P b e the pr oje ction on the subsp ac e sp anne d by �

m


 j SUCC i and j  i 
 j F AIL i

for al l j  i . Then T is sound with error � if for al l � ,

T r ( P T ( � ) ) � 1 � �:

It's con v enien t to think of purit y testing as appro ximating the measuremen t giv en b y the pro-

jector on to �

m

and its orthogonal complemen t.

Purit y T esting Proto cols are En tanglemen t Distillation Proto cols

W e pro v e that ev ery purit y testing proto col is in fact an en tanglemen t distillation proto col.

Lemma 8.8 Every purity testing pr oto c ol T

n;m;�

c orr esp onds to an c onditional entanglement dis-

til lation ( n; m ) -pr oto c ol over the �delity noise mo del F

n; 1 � �

with suc c ess pr ob ability at le ast 1 � �

and c onditional �delity at le ast 1 �

�

1 � � + �

.

Pro of: W e sho w that the purit y testing proto col T

n;m;�

is in fact an en tanglemen t distillation

proto col with the sligh test mo di�cation. Alice and Bob simply run the purit y-testing proto col,

with Alice outputting F AIL when the purit y testing rejects the input. No w w e estimate the success

probabilit y and the conditional �delit y of this proto col.

Supp ose at the end of the proto col Alice and Bob trace out ev erything except the 2 m output

qubits and the qubit indicating accept/reject. Consider the three pro jectors:

P

1

= �

m


 j SUCC ih SUCC j

P

2

= ( I

M

� �

m

) 
 j SUCC ih SUCC j

P

3

= I

M


 j F AIL ih F AIL j

And de�ne 


i

= T r[ P

i

�

0

] where �

0

is the �nal state.

If the input to the system had �delit y 1 � � , then the completeness of the purit y-testing proto col

implies that the �delit y of the output to �

m

j SUCC i m ust b e 1 � � , and so 


1

� 1 � � . Therefore
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the success probabilit y is at least 1 � � . If the purit y-testing proto col has soundness error � , then

the soundness condition implies 


2

� � .

No w the output �delit y conditioned on acceptance is




1




1

+ 


2

= 1 �




2




1

+ 


2

� 1 �

�

1 � � + �

:

This �nishes the pro of.

Constructing Purit y T esting Proto cols

Purit y testing proto cols are in fact easy to construct and are v ery e�cien t. A particularly simple

purit y-testing proto col consists of pic king a random stabilizer co de of dimension 2

n � s

, ha ving Alice

and Bob b oth measure the syndrome of the co de, and then extracting the enco ded state if b oth

measuremen t results are the same.

Lemma 8.9 (Random hashing) F or al l inte gers n > s , ther e exist purity testing pr oto c ols of

p ar ameters ( n; m; � ) such that such that m = n � s , � � 2

� s

and which use ns + s + 1 bits of

classic al c ommunic ation.

This lemma actually follo ws from the observ ation that the set of al l stabilizer co des [36 ] of

dimension 2

n � s

is a purit y-testing co de family with error � � 2

� s

. Ho w ev er, w e giv e a direct pro of

with an explicit proto col description b elo w.

Without loss of generalit y , w e describ e the proto col in terms of purifying the state j 	

�

i

2

. W e

describ e a proto col with m = n � 1 and error � =

1

2

. Rep eating the proto col s times yields m = n � s

and � = 2

� s

.

Construction 8.3 (Simple Random Hashing Proto col)

1. A lic e picks 2 n r andom bits x

1

; :::; x

n

; z

1

; :::; z

n

such that not al l the bits ar e 0.

2. A lic e wil l me asur e the op er ator given by

X

x

1

Z

z

1


 � � � 
 X

x

n

Z

z

n

. T o do this A lic e:

2

F or example, Bob can p erform a \phase-shift" ( Z ) follo w ed b y a \bit-
ip" ( X ) to ev ery qubit he p ossesses. This

will transform j �

+

i to j 	

�

i .

113



(a) Considers only qubits wher e ( x

i

; z

i

) 6= (0 ; 0) . Say ther e ` qubits left.

(b) On qubit j , applies either

H =

1

p

2

0

B

@

1 1

1 � 1

1

C

A

if ( x

j

; z

j

) = (0 ; 1) ,

B =

1

p

2

0

B

@

1 i

i 1

1

C

A

if ( x

j

; z

j

) = (1 ; 1) ,

the identity if ( x

j

; z

j

) = (1 ; 0) .

(c) Applies CNOT fr om e ach of the �rst ` � 1 qubits onto the last.

(d) Me asur es the last in the c omputational b asis.

(e) Applies the inverse tr ansformation to the r emaining qubits.

3. A lic e sends x

1

; :::; x

n

; z

1

; :::; z

n

and her me asur ement r esult to Bob.

4. Bob p erforms the same me asur ement and sends b ack the r esult.

5. A lic e and Bob ac c ept if the two r esults ar e di�er ent and r eje ct otherwise.

Pro of: (of Lemma 8.9)

It is su�cien t to consider the p erformance of the proto col on states of the form X

~ a

Z

~

b

j 	

�

i


 n

,

where X

~ a

denotes X

a

1


 � � � 
 X

a

n

when ~ a = ( a

1

; :::; a

n

) 2 f 0 ; 1 g

n

. Without the loss of generalit y ,

w e assume all the error op erators are applied to Alice's share of the EPR pairs.

The reduction to these Bell states is via a \quan tum-to-classical reduction", as used in [57 ] for

k ey distribution. The reduction w orks b ecause ultimately , the accept/reject decision is diagonal in

the Bell basis, and moreo v er if the input to the proto col can b e describ ed as X

~ a

Z

~

b

j 	

�

i


 n

, the the

output can b e written X

~ a

0

Z

~

b

0

j 	

�

i


 m

.

The idea is that measuring the op erator X

x

1

Z

z

1


 � � � 
 X

x

n

Z

z

n

on b oth Alice and Bob's

shares and comparing the results is equiv alen t to measuring the bit ~ a � ~ x +

~

b � ~ z , i.e. a random

linear function of the v ector ( ~ x; ~ z ). T o see this, �rst observ e that H X

a

Z

b

= ( � 1)

ab

X

b

Z

b

H and

B X

a

Z

b

= i

b

X

a + b

Z

b

B . Moreo v er, b oth B 
 B and H 
 H ha v e j 	

�

i as an eigen v ector. Th us, in

eac h p osition w e will end up with a state prop ortional to X

x

j

a

j

+ z

j

b

j

Z

c

j 	

�

i after Alice and Bob

ha v e applied their transformations and b efore they measure, where c is a bit. Measuring b oth halv es
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in the computational basis and comparing results allo ws one to compute x

j

a

j

+ z

j

b

j

. Similarly , the

proto col computes ~ x � ~ a +

~

b � ~ z .

A random linear function will detect a non-zero v ector with probabilit y

1

2

. Th us, the o v erall

error probabilit y of the one-step proto col is b ounded b y

1

2

. Rep eating the proto col s times lo w ers

this error to 2

� s

.

Pro of: (of Theorem 8.4) It directly follo ws Lemma 8.8 and Lemma 8.9.

In fact, a closer lo ok at the Construction 8.3 rev eals that of the (2 n + 1) bits of comm unication

in this proto col, 2 n of them are used for selecting a random string, whic h can b e spared if Alice

and Bob initially share a random string. This observ ation leads to the follo wing corollary to

Theorem 8.4.

Corollary 8.2 F or al l inte gers n > s , ther e exists an c onditional, r andomize d public-c oin, s -bit

one-way, ( n; n � s ) pr oto c ol over the �delity noise mo del F

n; 1 � �

with suc c ess pr ob ability at le ast 1 � �

and c onditional �delity at le ast 1 �

2

� s

1+2

� s

� �

.

Here, w e see an exp onen tial trade-o� b et w een the conditional �delit y and the amoun t of com-

m unication: eac h additional bit comm unicated will reduce the gap b et w een the conditional �delit y

and 1 b y almost half. This con trasts sharply with the relation b et w een �delit y and comm unication,

where comm unication do es help a little, but b y only at most a constan t factor.

8.3.3 P art I I I: The Comm unication Complexit y

W e study the comm unication complexit y of en tanglemen t distillation proto cols o v er the �delit y

noise mo del. W e pro v e a lo w er b ound that matc hes the result from Corollary 8.2 up to an additiv e

constan t. This e�ectiv ely sho ws that the construction of Corollary 8.2 is optimal.

De�nition 8.4 (Ideal Success Probabilit y) The ideal success probabilit y of a c onditional quan-

tum entanglement distil lation ( n; m ) -pr oto c ol is the pr ob ability that it suc c e e ds over the input �

n

.

A pr oto c ol is ideal if its ide al suc c ess pr ob ability is 1.

Theorem 8.5 (Comm unication Complexit y of Proto cols for the Fidelit y Mo del) The c on-

ditional �delity of any r andomize d public-c oin s -bit ( n; m ) -pr oto c ol of ide al suc c ess pr ob ability p is

at most 1 �

�p

2

s +1

over a �delity noise mo del F

n; 1 � �
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An immediate corollary of this theorem is that the conditional �delit y of an s -bit ideal proto col

is at most 1 � �= 2

s +1

. Therefore, to ac hiev e a �delit y or 1 � � on the output, log (1 =� ) + log ( � � p ) � 1

bits of classical comm unication is needed. On the other hand, Corollary 8.2 yields a comm unication

complexit y of log (1 =� ) + log (1 � � ). In the case where b oth � and p are constan ts, these t w o results

matc h up to an additiv e constan t. It is a rather in teresting observ ation, b esides the fact that it

implies the optimal of Corollary 8.2 and the tigh tness of Theorem 8.5. Notice that Theorem 8.5

is pro v en for proto cols that only output a single qubit pair | a minimal p ossible yield, while

the construction from the random hash proto col used b y Corollary 8.2 outputs ( n � s ) qubits |

an asymptotically maxim um p ossible yield.

3

Despite the t w o extreme cases on the yield of the

proto cols, this t w o result matc h nicely .

Pro of: (of Theorem 8.5) WLOG w e assume the proto col only outputs one qubit pair, i.e.,

m = 1, b y the monotonicit y of �delit y . Consider a particular input state

�

0

= (1 � �

0

)	

n

+ �

0

�

I

2

2 n

(8.13)

It is a mixture of the p erfect EPR pairs �

n

(with probabilit y 1 � �

0

) and the completely mixed

state

I

2

2 n

(with probabilit y �

0

). Notice that F (

I

2

2 n

) =

1

2

2 n

. So if w e set �

0

=

2

2 n

2

2 n

� 1

� , then w e

ha v e F ( � ) = 1 � � . W e shall pro v e that no deterministic, s -bit proto col has �delit y more than

1 � 2

� ( s +1)

�p o v er state �

0

, whic h implies the theorem.

W e �x a proto col P . WLOG, w e assume it pro ceeds in r ounds : in eac h round, one of the t w o

parties (Alice or Bob) applies a sup er-op erator E to his or her share of qubits, and then sends one

(classical) bit to the other part y . The proto col consists of s rounds: one bit is sen t in eac h round.

Finally , Alice outputs the sp ecial sym b ol, determining if the proto col succeeds or fails.

T o analyze the b eha vior of the proto col P o v er the input �

0

, w e consider ho w P b eha v es o v er

state �

n

and state

I

2

2 n

, resp ectiv ely . W e use p (resp. q ) to denote the probabilities that P succeeds

o v er state �

n

(resp.

I

2

2 n

). Notice p is in fact the ideal success probabilit y of proto col P . Then it is

easy to see that

F

c

( P ( �

0

)) =

(1 � �

0

) p � F

c

( P (�

n

)) + �

0

q � F

c

( P (

I

2

2 n

))

(1 � �

0

) p + �

0

q

(8.14)

3

Notice that b ecause of the exp onen tial trade-o�, it is normally su�cien t to ha v e s = o ( n ), and in that case the

random hash proto col outputs almost all the input qubit pairs.
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Notice that w e alw a ys ha v e F

c

( P (�

n

)) � 1. Since

I

2

2 n

is a disen tangled state, P (

I

2

2 n

) is also

disen tangled. Therefore w e ha v e F

c

( P (

I

2

2 n

)) � 1 = 2 b y Lemma 2.1. W e shall pro v e that

q � p

2

= 2

s

; (8.15)

whic h will imply that

F ( P ( �

0

)) �

(1 � �

0

) + �

0

p= 2

s +1

(1 � �

0

) + �

0

p= 2

s

= 1 �

�

0

p

2

s +1

(1 �

2

s

2

s

� 1

�

0

p )

� 1 � �p= 2

s +1

(8.16)

No w w e pro v e that q � p

2

= 2

s

. W e analyze t w o cases separately: in case I, the state �

n

is the

input to the proto col; in case I I, the state

I

2

2 n

is the input to the proto col. F or eac h case, w e k eep

trac k of the lo cal densit y matrices of Alice and Bob. In case I, w e use �

I ;A

k

and �

I ;B

k

to denote the

lo cal densit y matrices of Alice and Bob after the k -th round; in case I I, w e use �

I I ;A

k

and �

I I ;B

k

,

resp ectiv ely . F or k = 0, w e de�ne the �

I ;A

0

, �

I ;A

0

, �

I I ;A

0

, and �

I I ;A

0

to b e the densit y matrices at the

momen t that proto col starts.

W e giv e more de�nitions: after the k -th round, there are 2

k

p ossibilities dep ending on the �rst

k bits comm unicated. F or an y binary string t 2 f 0 ; 1 g

k

, w e use �

I ;A

t

(resp. �

I ;B

t

) to denote the

lo cal densit y matrix of Alice (resp. Bob) after the k -th round in case I, conditioned on that the

�rst k bits comm unicated so far are t [0] ; t [1] ; :::; t [ k � 1]. W e use p

I

t

to denote the probabilit y that

this happ ens (that the �rst k bits are t [0] ; t [1] ; :::; t [ k � 1]). Ob viously w e ha v e p

I

t

= p

I

t ;0

+ p

I

t ;1

for

an y t 2 f 0 ; 1 g

k

. F urthermore, w e ha v e the follo wing equalities

X

t 2f 0 ; 1 g

k

p

I

t

= 1 (8.17)

X

t 2f 0 ; 1 g

k

p

I

t

� �

I ;A

t

= �

I ;A

k

(8.18)

X

t 2f 0 ; 1 g

k

p

I

t

� �

I ;B

t

= �

I ;B

k

(8.19)

W e de�ne �

I I ;A

t

, �

I I ;B

t

, and p

I I

t

for case I I, similarly .

W e use � to denote the empt y string. So w e ha v e p

I

�

= p

I I

�

= 1.

One imp ortan t observ ation is that when the proto col starts, the lo cal densit y matrices for Alice
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and Bob are iden tical in b oth cases:

�

I ;A

�

= �

I ;B

�

= �

I I ;A

�

= �

I I ;B

�

=

I

2

n

(8.20)

When the proto col pro ceeds, the lo cal densit y matrices in t w o cases will b ecome di�eren t, since

the state �

n

is an en tangled state, while

I

2

2 n

is not. Ho w ev er, they cannot di�er \to o far", as w e

shall pro v e in the follo wing lemma:

Lemma 8.10 F or al l k = 0 ; 1 ; :::; s � 1 and al l t 2 f 0 ; 1 g

k

, we have p

I

t

� �

I ;A

t

� �

I I ;A

t

and p

I

t

� �

I ;B

t

�

�

I I ;B

t

.

Pro of: By induction. The base case is ob vious. No w the inductiv e case. Consider the situation

at the end of the k -th round. Supp ose the �rst k bits sen t are t [0] ; t [1] ; :::; t [ k � 1]. WLOG w e

assume that in the ( k + 1)-th round, Alice applies a sup er-op erator E to her share of qubits, and

send one bit a to Bob.

First w e consider the densit y matrix for Alice. Notice that in general, a is the result of the

measuremen t from E . Therefore, w e can \split" E in to t w o p ositiv e sup er-op erators E

0

and E

1

, suc h

that

E

0

( �

I ;A

t

) =

p

I

t ;0

p

I

t

� �

I ;A

t ;0

(8.21)

E

1

( �

I ;A

t

) =

p

I

t ;1

p

I

t

� �

I ;A

t ;1

(8.22)
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In tuitiv ely , E

0

corresp onds to the case that a = 0 is sen t, and E

1

corresp onds to the case that a = 1

is sen t.

By inductiv e h yp othesis, w e ha v e

p

I

t

� �

I ;A

t

� �
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(8.25)
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Com bining (8.25), (8.21) and (8.23) with Lemma 2.4 yields that
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Com bining (8.25), (8.22) and (8.24) with Lemma 2.4 yields that
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(8.27)

No w w e consider the lo cal densit y matrix for Bob. In case I, the qubits b et w een Alice and Bob

are en tangled. Therefore, the bit Alice sends to Bob carries some information ab out his state. In

terms of the densit y matrix, Bob's lo cal densit y matrix will \split" from �

I ;B

t

to �

I ;B

t ;0

and �

I ;B

t ;1

.

Notice that Bob do esn't p erform an y op eration to his qubits, and th us w e ha v e
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(8.28)

In case I I, the qubits b et w een Alice and Bob are disen tangled. Therefore, the bit sen t b y Alice

carries no information ab out Bob's o wn state. Th us Bob's lo cal densit y matrix remains unc hanged.

Th us w e ha v e

�
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(8.29)

By inductiv e h yp othesis, w e ha v e
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Com bining (8.28), (8.29), and (8.30), w e ha v e
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So the inductiv e case is pro v ed.
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No w w e are ready to pro v e (8.15). After s bits are sen t, Alice will decide whether to succeed

or fail. In case I, w e use r

t

to denote the probabilit y that Alice c ho ose to succeed conditioned on

that the bits comm unicated are t [0] ; t [1] ; :::; t [ s � 1]. Notice w e ha v e p

I

t

� �

I ;A

t

� �

I I ;A

t

, and th us b y

Lemma 8.10, w e kno w that in case I I, the success probabilit y is at least p

I

t

� r

t

.

Therefore, w e ha v e
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whic h implies that
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=

p

2

2

t

(8.38)

This pro v es the theorem.
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App endix A

Priv ate Comm unication with

Am bainis and Gottesman

I attac h the results from Am bainis and Gottesman on en tanglemen t distillation proto cols that b eat

quan tum error correcting co des.

A.1 Quoted comm unication from Daniel Gottesman

The most interesting one is when you have 9 EPR pairs and

at most 2 errors. The smallest QECC to correct 2 errors

encodes 1 qubit is 11.

Using two-way communications, you can use the following

procedure: divide the 9 EPR pairs up into a group of 5 and

a group of 4. On the group of 5, measure the 4 generators

of 5-qubit code (which has distance 3, and can therefore

correct 1 general error, or detect 2 errors). On the group

of 4, measure the 2 generators of the [[4,2,2]] code (that

is, X X X X and Z Z Z Z, parity checks in the X and Z bases).

The 4-qubit code has distance 2, which means it cannot correct
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a general error, but it can detect any single error. We initially

use the information to detect errors on the two sets. We divide

the results up into 3 cases:

1) error detected on group of 5, no error on group of 4

In this case, there is at least one error in the group of 5, so

there could only have been at most one error in the group of 4,

which we would have detected. Therefore, there were no errors

in the group of 4, and we can use the 2 remaining pairs from

that group.

Result: 2 EPR pairs.

2) no error on group of 5 (there may or may not be an error

detected on the group of 4).

In this case, we know there cannot be any errors on the group

of 5, or we would have detected them. Therefore, we can use

the one remaining EPR pair from the group of 5 safely.

Result: 1 EPR pair.

3) error detected in both groups

In this case, we know there is exactly one error in each

group. The group of 4 is hopeless -- we cannot correct

errors, but the group of 5 is also a code to correct one

general error, and we know there is only one error there.
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Therefore, we can correct that error, and extract a single

good EPR pair

Result: 1 EPR pair.

In all cases, we get at least 1 good EPR pair out.

A.2 Quoted comm unication from Andris Am bainis

here is a very simple particular case of what you wrote to me a while

ago. Take 4 EPR pairs (8 bits). Measure XOR of all odd bits, destroying

the 4th pair.

1) If it is 1, take the 2nd and the 3rd pairs, measure the

XOR of their odd bits, destroying the 3rd pair. If this XOR is 0, we know

that the 2nd pair does not have an error. If it is 1, the 1st pair doesn't

have an error.

2) If it is 0, measure the XOR of the even bits of the 2nd and the 3rd

pair. The rest is similar to 1).

In contrast, the smallest quantum error correcting code for correcting one

error uses 5 qubits. So, we have another case where our protocols beat

QECCs for small number of qubits/errors.
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App endix B

List of Sym b ols

B.1 Mathematical Notations

X , Y , Z : P auli matrices

�

+

, �

�

, 	

+

, 	

�

: Bell states

�

n

: n EPR pairs

E ( j � i ) : the en tanglemen t of the pure state j � i

E ( � ) : a sup erop erator o v er the mixed state �

H

N

: a Hilb ert space of dimension N .

S ( � ) : the v on Neumann en trop y of the mixed

state �

( n; k ; d ) -co de : a classical error correcting co de

[ n; k ; d ] -co de : a linear classical error correcting

co de

[ [ n; k ; d ] ] -co de : a quan tum error correcting co de

B.2 Proto cols

(� ; n; m ) -proto col : a classical correlation dis-

tillation proto col o v er alphab et � with in-

puts from �

n

� �

n

and outputs in �

m

� �

m

( n; m ) -proto col : a quan tum en tanglemen t dis-

tillation proto col with inputs from H

2

n




H

2

n

and outputs in H

2

m


 H

2

m

B.3 Noise Mo dels

B

c

n;r

: the classical b ounded corruption mo del

B E

n;r

: the b ounded erasure mo del

B

q

n;r

: the quan tum b ounded corruption mo del

M

n;t

: the b ounded measuremen t mo del

D

n;p

: the dep olarization mo del

E

n;k

: the en tanglemen t noise mo del

F

n;a

: the �delit y noise mo del

T

n;m;�

: the purit y testing proto col
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Index

� -lo cally uniform proto col, se e proto col, � -lo cally

uniform

� -close, 39

AND proto col, 77

auxiliary input, 97

base distribution, 62

Bell state, 32

binary erasure noise mo del, se e noise mo del,

binary erasure

binary string, se e string, binary

binary symmetric mo del, 62

binary v ector, se e v ector, binary

b ounded measuremen t mo del, se e noise mo del,

b ounded measuremen t

bra, 28

CDP , se e correlation distillation proto col

classical b ounded corruption mo del, se e noise

mo del, classical b ounded corruption

coin-
ipping, 21

concatenation, 38

conditional �delit y , se e �delit y , conditional

correlation, 39

of classical proto cols, 43

correlation corruption, 10

correlation distillation proto col, 15

correlation reco v ery , 10

corruption error state, 85

corruption indicator v ector, 85

degree

of corruption indicator v ector, 85

of measuremen t error indicator v ector, 80

of measuremen t error state, 80

of P auli v ector, 52

of discrepancy of a bit string, 86

densit y matrix, 28

reduced, 29

dep olarization mo del, se e noise mo del, dep o-

larization

diagonal subspace, 103

Dirac notation, 27

discrepancy

of bit string, 86

disen tangled, 31

distillation en tanglemen t, 17

distribution, 39

regular, 69

uniform, 39

134



distribution matrix, 68

dominate, 36

ECC, se e error correcting co de

EDP , se e en tanglemen t distillation proto col

en tanglemen t, 29, 31

en tanglemen t distillation proto col, 15

en tanglemen t noise mo del, se e noise mo del,

en tanglemen t

en tanglemen t puri�cation proto col, 17

en trop y

min, 93

v on Neumann, 31

EPR pair, 12, 32

error correcting co de, 13, 20

classical, 47

linear, 48

systematic, 48

quan tum, 50

stabilizer, 53

extractor, 92

�delit y , 32

base, 33

conditional, 45

of a state, 33

of quan tum proto cols, 44

�delit y noise mo del, se e noise mo del, �delit y

generator matrix, 48

Hamming distance, 38

Hamming w eigh t, 39

Hilb ert space, 27

ideal success probabilit y , 115

iden tical indep enden t distortion, 14

I ID, se e iden tical indep enden t distortion

information reconciliation, 22 , 60

in teractiv e T uring mac hine, 39

k et, 27

linear co de, se e error correcting co de, classi-

cal, linear

list deco ding, 48

lo cal op eration classical comm unication, 12,

16

lo cally uniform proto col, se e proto col, lo cally

uniform

LOCC, se e lo cal op eration classical comm uni-

cation

matrix

regular, 69

measuremen t

p ositiv e op erator-v alued, 30

measuremen t error state, 80

measuremen t indicator v ector, se e v ector, mea-

suremen t indicator

measuremen t op erator, 30

min en trop y , 93

mixed state, 28
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NICD, se e non-in teractiv e correlation distilla-

tion

NIED, se e non-in teractiv e en tanglemen t dis-

tillation

noise mo del, 11, 42

binary erasure, 72

binary symmetric, 62

b ounded measuremen t, 80

classical

adv ersarial, 42

probabilistic, 43

tensor pro duct, 62

classical b ounded corruption, 49

dep olarization, 89

en tanglemen t, 94

�delit y , 96

quan tum

adv ersarial, 43

probabilistic, 43

quan tum b ounded corruption, 52

noise mo del family , 43

noisy c hannel, 11

non-in teractiv e correlation distillation, 59

non-in teractiv e en tanglemen t distillation, 79

non-in teractiv e random p erm utation proto col,

108

observ able, 30

out pro duct, 28

P auli

matrix, 30

op erator, 30 , 51

v ector, 51

p erfect classical proto col, se e proto col, classi-

cal, p erfect

p erfect quan tum proto col, se e proto col, quan-

tum, p erfect

pro jectiv e measuremen t, 30

pro jector, 30

proto col

� -lo cally uniform, 67

absolute, 41

classical, 40

p erfect, 44

conditional, 41, 111

ideal, 115

deterministic, 41

lo cally uniform, 63, 77

non-in teractiv e, 40

one-w a y , 40

purit y testing, 111

quan tum, 40

p erfect, 44

random p erm utation, 102

non-in teractiv e, 108

randomized, 41

randomized public-coin, 41

reco v ering, 40

refreshing, 40
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t w o-w a y , 40

with auxiliary input, 97

pure state, 27

purit y testing proto col, 111

QECC, se e quan tum error correcting co de

quan tum b ounded corruption mo del, se e noise

mo del, quan tum b ounded corruption

quan tum error correcting co de, 13

qubit, 27

random b eacon, 11, 61

random p erm utation proto col, 102

reco v ering proto col, se e proto col, reco v ering

refreshing proto col, se e proto col, refreshing

regular distribution, se e distribution, regular

regular matrix, se e matrix, regular

scaled eigen v alue gap, 69

separable, 31

stabilizer co de, se e error correcting co de, quan-

tum, stabilizer

state

corruption error, 85

pure, 27

W erner, 89

statistical distance, 39

string

binary , 39

sup er-op erator, 30

sup erp osition, 27

systematic co de, se e error correcting co de, clas-

sical, systematic

tensor pro duct

of distributions, 62

of matrices, 62

of v ectors, 61

tensor pro duct noise mo del, se e noise mo del,

classical, tensor pro duct

trace out, 29

trace-preserving, 30

unitary

matrix, 29

op eration, 29

v ector

binary , 39

corruption indicator, 85

measuremen t indicator, 80

W erner state, 89

yield

of a classical correlation distillation pro-

to col, 42

of a classical randomness extractor, 93

of a quan tum en tanglemen t distillation pro-

to col, 42
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