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Abstract

We presentalgorithmsfor time-seriesgeneexpressionanalysisthatpermittheprincipledestimation
of unobserved time-points,clustering,anddatasetalignment. Eachexpressionpro�le is modeledas
a cubic spline (piecewise polynomial) that is estimatedfrom the observed dataandevery time point
in�uencestheoverallsmoothexpressioncurve. Weconstrainthesplinecoef�cients of genesin thesame
classto havesimilarexpressionpatterns,while alsoallowing for genespeci�c parameters.Weshow that
unobservedtime-pointscanbereconstructedusingour methodwith 10-15%lesserrorwhencompared
to previousbestmethods.Our clusteringalgorithmoperatesdirectly on thecontinuousrepresentations
of geneexpressionpro�les, andwe demonstratethat this is particularlyeffective whenappliedto non-
uniformly sampleddata. Our continuousalignmentalgorithmalsoavoids dif�culties encounteredby
discreteapproaches.In particular, our methodallows for controlof thenumberof degreesof freedom
of thewarp throughthespeci�cationof parameterizedfunctions,which helpsto avoid over�tting. We
demonstratethatouralgorithmproducesstablelow-erroralignmentsonrealexpressiondataandfurther
show a speci�c applicationto yeastknockoutdatathatproducesbiologicallymeaningfulresults.

Keywords: Timeseriesexpressiondata,Missingvalueestimation,Clustering,Alignment.
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1 Intr oduction

Principledmethodsfor estimatingunobservedtime-points,clustering,andaligningmicroarraygeneexpres-
sion time-seriesareneededto make suchdatauseful for detailedanalysis. Datasetsmeasuringtemporal
behavior of thousandsof genesoffer rich opportunitiesfor computationalbiologists.For example,Dynamic
BayesianNetworksmaybeusedto build modelsandtry to understandhow geneticresponsesunfold. How-
ever, suchmodelingframeworksneeda suf�cient quantityof datain theappropriateformat. Currentgene
expressiontime-seriesdataoften do not meettheserequirements,sincethey may be missingdatapoints,
samplednon-uniformly, andmeasurebiologicalprocessesthatexhibit temporalvariation.

In many applications,researchersmayfacetheproblemof reconstructingunobserved geneexpression
values. Valuesmay not have beenobserved for two reasons.First, errorsmay occur in the experimental
processthat lead to corruptionor absenceof someexpressionmeasurements.Second,we may want to
estimateexpressionvaluesat time pointsdifferentfrom thoseoriginally sampled.In eithercase,thenature
of microarraydatamakesstraightforwardinterpolationdif�cult. Dataareoftenverynoisyandtherearefew
replicates.Thus,simple techniquessuchas interpolationof individual genescan leadto poor estimates.
Additionally, in many casestherearea largenumberof missingtime-pointsin a seriesfor any givengene,
makinggenespeci�c interpolationinfeasible.In thecaseof clustering,thetreatmentof time-seriescanbe
problematic,asa time-seriesrepresentsa setof dependentexperiments.A particularproblemariseswhen
seriesarenotsampleduniformly suchasin [16, 4, 7].

Variability in thetimingof biologicalprocessesfurthercomplicatesgeneexpressiontime-seriesanalysis.
Therateatwhichsimilarunderlyingprocessessuchasthecell-cycleunfoldcanbeexpectedto differ across
organisms,geneticvariants,andenvironmentalconditions.For instance,Spellman������� [16] analyzetime-
seriesdatafor theyeastcell-cycle in whichdifferentmethodswereusedto synchronizethecells. It is clear
thatthecycle lengthsacrossthedifferentexperimentsvaryconsiderably, andthattheseriesbegin andendat
differentphasesof thecell-cycle. Thus,oneneedsamethodto alignsuchseriesto make themcomparable.

In this paperwe usestatisticalspline estimationto representtime-seriesgeneexpressionpro�les as
continuouscurves. Our methodtakes into accountthe actualdurationeachtime point represents,unlike
mostpreviousapproachesthat treatexpressiontime-serieslike staticdataconsistingof vectorsof discrete
samples[7, 12, 9]. Ouralgorithmgeneratesasetof continuouscurvesthatcanbeuseddirectlyfor estimating
unobserved data. However, althoughour methodusessplinecurves(piecewise polynomials)to represent
geneexpressionpro�les, it is not reasonableto �t eachgenewith an individual splinedueto the issues
with microarraydatasetsdiscussedabove. Instead,weconstrainthesplinecoef�cients of genesin thesame
classto covary similarly, while alsoallowing for genespeci�c parameters.A classis a setof geneswith
similarexpressionpro�les thatmaybeconstructedusingprior biologicalknowledgeor clusteringmethods.
We presenta clusteringalgorithmthat infersclassesautomaticallyby operatingdirectly on thecontinuous
representationsof expressionpro�les. This is particularlyeffective whenappliedto non-uniformlysampled
data.However, notethatour methoddoesrequiredatathathasbeensampledat asuf�ciently high rate.We
demonstratein Section6 thatourmethodperformswell on severalsuchdatasets,but for otherdatasetsthat
have beensampledat ratestoo low to capturechangesin theunderlyingbiologicalprocesses,our method
will notbeeffective. A futuredirectionwouldbeto useourmethodto determinethequalityof thesampling
rate.

Ouralignmentalgorithmusesthesamesplinerepresentationof expressionpro�les to continuouslytime-
warpseries.First, a parameterizedfunction is chosenthat mapsthe time-scaleof oneseriesinto another.
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Becausewe useparameterizedfunctions,we areexplicitly specifyingthe numberof allowed degreesof
freedom,which is helpful in avoiding over�tting. Our algorithmseeksto maximizethesimilarity between
thetwo setsof expressionpro�les by adjustingtheparametersof thewarpingfunction.

The remainderof this paperis organizedasfollows. In Section2 we presenta brief introductionto
splines.In Section3 we discussour algorithmfor estimatingunobserved dataandin Section4 we extend
this algorithmto performclustering.In Section5 we presentour alignmentalgorithm. Section6 presents
applicationsof ourmethodto expressiondataandSection7 concludesthepaperandsuggestsdirectionsfor
futurework.

1.1 RelatedWork

Recently, severalpapershave focusedon modelingandanalyzingthetemporalaspectsof geneexpression
data. In Holter ��� ��� [10] a time translationalmatrix is usedto modelthe temporalrelationshipsbetween
differentmodesof theSingularValueDecomposition(SVD). Unlike our work, this methodfocuseson the
SVD modesandnoton speci�c genes.In addition,only relationshipsbetweentimepointsthataresampled
at the lowestcommonfrequenciescanbe studied.Thus,not all availableexpressiondatacanbe used.In
Zhao ��� ��� [20] a statisticalmodelis �t to all genesin orderto �nd thosethatarecell cycle regulated.This
methodusesacustomtailoredmodel,relyingon theperiodicityof thespeci�c datasetanalyzed,andis thus
lessgeneralthanourapproach.

Severalpapershaveusedsimpleinterpolationtechniquesto estimatemissingvaluesfor geneexpression
data.Aach ��� ��� [1] uselinearinterpolationto estimategeneexpressionlevelsfor unobserved time-points.
D'haeseleer[6] usesplineinterpolationon individual genesto interpolatemissingtime-points.As weshow
in Section6.2,bothtechniquescannotapproximatetheexpressioncurve of a genewell, especiallyif there
aremany missingvalues.In Troyanskaya��� ��� [17] several techniquesfor missingvalueestimationswere
explored. However, noneof the suggestedtechniquestake into accountthe actualtimes the pointscor-
respondto, and thus time seriesdatais treatedin the sameway asstaticdata. As a consequence,their
techniquescannotestimatevaluesfor time-pointsbetweenthosemeasuredin theoriginalexperiments.

Thereis a considerablestatisticalliteraturethat dealswith the problemof analyzingnon-uniformly
sampleddata.Thesemodels,known asmixed-effect models[3] usesplineestimationmethodsto construct
a commonclasspro�le for their input data. Recently, Jamesand Hastie[11] presenteda reducedrank
mixed effectsmodelthat wasusedfor classifyingmedicaltime-seriesdata. In this paperwe extendthese
methodsto geneexpressiondata.Unlike theabovepapers,we focusonthegenespeci�c aspectsratherthan
the commonclasspro�le. In addition,we presenta methodthat is ableto dealwith casesin which class
membershipis not given. Anotherdifferencebetweenthis work and[11] is that we do not usea reduced
rankapproach,sincegeneexpressiondatasetscontaininformationaboutthousandsof genes.

Many clusteringalgorithmshave beensuggestedfor geneexpressionanalysis(see [13]). However, as
far aswe areaware,all thesealgorithmstreat their input asa vectorof datapoints,anddo not take into
accounttheactualtimesatwhich thesepointsweresampled.In contrast,ouralgorithmweightstimepoints
differentlyaccordingto thesamplingrate.

Aach ��� ��� [1] presenteda methodfor aligning geneexpressiontime-seriesthat is basedon Dynamic
Time Warping,a discretemethodthatusesdynamicprogrammingandis conceptuallysimilar to sequence
alignmentalgorithms. Unlike with our method,the allowed degreesof freedomof the warp operationin
Aach ��� ��� dependson thenumberof datapointsin thetime-series.Theiralgorithmalsoallow mappingsof
multiple time-pointsto a singlepoint, thusstoppingtime in oneof thedatasets.In contrast,our algorithm
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avoids temporaldiscontinuitiesby usinga continuouswarpingrepresentation.Thereis alsoa substantial
bodyof work in thespeechrecognitionandcomputervisioncommunitythatdealswith dataalignment.For
instance,non-stationaryHiddenMarkov modelswith warpingparametershave beenusedfor alignmentof
speechdata[5], andmutualinformationbasedmethodshavebeenusedfor registeringmedicalimages[18].
However, thesemethodsgenerallyassumehigh resolutiondata,which is not the casewith availablegene
expressiondatasets.

2 Splines

Splinesarepiecewisepolynomialswith boundarycontinuityandsmoothnessconstraints.They arewidely
usedin �elds suchascomputer-aideddesign,imageprocessingandstatistics[2, 19, 8, 11]. The useof
piecewiselow-degreepolynomialsresultsin smoothcurvesandavoidstheproblemsof over�tting, numeri-
cal instability andoscillationsthatariseif singlehigh-degreepolynomialswereused.In this paperwe use
cubicsplinessincethey haveanumberof desirableproperties.For instance,cubicpolynomialsarethelow-
estdegreepolynomialsthatallow for a point of in�ection. Thus,we will restrictthesubsequentdiscussion
to thecubiccase.

A cubicsplinecanberepresentedwith thefollowing equation:
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Typically, theseequationsareobtainedby specifyingthe�rst or secondderivativesat thetwo end-pointsof
thespline.Notethatsinceoneexplicitly speci�esthevalues;
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equation2 is particularlyusefulfor de�ning interpolatingsplines.
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2.1 B-splines

While themethoddiscussedso far for de�ning cubicsplinesis easyto understand,it is not themost�e x-
ible or mathematicallyconvenientformulationfor many applications.Alternately, onecanwrite a cubic
polynomialin termsof a setof four normalizedbasisfunctions.A very popularbasisis theB-splinebasis,
which hasa numberof desirableproperties.Thetexts by RogersandAdams[14] andBartelset al [2] give
a full treatmentof this topic. Onceagain,the discussionherewill be limited to featuresrelevant to this
papers.Mostsigni�cantly for theapplicationof �tting curvesto geneexpressiontime-seriesdata,it is quite
convenientwith the B-splinebasisto obtainapproximatingor smoothingsplinesratherthaninterpolating
splines.Smoothingsplinesusefewerbasiscoef�cients thanthereareobserveddatapoints,which is helpful
in avoiding over�tting. In this regard,thebasiscoef�cients
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canbe interpretedgeometricallyascontrol
points, or theverticesof apolygonthatcontroltheshapeof thesplinebut arenot interpolatedby thecurve.
It canbeshown thatthecurve lies entirelywithin theconvex hull of this controllingpolygon.Further, each
vertex exertsonly a local in�uence on the curve, andby varying the vectorof control pointsandanother
vectorof knotpoints(discussedbelow), onecaneasilychangecontinuityandotherpropertiesof thecurve.

ThenormalizedB-splinebasiscanbecalculatedusingtheCox-deBoorrecursionformula[14]:
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Here, � is theorderof thebasispolynomials(i.e. for acubicpolynomial �
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The B-spline basisallows one to write a particularly simple matrix equationwhen �tting splinesto
a set of data points. Supposeobservations are madeat � time points �
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equalsthe numberof datapoints), thenS is squareandthe equationmay be solved by matrix inversion,
yielding aninterpolatingspline.However, asdiscussedthis mayleadto over�tting andit is oftendesirable
to usefewer controlpointsthandatapointsto obtaina smoothingor approximatingspline.In this case,the
matrixequationmustbesolvedin theleast-squaressense,whichyieldsC � � S
 S�

%

�

S
 D.

3 Estimating Unobserved ExpressionValuesand Time Points

In orderto obtainacontinuoustimeformulation,weusecubicB-splinesto representgeneexpressioncurves.
As mentionedabove, by knowing thevalueof thesplinesat a setof controlpointsin the time-series,one
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Figure1: TheB-splinebasisfunctionsareperiodic(translatesof oneanother)whenauniformknotvectoris
used.Shown hereis thenormalizedcubicB-splinebasis( �

� 1 ) with knotvectorx � �
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Using the four basisfunctionsshown, the B-splinewill only be de�ned in the shadedregion
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1 ,
whereall four overlap.

cangeneratetheentiresetof polynomialsfrom theB-splinebasisfunctions.In our formulation,thespline
controlpointsareuniformly spacedto cover theentiredurationof thedataset.Oncethesplinepolynomials
aregeneratedwecanre-samplethecurve to estimateexpressionvaluesatany time-points.Whenestimating
thesesplinesfrom expressiondata,we do not try to �t eachgeneindividually. Due to noiseandmissing
values,suchanapproachcouldleadto over-�tting of thedataandmayin generalleadto estimatesthatare
verydifferentfrom therealexpressionvaluesof thatgene(seeSection6.1). Instead,weconstrainthespline
coef�cients of co-expressedgenesto have thesamecovariancematrix, andthuswe useothergenesin the
sameclassto estimatethemissingvaluesof aspeci�c gene.

3.1 A Probabilistic Model of Time SeriesExpressionData

In thissectionwefollow amethodthatis similar to theoneusedby JamesandHastie[11] for classi�cation.
However, unlike their work, in this paperwe focuson genespeci�c aspectsratherthanthecommonclass
pro�le. This allows usto handlevariationsin expressionlevelsthatarecausedby genespeci�c behavior.

A classis a set of genesthat are groupedtogetherusing prior biological knowledgeor a clustering
algorithm. In this sectionwe assumethatclassinformationis given. We discusshow to dealwith casesin
whichsuchclassinformationis notgivenin Section4.

Werepresenteachgeneexpressionpro�le by asplinecurve. For agene� in class3 ,
�




� ��� is theobserved
valuefor � at time � . Let � bethenumberof splinecontrolpointsused,and �

� ��� thevectorof splinebasis
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functionsevaluatedat time � , with �

� ��� of dimensions� by - . Denoteby �
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coef�cients for genesin class3 , andby �
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This model includesboth genespeci�c andclassspeci�c parameters.This allows us to useinformation
from othergenesin theclassbasedon theextentto which genespeci�c informationis missing.We restrict
the missingvaluesof a geneby requiring them to vary with the observed valuesaccordingto the class
covariancematrix �
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. Usingtheclassaverage�
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andthegenespeci�c variation �
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In orderto learntheparametersof thismodel( �
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� and � ) weusetheobservedvalues,andmaximize
the likelihoodof the input data.Denoteby
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thevectorof observed expressionvaluesfor gene� , andby
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thesplinebasisfunctionevaluatedat thetimesin whichvaluesfor gene� wereobserved. If weobserved
a total of � expressionvaluesfor � in our dataset,then
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Accordingto ourmodel,wehave:
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where�




is avectorof thenoiseterms.Notethatsinceweareestimatingthesplinecoef�cients atthecontrol
points,eachobservedvaluehasaneffect relatedto theactualtime it represents.Thus,differentexperiments
canhave differenteffectson theresultingcurve if theexpressionvaluesweresamplednon-uniformly.

For our solution,we assumethat the expressionvaluesfor eachgenewereobtainedindependentlyof
othergenes.Thisassumptionis notentirelytruesincedifferentexperimentalconditionscanaffect multiple
genesin thesameexperiment.However, this simplifying assumptionallows for ef�cient computationsand
allows usto capturetheessenceof theresults.

Thereare two normally distributed parametersin our model, the noiseterm � and the genespeci�c
parameters� . Thusthecombinedcovariancematrix for agenein class3 canbewrittenas:
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Giventhis formulation,determiningthemaximumlikelihoodestimatesfor our modelparametersis a non-
convex optimizationproblem(see[11]). Thus,we turn to theEM algorithm.If the � valueswereobserved,
wecouldhave decomposedtheprobabilityin thefollowing way:
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where � is thenumberof classesand �

�

is thesetof genesin class3 . Note thatwe needto maximizethis
joint probabilitysimultaneouslyfor all classessincethevarianceof thenoise,�
� , is assumedto bethesame
for all genes.

This representationleadsto the following procedure.We treat the �




's asmissingdataandsolve the
maximumlikelihoodproblemusingtheEM algorithm.In the

�

stepwe�nd thebestestimationfor � using
thevalueswehave for � �
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� and � . In the � stepwemaximizeequation6 with respectto ���
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� and � while
holdingthe �




's �x ed.See[11] for completedetails.
Thecomplexity of eachiterationof theEM algorithmis �

�

�

� 4
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� � sinceweestimate� parameters
for eachgeneand �
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� parametersfor eachclass.

4 Model BasedClustering Algorithm for Temporal Data

Thealgorithmdescribedin theprevioussectionallows usto �nd theexpressioncurve for eachgenewhen
theclasspartitioningis known. Thoughthisinformationis sometimesavailable,eitherfrom previousknowl-
edgeor from a classi�cationalgorithm[16], this is not alwaysthecase.In this sectionwe describea new
clusteringalgorithmthatsimultaneouslysolvestheparameterestimationandclassassignmentproblems.
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Figure2: Estimatingthe modelparameterswithout classinformation. The posteriorprobabilities I
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canbeusedfor clusteringasdescribedin thetext.

Insteadof the �x edclassmodelfrom Section3, we assumea mixturemodel. Thus,we canmodelthe
expressionvectorfor gene� in thefollowing way. First,weselecta class3 for gene� uniformly at random.
Next, wesample�




usingclass3 's covariancematrix �
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, andsamplea noisevector �




using ��� . Finally we
construct

�




by setting:
�




�

��


���

�

�

�




�

�

�




7



In Figure2 wepresentTimeFit,ourspline�tting algorithmthatperformsclassassignment.Thenumber
of desiredclasses,� , is an input to TimeFit. Initially all classesareassumedto have thesameprior prob-
abilities, thoughit is easyto modify this algorithmif onehasprior knowledgeaboutthedifferentclasses.
TimeFitbeginsby choosingfor eachclassonegeneat random,andusingthisgeneasaninitial estimatefor
theclasscenter(or averageof thesplinecoef�cients). We now treatthe classassignmentsasthemissing
variables,anditerateusinga modi�ed EM algorithm.In the

�

stepwe estimatefor eachgene� andclass3

theprobabilitythat � belongsto class3 , I
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3 � �

� , usingthevalueswe obtainedfor therestof theparameters
in the � step. In the � step,insteadof equation6 we now maximizeour parametersfor eachclasswith
respectto theclassprobability ( I
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step. In addition,we now treatthe �
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parameters,and�nd their MAP (maximuma posteriori)estimate,which is thenusedin the

�

step. The
completedetailsof this procedureareexplainedin theAppendix. As in theprevioussection,TimeFit still
increasesthelikelihoodmonotonically, andterminateswhentheparametersconverge.

Whenthealgorithmconverges,for eachgene� wediscovertheclass3 suchthat;

�

3 � �

� �

�

�

)

�

�

�

�

�

I

�

� � �

�

andassign� to thisclass.Usingthis”hard” clustering,whenweneedto re-samplegene� 'sexpressioncurve
(either for missingvaluesestimationor for new time points) we usethe estimatedclass 3 's parameters
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ForTimeFit,thecomplexity of eachiterationof theEM algorithmis �

���

�

� 4

�

�

� � sincewenow estimate
�

�

�

� parametersfor eachgene.

5 Aligning Temporal Data

Thegoalof thealignmentalgorithmis to warpthetime-scaleof onerealizationof a biologicalprocessinto
thatof another. A setof genesischosenin whichthemembersareassumedto havethesametemporalpattern
of expression(e.g., from prior biological knowledgeor clusteringmethods). A parameterizedwarping
functionis thenselectedandouralgorithmseeksto produceanoptimalalignmentby adjustingthefunction
parameters.Note that althoughit is possibleto align individual genesthis is problematicunlessonehas
suf�ciently highqualitydataasfrom replicatesor a largenumberof timepoints.

Assumethatwe have two setsof time-seriesgeneexpressionpro�les, oneof which we will refer to as
thereferenceset.Denotea splinecurve for gene� in thereferencetime seriesas �

�




�

�

� , where �

�




� �

�

�

�

����� . Here, �

�




�

and �

����� arethe startingandendingpoints for the referencetime seriesrespectively.
Similarly, we will denotesplinesin thesetto bewarpedas �

�




� ��� for ���




� �

�

�

������� . De�ne a mapping
�

�

�

� � � , which transformspointsin thereferencescaleinto thetime-scaleof thesetto bewarped.In this
paper, we will discussa linear transformation

�

�

�

� � �

�

8

�

� 5 � , with � thestretch/squashparameterand
�

thetranslation.However, morecomplex transformationscouldbeusedin our framework. We de�ne the
alignmenterror �

�




for eachgeneas:
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where 	 ����
����

����� �

'

�

%

�

� �

��� �

��� is thestartingpoint of thealignment,and
�

���������

��� �"!

'

�

%

�

� �

� �"!

���

is its endpoint. Theerrorof thealignmentfor eachgeneis proportionalto theaveragedsquareddistance
betweenthecurve for gene� in thereferencesetandin thesetto bewarped.In orderto take into account
thedegreeof overlapbetweenthecurves,andto avoid trivial solutionssuchasmappingall thevaluesin the
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curve to asinglepoint,wedivide thiserrorby thetime-lengthof theoverlap
�

8 	 . Thus,ourgoalis to �nd
parameters� and

�

thatminimize �
�




. As discussed,we suggestminimizing theerrorfor a setof genes.We
de�ne theerrorfor asetof genes

�

of size 4 as:
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�

���
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(8)

The �




's are weighting coef�cients that sum to one; they could be uniform ( -7574 ) or usedfor unequal
weighting. For instance,if onewishesto align wildtype time-seriesexpressiondatawith knockout data,
many of thegenes'expressionpatternsareexpectedto beunchangedin the two experiments.However, a
subsetof thegenesmaybehighly affected. In this case,we wantto down-weightthecontribution of such
genes,sincethey arenot expectedto align well. Oneway of formulatingthis is to requirethat theproduct

�




�
�




bethesamefor all genes(theweightwill beinverselyproportionalto theerror).From �
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�




��� , we
getthat
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� 4�� andsowecandeducethat:
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since =




�




� - . As before,the objective is to minimize
�

� , or in this caseequivalently to maximize
=




-75 �
�




.
Minimizationof

�

� mustbedonenumerically, sinceaclosedform solutionis notpossible.In thelinear
casepresented,we areonly searchingfor two parameters,sowe minimize

�

� directlyusingstandardnon-
linear optimizationtechniques.We usethe Nelder-Meadsimplex searchmethod(available in the Matlab
package),which doesnot usegradientsandcanhandlediscontinuities.For the linear warpingcase,the
essentialconstraintsarethat 	B�

�

and ���

+

. Sincetheuseof a numericaloptimizationmethoddoesnot
guaranteeconvergenceto a globalminimum,multiple randomre-startsmaybenecessary. This leadsto an
algorithmwith runningtime �

�
	

�

4

�

�
� , in which 	 is thenumberof randomre-starts,� is thenumberof

iterationsfor convergence,4 is thenumberof genesin

�

, and � is thenumberof splinecontrolpointsused.
If a largenumberof genesareto bealigned,wesuggestthefollowing algorithmto reducethecomputa-

tion time. Begin by choosinga randomsubsetof �x edsize(e.g.,50 genes)andrandominitial settingsfor
thewarpingparametersfrom auniformdistribution. Theminimizationprocedureis thencarriedoutandthis
processis repeatedwith a new randomchoiceof warpingparametersfor a setnumberof iterations.Upon
termination,thealignmentparametersthatcorrespondto theminimumerrorarechosen.Theseparameters
arethenusedasthestartingconditionsfor the

�

� minimizationusingthefull setof genes.SeeSection6.2
for experimentalresultsonhow this reducestherunningtime ongeneexpressiondatasets.

6 Results

In thissectionwedemonstratetheapplicationof ourmethodto expressiontime-seriesdatasets,showing re-
sultsfor unobserveddataestimation,clusteringandalignment.Mostof ourresultsmakeuseof thecell-cycle
time-seriesdatafrom Spellman��� ��� [16]. In thatpaper, theauthorsidentify 800genesin

�

���9��� �
	��

�

�,���

�

����	 ���

� � �

� � ascell cycle regulated.Theauthorsassignedthesegenesto � vegroupsthatthey referto as �

- ,
�

,

�

5

�

M , �

M 5

� , and �

5

�

- .We alsoanalyzedtime-seriesdatafrom a Fkh1/Fkh2knockout experiment
doneby Zhu ������� [21]. Table6 summarizesthedatasetsthatweused.

9



dataset methodof arrest start end sampling
alphaDS alphamatingfactor 0m 119m every7m
cdc15DS temp. sensitive cdc15

mutant
10m 290m ev. 20m for 1 hr, ev. 10m for 3 hr,

ev. 20 min for �nal hr
cdc28DS temp. sensitive cdc28

mutant
0m 160m every10m

Fkh1/Fkh2DSalphamatingfactor 0m 210m ev. 15muntil 165m,thenafter45m

Table1: Summaryof geneexpressiontime seriesanalyzed.

6.1 Unobserved Data Estimation

To testourmissingvalueestimationalgorithmweconcentratedon thecdc15dataset.Wechosethis dataset
(seeTable6) becauseit is thelargest(24experiments)andcontainsnon-uniformlysampleddata.Theresults
presentedin this sectionwereobtainedusingsplineswith 7 control points;however, similar resultswere
obtainedfor differentnumbersof controlpoints(resultsnot shown).

We comparedour algorithm to threeother interpolationtechniquesthat have beenusedin previous
papers: linear interpolation[1], spline interpolationusing individual genes[6], and k-nearestneighbors
(KNN) with �

�.M

+

, which achieved the bestresultson static dataout of all the algorithmsdescribed
in [17]. In orderto testour algorithmon a large scalewe chose100genesat randomfrom thesetof cell-
cycle regulatedgenes.For eachof thesegenesweraneachestimationalgorithmfour differenttimes,hiding
1,2,3and4 consecutive time points,while not alteringtheothergenes.Next, we computedtheerror in our
estimationswhencomparedto anestimateof thevarianceof thelog ratiosof theexpressionvalues(seethe
Appendixfor completedetails).

Figure3 (a) shows a comparisonof theerrorof our estimationalgorithmwith thethreemethodsmen-
tionedabove. For our method,we performedtwo separateruns. In the �rst we usedtheclassinformation
providedin [16] andin thesecondweusedthealgorithmdescribedin Section4 to obtaintheclassinforma-
tion. For onemissingvalue,ouralgorithmachieves10%lesserrorthank-nearestneighbors(KNN). For two
andthreemissingvaluesour algorithmachieveslower or equalerrorrateswhencomparedwith KNN, and
it doesfarbetterthanthetwo otherinterpolationtechniques.Only whentrying to estimatefour consecutive
missingvaluesdoesKNN performbetterthanour algorithm. However, four consecutive missingvalues
areunusualin practice,andin almostall casesonedoesnot needto estimatemorethantwo consecutive
values.Interestingly, ouralgorithmdoesbetterwhenit is allowedto estimateclassmembershipthanit does
whentheclassinformationis pre-speci�ed.Thiscanbeattributedto thefactthatthe� veclassesfrom [16]
aresomewhatarbitrarydivisionsof a continuouscycle. Thus,for missingvalueestimationour clustering
algorithmis ableto assignmorerelevantclasslabels.

Ouralgorithmcanestimateexpressionvaluesatany timepointduringthecourseof theexperiments.In
Figure3 (b) we presentresultsthatwereobtainedby hiding 1,2,3and4 consecutive experiments.Again,
our algorithmachievesmorethan15%lesserror thantheothertwo techniques.Note thatKNN cannotbe
usedto estimatemissingexperiments,andthusis not includedin this comparison.
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(a)Missingvalues (b) Missingexperiments

Figure3: Comparisonamongdifferentmissingvalueinterpolationtechniques.(a) Findingmissingvaluesand(b)
�nding missingexperiments(time pointsnot originally sampled).As canbe seen,in almostall casesour algorithm
doesbetterthantheothersmethods.

6.2 Clustering

In orderto exploretheeffect thatnon-uniformsamplingcanhave on clusteringwe generatedtwo synthetic
curvesasfollows. The �rst curve,

�

� is obtainedusingthe equation
�

�

�

)

� �������

)

. The secondcurve is
givenby thefollowing equation:

�

�

�

)

���$#

�����

) � )

�

�

�����

)

�

�

)

8 �
� 5 � M

+

�
�

� )

� �

We sampledeachcurve 64 timesbetween8 � and � andthensampledbetween� and
	

� (the remaining
portion of the curve) at different ratesof either every �

'

�
5 M

'

�
571 or �
5 -




. Note that sinceall curves
weresampledbetween8 � and

	

� , themaximaldifferencebetweenthesampledvalues(amplitudeof the
curves)is at most0.2. For eachdifferentsamplingwe generated100vectorsfrom eachcurve, andadded
randomnoise(normallydistributedwith mean0 andvariance0.2). Next we usedour TimeFit algorithm,
andcomparedtheresultsto thoseof k-meansclustering.K-meansis a clusteringalgorithmthatassumesa
mixture modelandtries to assigngenesto classesusingthe classcenters(see[13] for details). K-means
treatsall pointsin thesameway, anddoesnotusetheactualtimesthey represent.As canbeseenin Figure4,
thelower thesamplingrate,thelargerthedifferencebetweentheperformanceof TimeFitandk-means.For
example,for the samplingrateof � , k-meansdoesonly slightly betterthanchance,while TimeFit hasa
muchhigherclassi�cationsuccess.

Next we testedTimeFit on the cdc15DSdescribedabove andcomparedthe resultsto k-means. For
bothalgorithmswe generated� veclasses.WhenanalyzingtheresultsweusedtheSpellmanclustersasthe
goldstandard,anddeterminedhow many clustersin our resultscorrespondto theseclusters.Theresultsare
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Figure4: A comparisonbetweenk-meansandTimeFit for clusteringthevectorsfrom
�

�

and
�

$

. Thesuccessrate
wasdeterminedby the total numberof correctlyclusteredvectorsout of the200vectors.As canbeseen,the lower
thesamplingrate,thegreatertheadvantageof usingouralgorithm.

presentedin Table2. As canbeseen,four outof the� veclustersthatweregeneratedby TimeFitcorrespond
to Spellmans'clusters,containingatmosttwo neighboringphaseswith 10or moregenes(the�fth contained
genesfrom threeconsecutive phases).Sincewearedealingwith cell cycledata,theclustersde�ned in [16]
canonly have arbitraryboundariesandthusjoining two of themis reasonable.On the otherhand,in the
k-meansclusteringresult,cluster4 containsmorethan20 genesfrom four differentphases,while cluster5
containsmorethan20genesfrom threedifferentphases.Thus,theresultsof ourclusteringalgorithmarein
bettercorrespondencewith existing biologicalknowledgethanthoseof k-means.

TimeFit k-means
Phase/ Cluster 1 2 3 4 5 1 2 3 4 5

G2/M 121 52 4 0 8 117 6 1 60 1
M/G1 2 62 33 8 1 6 51 3 45 1

G1 0 9 166 40 71 0 24 125 104 33
S 0 1 2 0 65 0 0 3 7 58

S/G2 30 3 4 0 81 18 0 0 22 78

Table2: Comparisonbetweenk-meansandour clusteringalgorithmon thecdc15DS.As canbeseen,in mostcases
eachof theclustersgeneratedby TimeFit containsgenesfrom 1 or 2 neighboringphases.For k-meansthereis one
cluster(4) thatcontainsmorethan20genesfrom 4 differentphases.
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6.3 Alignment

We alignedthreeyeastcell-cycle geneexpressiontime-seriesthat clearly occur on different time-scales
andbegin in differentphases.The cdc15DSwasusedasa referencesetandthe alphaDSandcdc28DS
werealignedagainstit usinga linear warping

�

�

�

� � �

�

8

�

� 5 � andthe full setof cell-cycle regulated
genesas identi�ed in [16]. For the cdc28DS,we obtained�B� - / 1 M and

�

� M / M

	

with
�

�

�

+

/ -

�

	

+

.
Theseresultsindicatethatthecdc28DScell-cycle runsatapproximately1.4timesthespeedof thecdc15DS
cycle and startsapproximately5.5 minutesbefore(i.e., we calculate

�

� -

+

� sincecdc15DSstartsat 10
minutes).For thealphaDS,we obtained� � - / �

	

and
�

� 8

	

/

�

� with
�

�

�

+

/ -

�

- M . Figure5 shows the
aligned/unalignedexpressionvaluesfor the �

- and

�

5

�

M clustersfor thecdc28DSto cdc15DSalignment.
Alignment for eachdatasettook approximately5.5 minuteson a 1 GHz PentiumIII machineusingour
algorithmthatperformsinitial alignmentson smallersubsetsof genes;thealignmentstook approximately
45 minuteswithout this improvement.

Figure5: Alignmentof genesfor thecdc28DSto cdc15DS.Linearwarpingwasusedwith the full setof cell-cycle
regulatedgenes.The left-handsideshows class-averagesof unalignedexpressionvaluesfor two clusters.The top
row shows alignedresultsfor the ��� cluster(186 genes)andthe bottomrow the �����	� cluster(283 genes).These
resultsindicatethatthecdc28DScell-cycle runsat approximately1.4timesthespeedof thecdc15DScycleandstarts
approximately5.5minutesbefore.

To validatethe quality of thesealignmentswe performedtwo analyses:1) alignmentsof genesin al-
phaDSagainstgenesin cdc15DSwith geneidentity of thosein cdc15DSrandomlypermutedand2) align-
mentsof alphaDSto cdc15DSusingdifferentnumbersof genes.Note that for brevity only the alphaDS
wasused;we chosethis datasetbecauseit is thesmallestandpresumablydemonstratesworst-caseresults.
For the �rst analysis,we performed200 trials giving

�

� scoresbetween0.2562-0.3554,with 50% of the
scoreslying between0.2780-0.3129.TheseresultssuggestthattheactualalphaDSto cdc15DS

�

� scoreof
0.1812wouldnot ariseby a chancealignmentof thegenes.For thesecondanalysis,wesampledsubsetsof
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# genes a std a b std b
5 1.80 0.42 -7.70 16.41
10 1.89 0.21 -5.06 21.5
25 1.93 0.10 -4.99 7.07
50 1.93 0.13 -5.13 9.03
100 1.96 0.03 -6.86 2.42
200 1.95 0.02 -6.38 1.76
400 1.96 0.02 -6.12 1.30

Table3: Resultsof experimentsin which randomsubsetsof �x ed sizeweresampled100 timesandalignmentof
alphaDSandcdc15DSwereperformed.Thecolumnsareasfollows: numberof genesused,stretch/squashparameter,
standarddeviation of this parameter, offsetparameter, andstandarddeviation of this parameter. This analysisshows
that thevariancein theparametersdecreasesasmoregenesareusedandthereis convergenceto the � and

�

settings
foundwith thefull setof genes.

between5-400genes100timesfrom thefull setof cell-cycle regulatedgenes(Table3). Thisanalysisshows
that thevariancein theparametersdecreasesasmoregenesareusedandthereis convergenceto the � and

�

settingsfoundwith thefull setof genes.Interestingly, our algorithmis usuallyableto �nd the”actual” �

and
�

parametersettingsevenwhenrelatively smallnumbersof genesareused.
Thus,theseanalysesgive evidencethatour algorithmcanreliably align thecell-cycle datasets.These

resultscomparefavorably with thosein Aach ��� ��� [1] usingthesamedata. In their case,they found that
theiractualalignmentscorewasnotatalow percentilewhencomparedagainstalignmentsusingrandomized
data(genevaluesshuf�ed). Further, they indicatethatpoor resultswereobtainedwith small clustersizes
(ananalysisover a wide rangeof sizeswasnot presentedin their paper).The fact thatour methodusesa
continuousrepresentationand�ts only two parametersto all thegeneshelpsto explainits goodperformance
on the cell-cycle data. However, onemustbe carefulin extrapolatingtheseresults,sincethey areclearly
dependenton theunderlyingdataset.

In a secondapplicationof our alignmentalgorithm,we usedour methodto discover yeastcell-cycle
regulatedgenesthat appearto be regulatedby the Fkh2 transcriptionalfactor. Zhu ��� ��� performedan
experimentin which two yeasttranscriptionalfactors(Fkh1andFkh2)wereknockedout anda time-series
of geneexpressionlevels wasmeasuredin synchronizedcells [21]. Simon ��� ��� [15] demonstratedwith
a microarrayDNA-binding experimentthata setof genesareboundby Fkh2 in wildtype unsynchronized
yeast.We wereinterestedin discovering which genesin this setshow alteredexpressionin the knockout
experiments.However, directcomparisonof thedatafrom Zhu ��� ��� [21] andthatfrom Spellman��� ��� [16]
is problematic,becausetheseriesweresampledat differentrates,begin at differentcell-cycle phases,and
exhibit differentperiods.

We usedour algorithmto rank�fty-six genesboundby Fkh2accordingto thedifferencein expression
curvesof thealignedwildtype andknockout experiments.Thenon-uniformweightingversionof our algo-
rithm wasusedto align thedatasetsusingall genesidenti�ed ascell-cycle regulatedin [16] andthegene
alignmenterrorscores�

�




wereusedfor ranking. Figure6 shows a plot of thesplineexpressionpro�les of
thetop four geneswith theworstalignmentscoresandthetop four with thebestscores.A pooralignment
scoreindicatesthatageneis behaving differentlyin theknockout experiment.

The rankingproducedby our algorithmappearsto yield biologically meaningfulresults,highlighting
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which genesappearto beregulatedby Fkh2andthosethataremerelyboundby it. For instance,all of the
geneswith theworstalignmentscoresshown weredeterminedto beboundby bothFkh1andFkh2in [15],
whereasall of the bestaligning genesweredeterminedto be boundby Fkh2 only. This correspondsto
biologicalknowledgeindicatingthatbothFkh1andFkh2arerequiredfor regulationof a numberof genes.
It is alsointerestingthatamongthe genesshown with goodalignment,threeareboundalsoby Swi6 and
eitherMbp1 or Swi4, factorsthatarelikely to work independentlyof theFkh proteins.Further, thegenes
with poor alignmentareknown to be boundby Ndd1 andMcm1 or Ace2 and/orSwi5. Mcm1/Ndd1are
known to work with the Fkh proteinsand are not suf�cient to regulateexpressionwithout them. Ace2
andSwi5 apparentlycanbind andregulateindependentlyof the Fkh proteins,but their expressionis Fkh
dependent.

Figure6: Alignmentof Fkh1/Fkh2knockout dataandthewildtype alphaDS.Genesshown arefrom a setof genes
demonstratedto be boundby Fkh2. Shown arethegeneswith the four worst (top row) andbest(bottomrow) gene
alignmentscores.A poor alignmentscoreindicatesthat a geneis behaving differently in the knockout experiment.
Seetext for biologicalinterpretationof theseresults.

7 Conclusionand Futur e Work

We presenteda uni�ed modelandalgorithmsthat usestatisticalsplineestimationto representgenetime-
seriesexpressionpro�les as continuouscurves. Resultsusing our approachon a large yeastcell-cycle
datasetdemonstratethatour framework, whenusedfor estimatingunobserved time-points,clustering,and
alignmentof datasetshassubstantialadvantagesover other methodsthat treat time-seriesas vectorsof
points. Overall, we believe that astheanalysisof dynamicgeneticbehavior becomesmoresophisticated,
principledmodel-basedmethodssuchasourswill becomeessentialfor reconstructingandcombiningdata.
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Therearea numberof interestingextensionsthatcouldbemadeto our work. Experimentalbiologists
oftendeterminethesamplingratefor a time-seriesexperimentbasedonknowledgeabouthow quickly gene
expressionvalueschange.Theseassessmentsoftenmake little useof informationthatmaybegleanedfrom
previous expressionexperiments.Our algorithmcouldbe usedto �nd the ”right” samplingratefor time-
seriesexperiments,whichcouldleadto substantialtime/costsavingsor improvementsin biologicalresults.
Anotherway of extendingthis work is to developa clusteringalgorithmthatusesour alignmentmethodin
orderto groupgenesthatshow similar kinetic changesbetweendatasets.Anotheropenproblemis devel-
opinga principledmethodfor determiningthesigni�canceof thealignmenterror in orderto automatically
detectgeneswhosetemporalbehavior is alteredbetweenexperiments.
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A EM Algorithm for ClassAssignment

In this appendixwe presentthe detailsof the EM algorithmthat is usedin Section4. We startwith the
completelog likelihoodgivenby:
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where 3 is the classindex and 4




is the numberof observed valuesfor gene� .
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binaryindicatorvariablethatassignseachgeneto exactlyoneclass.
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In the � stepwe �rst �nd theMAP estimatefor �
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by setting:
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�

�




8

��


�

�

�

Next, wemaximize� �

'

� and � w.r.t. theclassassignmentprobabilitiescomputedin the
�

step:

�

�

�

=




=

�

;

�

3 � �

�K�

�




8

��


���

�

�

�




�

�

� ��
 �

�




8

��


���

�

�

�




�

�

�

� 	 ����� � �

�

%

�

�

�

�







��


�

%

�

�

�







��


� �

=




4




�

�

is computedby setting:

�

�

� �

	J


;

�

3 � �

�

�







��


�

%

�

�

	 


;

�

3 � �

�

�







�

�




8

��


�




�

�

� �

Thenweset �

�

to:

�

�

�

=




;

�

3 � �

�

� �




�

�

�







�

�

�

�

�

�

�

%

�

�

�







��


5
���

�

%

�

�

=




;

�

3 � �

�

B Computing Err or Rates

Herewedescribein detailthemethodweusedto computetheerrorratesof thefour differentmissingvalues
algorithmsdiscussedin Section6.1. Denoteby

�




� ��� the (hidden)expressionvaluesfor gene � at time � ,
andby

�

�




� ��� theestimatedvalues.Denoteby � thenumberof missing(hidden)datapointsandby 4 the
numberof genesthatwereusedfor thetest.Denoteby � thevarianceof thelog ratiosof expressionvalues.
Thentheerrorof anestimationfor � missingdatapointsis de�ned as:

��	 	 � �

-

�

4

�

	


�
�

�

	
!

�
�

�

�

�




� �

!

�08

�

�




� �

!

�

�

�

�

If ��	 	 � is above 1 thentheerror is (on average)biggerthanthereplicationvariance,andvice versa.The
variance� wascomputedusingtheraw expressiondataof theunsynchronizedcellsfrom two differenttime
points.
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