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Abstract

We presentalgorithmsfor time-serieggeneexpressioranalysighat permitthe principledestimation
of unobsered time-points,clustering,and datasetalignment. Eachexpressionpro le is modeledas
a cubic spline (piecavise polynomial) thatis estimatedfrom the obsened dataand every time point
in uencestheoverallsmoothexpressiorcurve. We constrainthe splinecoefcients of genesn thesame
classto have similar expressiorpatternswhile alsoallowing for genespeci ¢ parametersWe shaw that
unobseredtime-pointscanbereconstructedisingour methodwith 10-15%lesserrorwhencompared
to previous bestmethods.Our clusteringalgorithmoperateglirectly on the continuousepresentations
of geneexpressiorpro les, andwe demonstrat¢hatthis is particularly effective whenappliedto non-
uniformly sampleddata. Our continuousalignmentalgorithm also avoids dif culties encounteredy
discreteapproachesin particular our methodallows for control of the numberof degreesof freedom
of the warp throughthe speci cationof parameterizedunctions,which helpsto avoid over tting. We
demonstratéhatour algorithmproducesstablelow-erroralignmentson real expressiordataandfurther
shav a speci ¢ applicationto yeastknockout datathat producesiologically meaningfulresults.

Keywords: Time seriesexpressiordata,Missingvalueestimation Clustering,Alignment.



1 Intr oduction

Principledmethoddor estimatingunobseredtime-points clusteringandaligningmicroarraygeneexpres-
siontime-seriesare neededo make suchdatausefulfor detailedanalysis. Datasetaneasuringemporal
behaior of thousandef genesffer rich opportunitiefor computationabiologists.For example,Dynamic
BayesiarNetworksmaybeusedto build modelsandtry to understandhown geneticresponseanfold. How-
ever, suchmodelingframenorks needa sufcient quantityof datain the appropriatdormat. Currentgene
expressiontime-seriegdataoften do not meettheserequirementssincethey may be missingdatapoints,
sampledhon-uniformly andmeasuréiological processethatexhibit temporalvariation.

In mary applicationsyresearchermay facethe problemof reconstructinginobsered geneexpression
values. Valuesmay not have beenobsenred for two reasons.First, errorsmay occurin the experimental
processhat leadto corruptionor absenceof someexpressionmeasurementsSecond,we may want to
estimateaxpressionvaluesattime pointsdifferentfrom thoseoriginally sampled.n eithercasethe nature
of microarraydatamakesstraightforvardinterpolationdif cult. Dataareoftenvery noisyandtherearefew
replicates. Thus, simple techniguessuchasinterpolationof individual genescanleadto poor estimates.
Additionally, in mary casegherearea large numberof missingtime-pointsin a seriesfor ary givengene,
makinggenespeci c interpolationinfeasible.In the caseof clusteringthe treatmenbf time-seriecanbe
problematicasa time-seriegepresents setof dependenexperiments.A particularproblemariseswhen
seriesarenot sampleduniformly suchasin [16, 4, 7].

Variability in thetiming of biologicalprocesseiirthercomplicategeneexpressioriime-serieganalysis.
Therateatwhich similar underlyingprocessesuchasthe cell-cycle unfold canbe expectedo differ across
organismsgeneticvariants,andernvironmentalconditions.For instance Spellman [16] analyzetime-
seriesdatafor theyeastcell-gycle in which differentmethodswvereusedto synchronizehecells. It is clear
thatthecycle lengthsacrosghedifferentexperimentssary considerablyandthatthe serieshegin andendat
differentphase®f the cell-gycle. Thus,oneneedsa methodto align suchseriesto make themcomparable.

In this paperwe use statisticalspline estimationto representime-seriesgeneexpressionpro les as
continuouscunes. Our methodtakesinto accountthe actualdurationeachtime point representsynlike
mostprevious approacheghattreatexpressiortime-seriedik e staticdataconsistingof vectorsof discrete
sampleg7, 12, 9]. Ouralgorithmgenerateasetof continuousurvesthatcanbeuseddirectlyfor estimating
unobsered data. However, althoughour methodusesspline curnes (piecavise polynomials)to represent
geneexpressionpro les, it is not reasonabléo t eachgenewith anindividual spline dueto the issues
with microarraydatasetsliscusse@bove. Insteadwe constrairthe splinecoefcients of genesn thesame
classto covary similarly, while alsoallowing for genespeci ¢ parametersA classis a setof geneswith
similar expressiompro les thatmaybe constructedisingprior biologicalknowvledgeor clusteringmethods.
We presenta clusteringalgorithmthatinfers classesautomaticallyby operatingdirectly on the continuous
representationsf expressiorpro les. Thisis particularlyeffective whenappliedto non-uniformlysampled
data.However, notethatour methoddoesrequiredatathathasbeensampledat a sufciently highrate.We
demonstratén Section6 thatour methodperformswell on several suchdatasetshut for otherdatasetshat
have beensampledat ratestoo low to capturechangesn the underlyingbiological processesyur method
will notbeeffective. A futuredirectionwould beto useour methodto determinghe quality of thesampling
rate.

Ouralignmentalgorithmuseghesamesplinerepresentationf expressiorpro les to continuoushjtime-
warp series. First, a parameterizedunctionis chosenthat mapsthe time-scaleof oneseriesinto another



Becauseve useparameterizedunctions,we are explicitly specifyingthe numberof allowed degreesof
freedom,whichis helpful in avoiding over tting. Our algorithmseekgo maximizethe similarity between
thetwo setsof expressiorpro les by adjustingthe parametersf thewarpingfunction.

The remainderof this paperis organizedasfollows. In Section2 we presenta brief introductionto
splines.In Section3 we discussour algorithmfor estimatingunobsered dataandin Section4 we extend
this algorithmto performclustering.In Section5 we preseniur alignmentalgorithm. Section6 presents
applicationof our methodto expressiordataandSection7 concludeghe paperandsuggestslirectionsfor
futurework.

1.1 RelatedWork

Recently several papershave focusedon modelingandanalyzingthe temporalaspectof geneexpression
data. In Holter [10] atime translationaimatrix is usedto modelthe temporalrelationshipsetween
differentmodesof the SingularValueDecomposition(SVD). Unlike our work, this methodfocuseson the
SVD modesandnot on speci ¢ genesln addition,only relationshipsetweertime pointsthataresampled
at the lowestcommonfrequenciesanbe studied. Thus, not all available expressiondatacanbe used. In
Zhao [20] a statisticalmodelis t to all genesn orderto nd thosethatarecell cycle regulated.This
methodusesa customtailoredmodel,relying on the periodicity of the speci ¢ datasetinalyzedandis thus
lessgenerathanourapproach.

Severalpaperdave usedsimpleinterpolationtechniquego estimatamissingvaluesfor geneexpression
data.Aach [1] uselinearinterpolationto estimategeneexpressionevelsfor unobsered time-points.
D'haeseleef6] usesplineinterpolationon individual genego interpolatemissingtime-points.As we shaw
in Section6.2, bothtechniguesannotapproximatehe expressiorcurve of a genewell, especiallyif there
aremary missingvalues.In Troyanskaya [17] severaltechniquedor missingvalueestimationsvere
explored. However, noneof the suggestedechniguegake into accountthe actualtimesthe points cor
respondto, andthustime seriesdatais treatedin the sameway as staticdata. As a consequenceheir
techniqueannotestimatevaluesfor time-pointsbetweerthosemeasuredh the original experiments.

Thereis a considerablestatisticalliterature that dealswith the problemof analyzingnon-uniformly
sampleddata. Thesemodels knowvn asmixed-efect models[3] usesplineestimationrmethodgo construct
a commonclasspro le for their input data. Recently Jamesand Hastie[11] presenteda reducedrank
mixed effectsmodelthat wasusedfor classifyingmedicaltime-seriegdata. In this paperwe extendthese
methodgo geneexpressiordata.Unlike theabove papersye focusonthegenespeci ¢ aspectsatherthan
the commonclasspro le. In addition,we presenta methodthatis ableto dealwith casesn which class
memberships not given. Anotherdifferencebetweenthis work and[11] is thatwe do not useareduced
rankapproachsincegeneexpressiordatasetgontaininformationaboutthousand®f genes.

Many clusteringalgorithmshave beensuggestedor geneexpressioranalysis(see [13]). However, as
far aswe are aware, all thesealgorithmstreattheir input asa vector of datapoints,anddo not take into
accountheactualtimesat which thesepointsweresampledin contrastpouralgorithmweightstime points
differentlyaccordingto the samplingrate.

Aach [1] presentech methodfor aligning geneexpressiorntime-serieghatis basedon Dynamic
Time Warping,a discretemethodthatusesdynamicprogrammingandis conceptuallysimilar to sequence
alignmentalgorithms. Unlike with our method,the allowed degreesof freedomof the warp operationin
Aach depend®nthe numberof datapointsin thetime-seriesTheir algorithmalsoallow mappingsof
multiple time-pointsto a singlepoint, thusstoppingtime in oneof the datasetsIn contrastour algorithm
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avoids temporaldiscontinuitiesby usinga continuouswarpingrepresentationThereis alsoa substantial
body of work in the speechrecognitionandcomputewision communitythatdealswith dataalignment.For
instancenon-stationanHiddenMarkov modelswith warpingparameterfiave beenusedfor alignmentof
speectdatal5], andmutualinformationbasedmethodshave beenusedfor registeringmedicalimagedq18].
However, thesemethodsgenerallyassumehigh resolutiondata,which is not the casewith availablegene
expressiordatasets.

2 Splines

Splinesarepiecavise polynomialswith boundarycontinuity andsmoothnessonstraints.They arewidely
usedin elds suchascomputeraideddesign,imageprocessingand statistics[2, 19, 8, 11]. The useof
piecavise low-degreepolynomialsresultsin smoothcurvesandavoidsthe problemsof over tting, numeri-
cal instability andoscillationsthatariseif singlehigh-degreepolynomialswereused.In this paperwe use
cubicsplinessincethey have anumberof desirableproperties For instancecubic polynomialsarethe low-
estdegreepolynomialsthatallow for a point of in ection. Thus,we will restrictthe subsequerdiscussion
to thecubiccase.
A cubicsplinecanberepresentedith thefollowing equation:

(1)

Here, istheparametefe.g.,time), arepolynomialsand arethecoefcients. Thetypicalway
to represent piecavise cubiccurwe is simply:

(2)

otherwise

Here, , andthe 's denotethe break-pointsof the piecavise polyno-
mials. Thus,we have cubic polynomialsthat can be denoted . In orderto
determinethe coefcients of thesepolynomials, equationsarerequired.If onespeci esavalue  plus
continuity constraintaup to the secondderivative for the piecavise polynomialat eachbreak-point  for

, four equationsareobtainedfor eachof the internalbreak-points:

Additionally, specifyingvaluesfor the end-points and yieldsatotal of

equationsThus,in orderto solve for the splinecoefcients, anadditionaltwo equationsareneeded.
Typically, theseequationsareobtainedby specifyingthe rst or secondderivativesat thetwo end-pointsof
the spline. Note thatsinceoneexplicitly speci esthevalues at the break-pointsthe formulationin
equation? is particularlyusefulfor de ning interpolatingsplines.



2.1 B-splines

While the methoddiscussedo far for de ning cubic splinesis easyto understandit is not the most e x-
ible or mathematicallycorvenientformulationfor mary applications. Alternately one canwrite a cubic
polynomialin termsof a setof four normalizedbasisfunctions. A very popularbasisis the B-splinebasis,
which hasa numberof desirablgoroperties. Thetexts by RogersandAdams[14] andBartelsetal [2] give
a full treatmentof this topic. Onceagain,the discussiorherewill be limited to featuresrelevant to this
papersMostsigni cantly for theapplicationof tting curvesto geneexpressiortime-serieslata,it is quite
corvenientwith the B-spline basisto obtainapproximatingor smoothingsplinesratherthaninterpolating
splines.Smoothingsplinesusefewer basiscoefcients thanthereareobsered datapoints,whichis helpful
in avoiding over tting. In this regard,the basiscoefcients  canbeinterpretedgeometricallyascontol
points or the verticesof a polygonthatcontrolthe shapeof the splinebut arenotinterpolatedoy the cune.
It canbe shavn thatthe curwe lies entirelywithin the corvex hull of this controllingpolygon. Further each
vertex exertsonly alocal in uence on the curve, andby varying the vectorof control pointsandanother
vectorof knot points(discussedbelon), onecaneasilychangecontinuityandotherpropertiesof the cune.
ThenormalizedB-splinebasiscanbe calculatedusingthe Cox-deBoorrecursiorformula[14]:

otherwise 3)
(4)
Here, istheorderof thebasispolynomials(i.e. for a cubicpolynomial ).

Thevalues arecalledknots where . A uniformknotvectoris onein which theentries
areevenly spacedj.e., x . If auniform knot vectoris used,the resultingB-spline
is calledperiodicsincethe basisfunctionswill be translateof eachother i.e.,

. See gure 1 for anexample. For a periodiccubic B-spline( ), the equationspecifying
thecurve canbewritten as:
for (5)

The B-spline basisallows one to write a particularly simple matrix equationwhen tting splinesto

a set of datapoints. Supposeobserationsare madeat time points giving a vector D
of datapoints. We canthenwrite the matrix equationD  SC, whereC is the vector
of controlpointsandSis am by n matrixwhere f (thenumberof control points

equalsthe numberof datapoints),thenS is squareandthe equationmay be solved by matrix inversion,
yielding aninterpolatingspline. However, asdiscussedhis mayleadto over tting andit is oftendesirable
to usefewer control pointsthandatapointsto obtaina smoothingor approximatingspline.In this casethe
matrix equatiormustbe solvedin theleast-squaresensewhichyieldsC S S S D.

3 Estimating Unobsewed ExpressionValuesand Time Points

In orderto obtaina continuougime formulation,we usecubicB-splinesto representieneexpressiorcunes.
As mentionedabove, by knowing the value of the splinesat a setof control pointsin thetime-seriespne
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Figurel: TheB-splinebasisfunctionsareperiodic(translate®f oneanother)whenauniformknotvectoris
used.Shavn hereis thenormalizedcubicB-splinebasig( ) with knotvectorx .
Using the four basisfunctionsshavn, the B-splinewill only be de ned in the shadedegion ,
whereall four overlap.

cangenerataghe entiresetof polynomialsfrom the B-splinebasisfunctions.In our formulation,the spline
controlpointsareuniformly spacedo cover the entiredurationof the datasetOncethe splinepolynomials
aregeneratedve canre-sampldéhe curve to estimatesxpressiornvaluesat ary time-points.Whenestimating
thesesplinesfrom expressiondata,we do nottry to t eachgeneindividually. Dueto noiseand missing
values,suchanapproacttouldleadto over tting of thedataandmayin generaleadto estimateshatare
very differentfrom therealexpressionvaluesof thatgene(seeSection6.1). Insteadwe constrainthespline
coefcients of co-expressedyeneso have the samecovariancematrix, andthuswe useothergenesn the
sameclassto estimatehe missingvaluesof aspeci c gene.

3.1 A Probabilistic Model of Time SeriesExpressionData

In this sectionwe follow amethodthatis similarto theoneusedby JamesaindHastie[11] for classi cation.
However, unlike their work, in this paperwe focuson genespeci ¢ aspectsatherthanthe commonclass
pro le. Thisallows usto handlevariationsin expressiorevelsthatarecausedy genespeci ¢ behaior.

A classis a setof genesthat are groupedtogetherusing prior biological knovledge or a clustering
algorithm. In this sectionwe assumehat classinformationis given. We discusshow to dealwith casesn
which suchclassinformationis notgivenin Sectiord.

We represengachgeneexpressiorpro le by asplinecurve. Foragene in class , istheobsered
valuefor attime . Let bethenumberof splinecontrol pointsused,and the vectorof splinebasis



functionsevaluatedattime , with of dimensions by . Denoteby theaveragevalueof thespline

coefcients for genesin class , andby the genespecic variationcoefcients. We assumehat s

normally distributedvectorwith meanzeroandthe classsplinecontrol pointscovariancematrix , which

isa by matrix. Denoteby arandomnoisetermthatis normallydistributedwith mean0 andvariance
. Accordingto this model, canbewritten as:

This modelincludesboth genespeci ¢ and classspeci ¢ parameters.This allows us to useinformation
from othergenedn the classbasedn the extentto which genespeci ¢ informationis missing.We restrict
the missingvaluesof a geneby requiringthemto vary with the obsered valuesaccordingto the class
covariancematrix . Usingtheclassaverage andthegenespeci c variation , we canresamplegene

atary time duringthe experiment. This is doneby evaluatingthe spline basisat time , andsetting

In orderto learnthe parametersf this model( and ) we usetheobseredvaluesandmaximize
thelikelihoodof theinput data. Denoteby  the vectorof obsered expressionvaluesfor gene , andby
the splinebasisfunctionevaluatedat the timesin which valuesfor gene wereobsered. If we obsered
atotal of  expressionvaluesfor in our datasetthen is of dimensions by . The throw in
containghesplinebasisfunctionsevaluatedat , where isthetimeatwhichthe thvaluewasobsered.
Accordingto our model,we have:

where is avectorof thenoiseterms.Notethatsincewe areestimatinghesplinecoefcients atthecontrol
points,eachobseredvaluehasaneffectrelatedto theactualtime it representsThus,differentexperiments
canhave differenteffectson theresultingcune if the expressiorvaluesweresamplechon-uniformly

For our solution,we assumehat the expressionvaluesfor eachgenewere obtainedindependentlyof
othergenes.This assumptioris not entirelytrue sincedifferentexperimentakonditionscanaffect multiple
genesn the sameexperiment.However, this simplifying assumptiorallows for ef cient computationsand
allows usto capturethe essencef theresults.

Thereare two normally distributed parametersn our model, the noiseterm andthe genespeci c
parameters. Thusthecombinedcovariancematrix for agenein class canbewrittenas:

where is the splinebasisfunctionevaluatedat all thetime pointsin which experimentsverecarriedout.
Giventhis formulation,determiningthe maximumlik elihoodestimategor our modelparameterss a non-
cornvex optimizationproblem(seg[11]). Thus,weturntothe EM algorithm.If the valueswereobsered,
we couldhave decomposethe probabilityin the following way:

which translatesnto thefollowing joint probability:

- (6)



where is thenumberof classesand is the setof genesn class . Note thatwe needto maximizethis
joint probabilitysimultaneouslyor all classesincethevarianceof thenoise, ,isassumedo bethesame
for all genes.

This representatiofeadsto the following procedure.We treatthe 's asmissingdataandsolve the
maximumlikelihoodproblemusingthe EM algorithm.Inthe stepwe nd thebestestimationfor using

thevalueswe have for and .Inthe stepwemaximizeequationt with respecto and while
holdingthe 's x ed.Seg[11] for completedetails.

Thecomplity of eachiterationof theEM algorithmis sincewe estimate parameters
for eachgeneand parameter$or eachclass.

4 Model BasedClustering Algorithm for Temporal Data

The algorithmdescribedn the previous sectionallows usto nd the expressioncurve for eachgenewhen
theclasspartitioningis known. Thoughthisinformationis sometimeswailable,eitherfrom previousknowl-
edgeor from a classi cationalgorithm[16], this is not alwaysthe case.In this sectionwe describea new
clusteringalgorithmthatsimultaneoushgolvesthe parameteestimatiorandclassassignmenproblems.

TimeFit( )
For all classes
choosearandomgene
/I initialize classcenterwith arandomgene

Initialize arbitrarily
Repeauntil corvergence
E step:

for all genes andclasses

M step:
for all genes andclasses, Findthe MAP estimateof
/I seeAppendixfor completedetails
Maximize W.r.t.
/I updatethe classprobability
for all classes, -

Figure2: Estimatingthe modelparametersvithout classinformation. The posteriorprobabilities
canbeusedfor clusteringasdescribedn thetext.

Insteadof the x edclassmodelfrom Section3, we assume mixture model. Thus,we canmodelthe
expressiornvectorfor gene in thefollowing way. First,we selectaclass for gene uniformly atrandom.
Next, wesample usingclass 'scovariancematrix , andsampleanoisevector using . Finally we
construct by setting:



In Figure2 we presenflimeFit,ourspline tting algorithmthatperformsclassassignmentThenumber
of desiredclasses,, is aninputto TimeFit. Initially all classesareassumedo have the sameprior prob-
abilities, thoughit is easyto modify this algorithmif onehasprior knowledgeaboutthe differentclasses.
TimeFitbeginsby choosingfor eachclassonegeneat random,andusingthis geneasaninitial estimatefor
the classcenter(or averageof the splinecoefcients). We now treatthe classassignmentssthe missing
variablesanditerateusinga modi ed EM algorithm.In the stepwe estimatefor eachgene andclass
the probabilitythat belongsto class , usingthevalueswe obtainedfor the restof the parameters
inthe step.Inthe step,insteadof equation6é we now maximizeour parametergor eachclasswith
respecto the classprobability ( ) ascomputedn the step. In addition,we now treatthe  'sas
parametersand nd their MAP (maximuma posteriori)estimatewhich is thenusedin the step. The
completedetailsof this procedureareexplainedin the Appendix. As in the previous section, TimeFit still
increaseshelikelihoodmonotonicallyandterminatesvhenthe parametersornveme.

Whenthealgorithmcorvemes for eachgene wediscorertheclass suchthat
andassign to thisclass.Usingthis "hard” clusteringwhenwe needto re-samplegene 's expressiorcurve
(either for missingvaluesestimationor for new time points) we usethe estimatedclass 's parameters
( ) andcontinueasdescribedn the previoussection.

For TimeFit,thecompleity of eachiterationof theEM algorithmis sincewe now estimate

parameterfor eachgene.

5 Aligning Temporal Data

Thegoalof thealignmentalgorithmis to warpthetime-scaleof onerealizationof a biological processnto
thatof anotherA setof genegs chosernn whichthemembersareassumedbo have thesameaemporalattern
of expression(e.g., from prior biological knowledge or clusteringmethods). A parameterizedvarping
functionis thenselectedandour algorithmseekgo produceanoptimalalignmentoy adjustingthefunction
parameters.Note that althoughit is possibleto align individual genesthis is problematicunlessone has
sufciently high quality dataasfrom replicatesor alarge numberof time points.
Assumethatwe have two setsof time-serieggeneexpressiorpro les, oneof which we will referto as
thereferenceset. Denotea splinecune for gene in thereferencdime seriesas , Where
. Here, and arethe startingand endingpointsfor the referenceime seriesrespecitiely.
Similarly, we will denotesplinesin the setto be warpedas for . De ne amapping
, which transformspointsin thereferencescaleinto thetime-scaleof the setto be warped.In this
paperwe will discussa lineartransformation , With  the stretch/squasparameteand
the translation.However, morecomple transformationgould be usedin our frameavork. We de ne the
alignmenterror for eachgeneas:

(7)

where is the startingpoint of the alignment,and

is its endpoint. The error of the alignmentfor eachgeneis proportionalto the averagedsquaredlistance
betweerthe cune for gene in thereferencesetandin the setto be warped.In orderto take into account
thedegreeof overlapbetweerthe curves,andto avoid trivial solutionssuchasmappingall thevaluesin the
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curveto asinglepoint, we divide this errorby thetime-lengthof the overlap . Thus,ourgoalisto nd
parameters and thatminimize . As discussedywe suggestninimizingtheerrorfor asetof genesWe
de ne theerrorfor asetof genes of size as:

(8)

The 's areweighting coefcients that sumto one; they could be uniform () or usedfor unequal
weighting. For instance,f onewishesto align wildtype time-seriesexpressiondatawith knoclout data,
mary of the genes'expressionpatternsare expectedto be unchangedn the two experiments.However, a
subsebf the genesmay be highly affected. In this case we wantto dovn-weightthe contrikution of such
genessincethey arenot expectedto align well. Oneway of formulatingthis is to requirethatthe product

bethe samefor all geneqtheweightwill beinverselyproportionalto the error). From , we
getthat andsowe candeducehat:
since . As before,the objective is to minimize  , or in this caseequivalently to maximize

Minimizationof =~ mustbedonenumerically sincea closedform solutionis not possible.In thelinear
casepresentedye areonly searchingor two parameterssowe minimize  directly usingstandarchon-
linear optimizationtechnigues.We usethe NelderMead simplex searchmethod(availablein the Matlab
package)which doesnot usegradientsand can handlediscontinuities. For the linear warping case,the

essentiatonstraintarethat and . Sincethe useof a numericaloptimizationmethoddoesnot
guaranteeorvemgenceto a globalminimum, multiple randomre-startamay be necessaryThis leadsto an
algorithmwith runningtime , in which is thenumberof randomre-starts, is the numberof

iterationsfor corvergence, isthenumberof genesn , and isthenumberof splinecontrolpointsused.

If alarge numberof genesareto bealigned,we suggesthefollowing algorithmto reducethe computa-
tion time. Begin by choosinga randomsubsebf x edsize(e.g.,50 genesyandrandominitial settingsfor
thewarpingparameterfrom auniformdistribution. Theminimizationproceduras thencarriedoutandthis
processs repeatedvith a nev randomchoiceof warpingparameter$or a setnumberof iterations.Upon
termination the alignmentparametershatcorrespondo the minimumerrorarechosen.Theseparameters
arethenusedasthestartingconditionsfor the ~ minimizationusingthefull setof genes.SeeSection6.2
for experimentakesultson how this reducegherunningtime on geneexpressiordatasets.

6 Results

In this sectionwe demonstratéheapplicationof our methodto expressiortime-serieslatasetsshawving re-
sultsfor unobsereddataestimationclusteringandalignment.Mostof our resultsmake useof thecell-cycle
time-serieglatafrom Spellman [16]. In thatpapertheauthorddentify 800genesn
ascell cycleregulated.Theauthorsassignedhesegenedo vegroupsthatthey refertoas
, , , and We alsoanalyzedtime-seriedatafrom a Fkh1/Fkh2knoclout experiment
doneby Zhu [21]. Table6 summarizeshe datasetsthatwe used.
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dataset method of arrest start end sampling

alphaDS alphamatingfactor Om 119m | every7m

cdcl15DS temp. sensitvte cdcl5| 10m 290m ev. 20mfor 1 hr, ev. 10mfor 3 hr,
mutant ev. 20minfor nal hr

cdc28DS temp. sensitve cdc28| Om 160m | every10m
mutant

Fkh1/Fkh2DSalphamatingfactor Om 210m | ev. 15muntil 165m,thenafter45m

Tablel: Summaryof geneexpressiortime seriesanalyzed.

6.1 Unobsewned Data Estimation

To testour missingvalueestimatioralgorithmwe concentratedn the cdc15datasetWe chosethis dataset
(seeTableb) becausd is thelargest(24 experimentsandcontainsion-uniformlysampledata. Theresults
presentedn this sectionwere obtainedusingsplineswith 7 control points; however, similar resultswere
obtainedfor differentnumbersof control points(resultsnot shavn).

We comparedour algorithmto three other interpolationtechniqueghat have beenusedin previous
papers:linear interpolation[1], splineinterpolationusing individual genes[6], and k-nearesineighbors
(KNN) with , which achieved the bestresultson static dataout of all the algorithmsdescribed
in [17]. In orderto testour algorithmon a large scalewe chosel00 genesat randomfrom the setof cell-
cycleregulatedgenesFor eachof thesegeneswve raneachestimatioralgorithmfour differenttimes, hiding
1,2,3and4 consecutie time points,while not alteringthe othergenes.Next, we computedhe errorin our
estimationsvhencomparedo anestimateof the varianceof thelog ratiosof theexpressiorvalues(seethe
Appendixfor completedetails).

Figure 3 (a) shavs a comparisorof the error of our estimationalgorithmwith the threemethodsmen-
tionedabore. For our method,we performediwo separateuns. In the rst we usedthe classinformation
providedin [16] andin thesecondve usedthe algorithmdescribedn Sectiord to obtaintheclassinforma-
tion. For onemissingvalue,our algorithmachieves10%Ilesserrorthank-nearesheighbordKNN). For two
andthreemissingvaluesour algorithmachieveslower or equalerrorrateswhencomparedvith KNN, and
it doesfar betterthanthe two otherinterpolationtechniqguesOnly whentrying to estimatgour consecutie
missingvaluesdoeskKNN perform betterthan our algorithm. However, four consecutie missingvalues
areunusualin practice,andin almostall casesone doesnot needto estimatemorethantwo consecutie
values.Interestingly our algorithmdoesbetterwhenit is allowedto estimateclassmembershighanit does
whentheclassinformationis pre-speci ed.This canbeattributedto thefactthatthe ve classesrom [16]
aresomavhatarbitrarydivisionsof a continuouscycle. Thus,for missingvalue estimationour clustering
algorithmis ableto assignmorerelevantclasslabels.

Our algorithmcanestimateaxpressiorvaluesat ary time pointduringthe courseof the experimentsin
Figure 3 (b) we presentresultsthat were obtainedby hiding 1,2,3and4 consecutie experiments.Again,
our algorithmachievesmorethan15% lesserrorthanthe othertwo techniqguesNotethat KNN cannotbe
usedto estimatemissingexperimentsandthusis notincludedin this comparison.
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Comparison of Missing Values Estimation Techniques Comparison of Missing Experiments Interpolation Techniques

—4— Linear interpolation

—- Splines for individual genes - Splines for individual genes A
1.05 4| -8 KNN 115 4| = TimeFit W/ Spellman classes

=< TimeFit W/ Spellman classes —&— TimeFit W/ own classes
—k— TimeFit W/ own classes /. . . /.
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—
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Num of missing values Num of missing experiments

—— Linear interpolation

Error
Error
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(a) Missingvalues (b) Missingexperiments

Figure 3: Comparisoramongdifferentmissingvalueinterpolationtechniques.(a) Finding missingvaluesand (b)
nding missingexperimentgtime pointsnot originally sampled).As canbe seen,in almostall casesour algorithm
doesbetterthanthe othersmethods.

6.2 Clustering

In orderto explorethe effect thatnon-uniformsamplingcanhave on clusteringwe generatedwo synthetic
curvesasfollows. The rst curve, is obtainedusingthe equation . The secondcurwe is
givenby thefollowing equation:

We sampledeachcurwe 64 timesbetween and andthensampledbetween and (theremaining
portion of the curwe) at different ratesof either every or . Note that sinceall curves
weresampledbetween and |, the maximaldifferencebetweenthe sampledvalues(amplitudeof the
curnwes)is at most0.2. For eachdifferentsamplingwe generated. 00 vectorsfrom eachcurvwe, andadded
randomnoise(normally distributed with mean0 andvariance0.2). Next we usedour TimeFit algorithm,
andcomparedheresultsto thoseof k-meansclustering.K-meanss a clusteringalgorithmthatassumes
mixture modelandtries to assigngenesto classesisingthe classcentergsee[13] for details). K-means
treatsall pointsin thesameway, anddoesnotusetheactualtimesthey representAs canbeseerin Figure4,

thelowerthe samplingrate,thelargerthedifferencebetweerthe performancef TimeFitandk-means For

example,for the samplingrateof , k-meansdoesonly slightly betterthanchance while TimeFit hasa
muchhigherclassi cationsuccess.

Next we testedTimeFit on the cdc15DSdescribedabore and comparedhe resultsto k-means. For

bothalgorithmswe generated ve classesWhenanalyzingtheresultswe usedthe Spellmanclustersasthe
gold standardanddeterminechowv mary clustersin our resultscorrespondo theseclusters.Theresultsare

11



Comparison between k-means and TimeFit
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Figure4: A comparisorbetweerk-meansand TimeFit for clusteringthe vectorsfrom and . Thesuccessate
wasdeterminedy the total numberof correctlyclusteredvectorsout of the 200 vectors.As canbe seenthe lower
thesamplingrate,the greatetthe advantageof usingour algorithm.

presentedh Table2. As canbeseenfour outof the veclusterghatweregeneratedyy TimeFitcorrespond
to Spellmansclusterscontainingatmosttwo neighboringphasesvith 10 or moregenegthe fth contained
genedrom threeconsecutie phases)Sincewe aredealingwith cell cycle data,theclustersde nedin [16]
canonly have arbitraryboundariesandthusjoining two of themis reasonableOn the otherhand,in the
k-mean<lusteringresult,cluster4 containsmorethan20 genedrom four differentphaseswhile cluster5
containamorethan20 genedrom threedifferentphasesThus,theresultsof our clusteringalgorithmarein
bettercorrespondenceith existing biologicalknowledgethanthoseof k-means.

TimeFit k-means
PhasdCluster] 1 | 2] 3 [4]5 1 2] 3] 4]5
G2/M 12152 4 0| 81 117| 6 1 60 | 1
M/G1 2 |62 33|81 6 |51 3 45 | 1
G1 0 166 | 40| 71| O | 24| 125|104 | 33

9
S 0 1 2 |0|65| 0 | O] 3 7 |58
SIG2 30| 3| 4 | 0|81 18] 0| 0 | 2278

Table2: Comparisorbetweerk-meansandour clusteringalgorithmonthe cdc15DS As canbe seenjn mostcases
eachof the clustersgeneratedy TimeFit containsgenesrom 1 or 2 neighboringphases.For k-meanshereis one
cluster(4) thatcontainanorethan20 genesfrom 4 differentphases.
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6.3 Alignment

We alignedthreeyeastcell-cycle geneexpressiontime-seriesthat clearly occur on differenttime-scales
andbggin in differentphases.The cdc15DSwas usedas a referencesetandthe alphaDSand cdc28DS
were alignedagainstit usinga linear warping andthe full setof cell-gycle regulated
genesasidenti ed in [16]. For the cdc28DS,we obtained and with
Theseesultsindicatethatthecdc28DScell-gycle runsat approximatelyl.4timesthespeecdbf thecdclSDS
cycle and startsapproximately5.5 minutesbefore (i.e., we calculate sincecdcl5DSstartsat 10
minutes).For thealphaDS we obtained and with . Figure5 shavs the
aligned/unaligne@xpressiorvaluesfor the  and clusterdfor thecdc28DSto cdc15DSalignment.
Alignment for eachdatasetook approximately5.5 minuteson a 1 GHz Pentiumlll machineusing our
algorithmthat performsinitial alignmentson smallersubsetf genesthe alignmentgook approximately

45 minuteswithout thisimprovement.

—%— cdc28 exp. vals
1 : : . -9~ cdc15 exp. vals

- cdc28 spline
—— cdc15 spline

Figure5: Alignmentof genesfor the cdc28DSto cdc15DS Linear warpingwasusedwith the full setof cell-cycle
regulatedgenes. The left-handside shavs class-aeragesof unalignedexpressionvaluesfor two clusters. The top
row shaws alignedresultsfor the  cluster(186 genes)andthe bottomrow the cluster(283 genes).These
resultsindicatethatthe cdc28DScell-cycle runsat approximatelyl.4 timesthe speedof the cdc15DScycle andstarts

approximatelys.5 minutesbefore.

To validatethe quality of thesealignmentswe performediwo analyses:1) alignmentsof genesn al-
phaDSagainstgenesn cdc15DSwith geneidentity of thosein cdc15DSrandomlypermutedand?) align-
mentsof alphaDSto cdc15DSusingdifferentnumbersof genes. Note that for brevity only the alphaDS
wasused;we chosethis datasebecausét is the smallestandpresumablydemonstrateworst-caseesults.
For the rst analysiswe performed200 trials giving scoreshetween0.2562-0.3554with 50% of the
scoredying betweer.2780-0.3129TheseresultssuggesthattheactualalphaDSto cdc15DS  scoreof
0.1812would not ariseby a chancealignmentof the genes For the secondanalysiswe sampledsubset®of
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#genes | a stda b stdb
5 1.80 | 0.42 -7.70 | 16.41
10 1.89 |0.21 -5.06 | 215
25 1.93 | 0.10 -499 | 7.07
50 193 |0.13 -5.13 | 9.03
100 1.96 | 0.03 -6.86 | 2.42
200 1.95 | 0.02 -6.38 | 1.76
400 1.96 | 0.02 -6.12 | 1.30

Table 3: Resultsof experimentsin which randomsubsetof x ed size were sampled100 times and alignmentof

alphaDSandcdc15DSwereperformed.The columnsareasfollows: numberof genesused stretch/squasparameter
standarddeviation of this parameteroffset parameterandstandardieviation of this parameterThis analysisshowvs

thatthe variancein the parameterslecreaseasmoregenesareusedandthereis corvergenceto the and settings
foundwith thefull setof genes.

betweerb-400genesl00timesfrom thefull setof cell-gycle regulatedgeneqTable3). Thisanalysisshavs
thatthevariancein the parameterslecreaseasmoregenesareusedandthereis cornvergenceto the and

settingsfoundwith thefull setof genes.Interestingly our algorithmis usuallyableto nd the actual”
and parametesettingsavenwhenrelatively smallnumbersof genesareused.

Thus,theseanalysegyive evidencethat our algorithmcanreliably align the cell-cycle datasetsThese
resultscomparefavorably with thosein Aach [1] usingthe samedata. In their case they foundthat
theiractualalignmentscorewasnotatalow percentilevhencompareagainstlignmentsisingrandomized
data(genevaluesshufed). Further they indicatethat poor resultswere obtainedwith small clustersizes
(ananalysisover a wide rangeof sizeswasnot presentedn their paper). The factthatour methodusesa
continuougepresentatioand ts only two parameter$o all thegeneselpsto explainits goodperformance
on the cell-gycle data. However, onemustbe carefulin extrapolatingtheseresults,sincethey areclearly
dependenbntheunderlyingdataset.

In a secondapplicationof our alignmentalgorithm, we usedour methodto discorer yeastcell-gycle
regulatedgenesthat appearto be regulatedby the Fkh2 transcriptionalfactor Zhu performedan
experimentin which two yeasttranscriptionafactors(FkhlandFkh2) wereknocked out anda time-series
of geneexpressionlevels was measuredn synchronizectells[21]. Simon [15] demonstratedvith
a microarrayDNA-binding experimentthat a setof genesareboundby Fkh2 in wildtype unsynchronized
yeast. We wereinterestedn discovering which genesn this setshav alteredexpressionin the knoclkout
experiments However, directcomparisorof thedatafrom Zhu [21] andthatfrom Spellman [16]
is problematic becausehe seriesweresampledat differentrates,begin at differentcell-cycle phasesand
exhibit differentperiods.

We usedour algorithmto rank fty-six genesboundby Fkh2accordingto the differencein expression
curvesof thealignedwildtype andknoclout experiments.The non-uniformweightingversionof our algo-
rithm wasusedto align the datasetaisingall genesidenti ed ascell-cycle regulatedin [16] andthe gene
alignmenterrorscores wereusedfor ranking. Figure6 shavs a plot of the splineexpressiorpro les of
thetop four geneswith theworstalignmentscoresandthetop four with the bestscores A pooralignment
scoreindicateghatageneis behaing differentlyin the knockout experiment.

The ranking producedby our algorithmappeardo yield biologically meaningfulresults,highlighting
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which genesappeaito beregulatedby Fkh2 andthosethataremerelyboundby it. For instanceall of the
geneswith theworstalignmentscoresshavn weredeterminedo be boundby both FkhlandFkh2in [15],
whereasall of the bestaligning geneswere determinedo be boundby Fkh2 only. This correspondso
biologicalknowledgeindicatingthatboth Fkh1andFkh2 arerequiredfor regulationof a numberof genes.
It is alsointerestingthatamongthe genesshavn with goodalignment,threeare boundalsoby Swi6 and
eitherMbpl or Swi4, factorsthatarelikely to work independenthof the Fkh proteins. Further the genes
with poor alignmentare known to be boundby Ndd1 andMcm1 or Ace2 and/orSwi5. Mcm1/Nddlare
known to work with the Fkh proteinsand are not sufcient to regulate expressionwithout them. Ace2
and Swib apparentlycanbind andregulateindependenthyof the Fkh proteins,but their expressionis Fkh
dependent.

Figure6: Alignmentof Fkh1/Fkh2knockout dataandthe wildtype alphaDS.Genesshovn arefrom a setof genes
demonstratedio be boundby Fkh2. Shovn arethe geneswith the four worst (top row) andbest(bottomrow) gene
alignmentscores.A poor alignmentscoreindicatesthat a geneis behaing differentlyin the knockout experiment.
Seetext for biologicalinterpretatiorof theseresults.

7 Conclusionand Future Work

We presented uni ed modelandalgorithmsthat usestatisticalspline estimationto represengenetime-
seriesexpressionpro les as continuouscurves. Resultsusing our approachon a large yeastcell-gycle
datasetdemonstrat¢hatour framework, whenusedfor estimatingunobsered time-points clustering,and
alignmentof datasetdhas substantialadwantagesover other methodsthat treat time-seriesas vectorsof
points. Overall, we believe that asthe analysisof dynamicgeneticbhehaior becomesnore sophisticated,
principledmodel-basednethodssuchasourswill becomeessentiafor reconstructingandcombiningdata.
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Therearea numberof interestingextensionghat could be madeto our work. Experimentabiologists
oftendeterminghe samplingratefor atime-serieexperimentasedn knowledgeabouthow quickly gene
expressionvalueschange Theseassessmentsftenmalke little useof informationthatmaybe gleanedrom
previous expressionexperiments.Our algorithmcould be usedto nd the right” samplingratefor time-
seriessxperimentswhich couldleadto substantiatime/costsarzings or improvementsn biologicalresults.
Anotherway of extendingthis work is to develop a clusteringalgorithmthatusesour alignmentmethodin
orderto groupgeneghat shav similar kinetic changedetweendatasets Anotheropenproblemis devel-
opinga principledmethodfor determiningthe signi cance of the alignmenterrorin orderto automatically
detectgenesvhosetemporalbehaior is alteredbetweerexperiments.
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A EM Algorithm for ClassAssignment

In this appendixwe presentthe detailsof the EM algorithmthatis usedin Section4. We startwith the
completdog likelihoodgivenby:

_ (9)

where is theclassindex and is the numberof obsered valuesfor gene . is an (unobsered)
binaryindicatorvariablethatassignsachgeneto exactly oneclass.

Inthe stepwe computethe expectedvaluesfor
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Inthe stepwe rst nd the MAP estimateor by setting:

Next, we maximize and w.r.t. theclassassignmenprobabilitiescomputedn the  step:

is computedy setting:

Thenweset to:

B Computing Err or Rates

Herewe describan detailthemethodwe usedto computeheerrorratesof thefour differentmissingvalues
algorithmsdiscussedn Section6.1. Denoteby the (hidden)expressiornvaluesfor gene attime

andby the estimatedvalues.Denoteby  the numberof missing(hidden)datapointsandby the
numberof geneghatwereusedfor thetest.Denoteby thevarianceof thelog ratiosof expressiorvalues.
Thentheerrorof anestimationfor  missingdatapointsis de ned as:

If is above 1 thenthe erroris (on average)biggerthanthe replicationvariance andvice versa. The
variance wascomputedusingtheraw expressiordataof theunsynchronizedellsfrom two differenttime
points.
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